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ON SPECTRAL PREDICTION ERROR FORMULAS
FOR STIffIONARY RANDOM FIELDS ON Z2

H. Niemi

1. Introduction

We a,re concerned with analytical expressions for the prediction errors of sec-

ond order stationary random fields a-,o, (*,n) e 22. The study of prediction
theory of stationary random fields goes back to Chiang Tse-Pei [1] and Helson a^nd

Lowdenslager [2], [3]. More recently several authors have treated different kinds of
prediction theoretical problems for stationary random fields, cf. e.g. [a]-[11] and

[13].
Let $^,n, (*,n) e 22 , be a stationary random field. Mainly the following

prediction problems have been treated in literature

(i) the half-plane prediction enor

(1.1) ll"t(r)ll' : llro,o - ProjTrp,,r:jco,kezlro,oll2,

(ii) the lexicographic prediction ertor

(1.2) ll"'@)ll": llro,o - Proj41.r,*:i1.o,kEz or j=0,r46)o6,ell2,

(iii) the extended half-plane prediction enor

(1.3) ll"t(")ll'=llro,o-Projv11,,.2:jlo,kEz,(j,k)t(o,oy1os,sllz,

(iv) the guarter-plane prediction error

(1.4) ll"n(r)ll':llto,o-Proj41,,,r:j<o,,raolos,0ll2.
Analytical expressions for ller(c)ll2 were obtained independently in [5] and [8]

(cf. [t]) and, respectively, for ll"'@)ll' in [2]. Corresponding results for lle3(c)ll2
have been obtained in [6] and [11].

Our main result is an analytical expression for llea(o)ll2 under the strong
commutation condition, introduced in [ ] (cf. Theorem 3.9 and 3.10). Our results
are based on the four-fold Wold decomposition for stationary random fields having
the strong commutation property obtained by Katlianpur and Mandrekar [ ] and
its spectral counterpart obtained by Korezlioglu and Loubaton [8] (cf. [5]). We
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also make use of the spectral representation theorems for the horizontal and, re-
spectively, vertical innovation fields of o*,n, (Tflrn) e 22, obtained by Korezlioglu
and Loubaton [8].

As noted earlier, our main results are derived under the strong commutation
condition. Sufficient spectral conditions for the strong commutation condition to
hold have been obtained by Solta,ni [13] and Miamee and Niemi [10].

2. Geometrical interpretation

Let {c-,,} be a stationar5r random field. The information sets generated by
observations t*,n, (rnrn) e 5 (c Z'), are defined as closed linear subspaces of
L2 (Q,"A,,P) as follows:

H,:@{ai,*: (j,k) e Z'},

nl@):@{oi,k: j Sm, k e Z}, f/l(-*) : l*ez Hl(*),

n2@) - s-p{ai,*: j e Z, k < n}, H3?*): |tnez H3@),

Hl+(^,n) : Hl@) Y @{r*+r,*: k 1 n},

'H3+(*,"): H?(") yry{r;,n+r : j <-m},

Hi(*,n):@{xi,*: j 1m or lc S n} ,H,(rn,n):@lai,x: j 1m,k < "}
and, in general, for an arbitrary E C 22

H,(S) :@{*i,r,: (j, ft) e 5}.

Fnrthermore, for any closed linear subspace M C H" we define

s*,n/M : Projl4x^,n, (mrn) e 22.

2.L. Deffnition. A stationary random field {c-,,} is
(a) horizontally determinisiic, if lrl(-*) : H,,
(b) horizontally purely non-deterministic, if }fl(-*) : {0},
(c) vertically deterministic, if. H|(-a) : H,,
(d) vertically purely non-determinL'siic, if E?(-*): {0},
(e) strongJy purely non-detenninistic, if lr'l(-*) : Hz,(*x): {0}.
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Recall that any stationary random field {r-,'} admits two-fold Wold decom-
positions of the form 

xm,n: R*,r(*) + si*,.(x),

with

S'^,*(") : a^,olHl(-€), ftl,n,o (r) : ,*,n - Sl*,n@), i : !,2'

The component {.R1,"(r)} (respectively {R?^*(*)}) is horizontally (respectively
vertically) purely non-deterrtinistic and {Så,"(")} (respectively {S},"(c)}) is
horizontally (respectively vefiically) deterministic. The stationary random fields

WL,^(*) : t m,n - r *,.I Hl(rn - l)

respectively
wkp@) : um,n - * *,^/ HT(n - 1)

are the horizontal (respectively vertical) innovations & {r*,n}. It is well-known
that

(2.2) H'p,61(*):Hia,,6'1(m), i:!,2.

2.3. Remark. Our method to obtain an analytical expression for the pre-
diction error (1..4) is based on the spectral representation of the innovation fields

{Wk,"@)}, i :7,2. The formula (2.4), going back to Korezlioglu and Loubaton

[8], p. 155, shows that e2(a) car- be obtained as the one-step prediction error of
the stationary sequence {Wt,*}"e2.

2.4. Proposition. Let {a^,"} be a stationary random field. Then

(2.4) e2(a1:wt,o@) -w],o@)lHw'@({(i,k) e 22 : j :0,å < 0})'

The next bommutativity property was introduced by Kallianpur and Man-
drekar [a].

2.5. Deflnition. A stationary random field {c-,"} has the strong commu-
tation property, if

Projsr61ProjnZ@): Projp"l*,ny, (m,n) e 22.

2.6. Remark. Each of the conditions (2.6.a) and (2.6.b) is equivalent to the
strong commutation property:

(2.6.a) Projpl6ProjHZ@) : Projs261Proj461 and

H,(m,n) : Hl(m) n H2@), (m,n) e 22,

(2.6.b) Hl@) O H,(m,n) L H2"(n) e H"(n,n), (m,n) e 22.
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2.7. Lernrna. Let {**,o} be a stationary random freld having the strong
commutation property. Then

(2.7.a) HI(*,n) : H,(m,n) e [H!(m) e E,1rn,n)] e lnl@) s H,(m,n)],

(2.7.b) H,({(j,k) e 22 : j I m,k < "}\ {(r,")}) :
H,(m - I,n - l) @ lt,(rn,n - 7) O H,(m- 1,rz - 1)]

e fn,(m - t,n) o H,(m- 1, n - 1)],

(2.7.c) nl+(*,n) : H,(m,fi e lnr,6) e H,(m,n)]

e [H,(rn +1,n) e H,(m,n)],

(2.7.d) n3* (*, n) : H,(m,Q e ln|@) s H,(m,n)f

e [n,(m,rz * 1) g H"(m,n)),

(2.7.e) H,(*,n)gH,(m,n-t): Hw,@)({(j,k) e 22: j lm,lc:n}),

(2.7.f) H,(*,n)e H,(m-t,n): H*,<d({U,k) e Z'; j:m,k <n}).

Proof. The statements (2.7.a-d) are obvious. By symmetry it is enough to
present a proof only to the first one of the statements (2.7.e--f). Denote,

E(*-,d : lU,k) e 22 : j l rn,k : n\,

and
M : {, - Proj s36-rrz : z e n"(S(*-,"))}.

It is obvious that M : Hw"@)(S(--,n)). Moreover, by the strong commuta-
tivity

Pr oj sz,1n-11 z -- P r oj 41n-g Pr oj s, 1^12
: Projs"l^,n-t)zt z eHr(S(m-,r)),

showing that

M : {" - Projs,l^,n-r)z : z € Hr(S(m-,"))}..

Since for all z € H,(*,n-l) , z - Projs,(m,n-r)z:0, it is then obvious that

M: {r- Projs,l*,n-t)z i z e H,(m,rr)}: H,(m,n)eH,(m,n-l).

The next result shows that the *-prediction problem, introduced in [13], re-
duces to the lexicographical one when {*^,n} has the strong commutation prop-
erty. The fact that

x*,nf llf,+(m - 7,n - l) : r^,nf H3+@ - !,n - 1), (m,n) e 22,
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for any stationary random field {c-,r} having the strong commutation property
has been proved already by Korezlioglu and Loubaton [7; Proposition2.T.4l (under
the assumption a*,of Hl+@ - \,n - L) { 0).

2.A. Proposition. Let {a^,o} be L stationa,tlr random field having the
strong commutation propefty. Then

":11':#äål;!rf 
:::=;,i;n,:],,

Proof. By Lerrrma 2.7

n*,nlH;(m - L,n - 1) - Proj s,(*-t,n-r)n*,n
* lProj Hlen-l) - Proj s,en-t,n-r)]r rn,rr,

* lProj H3@-1) - Proj s,(m-r,n-1)]r rrr,,r,.

F\-rrthermore, by the strong commutativity

Proj p16-1)t*,n = Proj str1*-11Proj sz61x^,n: Proj H,(m-1.,n)am,n

and by symmetry

Proj 1i26-1ytm,n : Proj p"1*,n,-t)am,n1

yielding together with (2.7.b-d) all the equalities in (2.9).
In what follows we make heavy use of the four-fold Wold decompositon the-

orem obtained by Kallianpur and Mandrekar [4]. According to Theorems 2.L and
2.2 in [ ] u,rry stationary random field having the strong commutation property
admits a representation of the form

(2.70..) t*,n : €*,n * eh,n + C'*,* * Q*,n, (*rn) e Z',

where all the components are mutually orthogonal stationary random fields having
the strong commutation property and

(2.10.b) H,(m,n): He(*,n) @ H4(m,n)
@ Hp(m,n) @ Hr(m,n), (m,n) e 22.

Moreover,

- H?(-*) : {o}, Ht'(-*) - H?,(-oo) - {o},
: H(, Hå,(-*) - Hc,,

- H1(-*) : H,t.

( Ht(-*)
(2.10..) 

{ 
H?,(-*)

t f/;(-*)
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2.11. Theorem. .Let {r*,,} be a stationatlr random field having the strong
commutation property. If {a^,"} is strongly purely non-deteruinistic, then

(2.11.a) 
"a(x1 

: Wi,o@) + W&,o@) - do,o(")

with
do,o(x): o0,0 - ,o,o/Hl+(-l, -1) : '.o,o - ,o,o/H3+(-1, -1);

and

(2.11.b) ll"n(') ll' : ll wof,s(o)l12 + llwt,o@) ll' - ll"'(') ll'.

2.12. Theorern. Let {r*,n} be a stationary raadom field having the strong
commutation property. Then

(2.12.a) ea(a1: €o,o(') - €o,o@)/He(-1, -1) + (ö,0(") - (,å,0@)/nå(-tl

+ (o',0(r) - (,l,o@)lH?t-tl
with
(2.12.b) €o,o - €o,of H€(-1, -1) : Wolo(€) +W?,oG) - do,o(€);

and

(2.72.c) ll"n(') ll' : llwolo(€) ll' + llw|,o!)ll' - ll"'(€) ll'
* ll(o',0(r) - .'t,o@)lHå,(-1)ll, + ll(0,,0(') - el,o@)/Ha(-1))llr.

Proof of Theorem 2.11. We first notice that by the strong commutativity

oo,0 - as,sf H,(-1, -1) = (I - Projp'ggProjpzl-r))co,o
: (/ - Proj p"ggProj HX-D)ng,s.

F\rrthermore, for any projections Pr .ttd P2 one has I - P1P2 : (/ - Pl ) + Pl (/ -
P2). Thus, in the present case

s0,0 - as,sf H"(-7, -1) : Wå,0@) +W&,0@)/H](-t).

Moreover, by the strong commutativity

Wt,o@) I Hl( - 1) : P r oj s 99 Pr oj H" @SWl,o (r) : P r oj H" e1,slW|,o@),

and since W&,o@) I I/,(-L, -1),

Proj H" -1,slwt,o@) : Proj s,gl,o)err,(-r,- r1W!p@).

By (2.7.e),with S((-1)-,0) : {(j, r) € 22 : i 1 -1,& : 0} ,

H,(-7,0) e ä,(-1, -1) : U*,<,>(S((-1)-,0)).
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This, together with Proposition 2.4, gives

wl,o@) I H!( - 1 ) : W!,0@) I H 1ry(S (( - 1 ) -, 0)) :, o,o / H;+ ( - 1, - 1 ).

Thus, by applying (2.4) together with (2.9) we obtain

oo,o - as,slH!(-t, -1) : Wt,o@) + Wt,o@)

- (w?,o@) - wt,r@))/nw", (5((-1)-,0))
: IZJ,o(t) +wt,o@) - do,o(c).

The proof of (2.11.b) is obvious.

Prcof of Theorem 2.72. It clearly follows from the orthogonality property
(2.10.b) of the four-fold decomposition (2.10.a) that

oo,0 - as,sf H"(-L, -1) : to,o - €o,olHe (-1, -1) * (ot,o - 601,0/ä,' (-t, -t)
* (02,0 - i\l,rlH<"(-1, -1) + no,o - qo,of Hn(-1, -1).

Since ä|(-crc): HSem): /fr (cf. (2.10.c)) and since {n^,"I has fhe strong
commutation property it is obvious that Ifr(-1,1) : H, yielding

qo,o - qo,of Ho(-l, -1; : g.

Since {(},"} has the strong commutation property and is vertically deterministic,

Hq,(-t,-l): aå(-t).

By symmetry, Hqz(-1,-1) : Hlr(-t); finishing the proof of (2.L2.a).

Since {€-,"} has the strong commutation property and is strongly purely
non-deterministic one can apply Theorem 2.11 to {€-,"}, giving (2.12.b).

The proof of (2.I2.c) is obvious.

3. Analytical solution

Our method to obtain an analytical expression for the prediction error ll"n(r)ll'
is based on the spectral representation for the covariance kernel of the innovation
field {|fi,,(o)} obtained by Korezlioglu and Loubaton [8]. According to Propo
sition II.2 and (IV.8) in [8] the covariance spectral measure of {Wl,*(a)} tt* ttre
properties

(3.1.a) d.ust'61(u,"): *dud.pt(a)
with
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(3.1.b)

and

(3.1.c)

H. lViemi

dpl(r) - f,":_nor*, (,) (u, r)

as the absolutely continuous part of dpr" with respect to the normalized Lebesgue
measure d,u on f-rrr). By symmetrg the same properties hold for duszlx).

3.2. Remark. It clearly follows from (3.1.a) that the covariance spectral
measure of the stationary sequence {W}*(r)} rr" is dp!,. F\rrthermore, by the
well-known prediction theoretical results on stationary sequences only dp!r(a) I du
is needed in calculating the prediction error of {W},*(a) } needed in Proposition
2.4(seee.g. [12],pp.63-71). Thespectralcounterpart of Q.\ iswell-known[2].
However, (2.4) combined with (3.1.c) gives a simple method to obtain

(B.s) ll"'@)ll' - exp {e I__ l__^tt"(u,u)dud,u\ 
.

The next example shows that ilpt, need not be absolutely continuous with
respect to dv.

3.4. Example. Let {r^,o} be a bivariate and, respectively, {f^}^ez, a
univariate white noise. Assume, in addition f k I a^,n, krffirn € Z, Define

(3.4.a) z*,n: fi*,n * f *, (*rn) e 22.

Then, Wl,n("): ,*,n, (*,n) e 22,i.e., {Wå*(z)}.es, contains a deterministic
component. Moreover, obviously

(g.4.b) d,u,(u,u): dvsr,1,): #dudu * fiauah,

where 6e is the Dirac measure concentrated at the origin.

Our method to derive an analytical expression for the prediction error llea(o)ll2
is based on the spectral counterpart of the four-fold decomposition (2.10.a) ob-
tained by Korezlioglu and Loubaton [8; Corollary III.13] and, under the wea,k
commutation condition

(3.5) Projp6lProjn@r: Projs361Projstr61, m,n € Z,
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independently in [5; Theorem II.12]. According to Corollary III.13 [8], for any
stationary random field {o*,'} one has €*,"(r) + 0, if and only if

(3.6) {li:t*t:(.u'').du)-oo
I Jj.t"så(u,ts)du > -oo

and, under this condition,

(8.?.a) d,vq1"y: 
ffir"tr,1u,u)duda,

(3.?.b) dc'@)- t 
w*rdudpt,"(u),

(B.T.c) dC2(*): *mdp2,,"(u)du,
where dptr(o) and dpzro(u) are the singular parts with respect to the Lebesgue
measure of. dpt (a) and. d,pz,(u), respectively. For brevity we state the spectral
counterparts of Theorems 2.11 and 2.12 otly under the assumption (3'6).

3.8. Remark. Let {r^,n} be a stationary random field. In what follows we

use the notation

dn(,") : * I__"*r t* f";os f ,1u,0 auj a,

* * l__.*{* I_-^tr,(u,u)^}^
- "*o { & I:" I"*^rr"(u,u)d"d,} 

.

3.9. Theorem. Let 1*^,.\ be a stationary random field having the strcng
commutation property. tr {**,"} is strongly pwely non-deterrninistic, then

(3.9.a) du, K du d,u and (3.6) holds,

and

(3.e.b) ll"n(r)ll' : da(a").

3.1O. Theorern. Let {r*,n} be a stationary random field having the strong
commutation property. If (3.6) holds, then

(3.10.a) ll"n(")ll' : llea({(c))ll' + ll(å,0(') - (,ä,0@)lut,1";(-1)ll2

r ll(ä,0(r) - $,0@) I H2s,1,y(-1)ll?

with



Before presenting proofs of Theorems 3.9 and 3.10 we continue Example 3.4.

3.11. Example. Let {r^,n} be defined according to (3.a). It is obvious that
{"^,n} has the strong commutation property and (-,r(z) : tm,ns C1","("): f^,
Ck,"Q):0, q*,n(z) : o, (-, n) e 22. Moreover,

dp',(r) : I **:_*d,v6t, 
p1(u, q : * du * 60.

It is obvious, that

Ck*@)lHt,@)(rn -1) : o and (å.,"(') - Cl","(r)/H1,67(*- 1) : "f-.
Prcof of Theorcm 3.9. Theorem III.12 together with Corollary III.13 in [8]

imply that the properties (3.9.a) hold for any strongly purely non-deterministic
stationary random field. The expression (3.9.b) then follows straightforwardly
from (2.11.b) by using (3.1.c) and (3.3).

Prcof of Theorcm 3. I 0. The formula (3. 10.a) is just a reformulation of ( 2. 12. c).
Since {(-,"(c)} has, by Theorem 2.Ll4l,the strong commutation property (3.10.b)
follows from (3.7.a) combined with Theorem 3.9.

By symmetry it is enough to justify (3.10.c) to finish the proof. It follows
from Theorem II.1 [5] (cf. Proposition II.11 [7]) that

252 H. IViemi

The formula (3.10.c) follows then immediately.
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