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AREA THEOREMS AND FREDHOLM EIGENVALUES

Erich Hoy

1. Introduction

In this paper we shall derive an area theorem for conformal mappings onto
a domain whose Fredholm eigenvalue is bounded from below. Furthermore, we
will prove the following extremum property of circular rings: The smallest non-
trivial Fredholm eigenvalue of a doubly connected domain having a fixed conformal
modulus attains its maximal value if, and only if, the boundary of the domain
consists of two circles.

Let G be an unbounded plane domain bounded by n closed analytic Jordan
curves such that the complement G¢ of G consists of simply connected closed
regions. We denote by > (G) the class of analytic and univalent functions f(z)
(z € G\ {o0}) having the Laurent series expansion

(1) f(2)=z+a0+22-1-+-j—;+...

at infinity. Let > (G, k) be the subclass of > (G) containing all functions f(z)
for which the domain G* = f(G) has the smallest non-trivial Fredholm eigenvalue
Ao satisfying

1
Ay > —
(2) 2_,‘{,,

where the positive number « < 1 is fixed.

A classical definition of the Fredholm eigenvalue )\, is contained in [4; p. 3 ff.].
For our purposes we need the generalized definition of A; given by G. Springer.
We denote by G* an unbounded domain of finite connectivity bounded by closed
pairwise disjoint Jordan curves. Then the Fredholm eigenvalue A, of G* is the
greatest number A > 1 satisfying

A4+1 _ [Jo[VH(w)]? dudv S A—-1

®) ANo17 [ VHw) P dudo =~ A+ 1’ (w=utiv),

for all continuous functions H(w) which are harmonic in G* and in the interior
of G*¢ and have a single-valued harmonic conjugate (see [21] and cf. [1], [3], [10]
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and [19]). Note that H(w) may be a real or a complex harmonic function. In the
latter case the expression [VH(w)]? means lHu(w)!2 + |Hv(w)!2.

Let {¢,(2),®,(2)}, (v = 1,2,...) be the orthonormal system of functions
fulfilling

(4) dp,(2) = d@,(2)

on the boundary 0G of G. The functions ¢,(z) are analytic in the closure of G.
The functions ®,(z) have a pole at infinity and are analytic for all finite z in the
closure of G. This system of functions is introduced in [16]. The functions of this
orthonormal system are closely related to mappings onto parallel slit domains. For
example, ®1(z) + ¢1(z) and ®;(z) — p1(z) map G univalently onto parallel slit
domains.

Besides (4), we need another main property of this system. If T(w) is an
analytic function in the complement of f(G) for all mappings f(z) € > (G), then

(5) {r f(z)} Zr ¢"(z)+z'ru%(z)

holds for all z € G in a sufficiently small neighbourhood of points on G and
for all mappings f(z) € > (G). A simple example of such a function T'(w) is
T(w) = w. In this case we have

F1(z) = an®i(2) + D> e (2),

v=1

where aj; > 0 is a fixed number depending only on the domain G. Besides, a?,
represents the radius of that circular disk which is the exact range of the coefficient
ay in (1) when f(z) belongs to the class Y (G).

Finally, it should be noted that

o0 [e o]
// ,T'(w)|2dudv =7T(Z |I‘,,|2—Z[7,,|2> (w=u+ ).
[f(@)° v=1 v=1

This follows from (5) for all mappings f(z) € > (G) (see [16; Theorem 4.13]).

2. Derivation of an area theorem
The basic idea of the following investigations is taken from [13]. We consider

a continuous function H(w) defined by

)
w) = VRe(e_':oT( w)) if w e (f(G))°,
VA )‘{VRe<e-'9<Tw CSLE,() + e STopu() ifw= f(z) € A(G),
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where 6 is an arbitrary given number satisfying 0 < 6§ < 7 and T, are the
coefficients in (5). Since f(z) € 3> (G, k), we write (3) in the form

(8) / /mG)]C (VH(w)) dudv > 1;: / /f o (VH(w)) du dv.

The first integral in (8) is the same as

/ ][f(G)]c 7" (0) e

By (6) the value of this integral is equal to

oo oo
(S-S
v=1 v=1

After a transformation into the z-plane we find for the other integral in (8) that

=7 2i0_ 2,
(10) //f(G)(VH(w) ) dudv = th T,

v=1

Now we state our first result.

Theorem 1. Let 6 and x be arbitrary numbers satisfying 0 < 8 < 7 and
0 < k < 1, respectively. If f(z) € >_(G,«) then

oo oo
(11) Sl + 21 - mTe? < 1+ 0)2 YT
v=1 v=1

holds for the coefficients T, v, (v =1,2,...) in (5).

In the next section we shall give some examples for Theorem 1.

3. Examples

Let G be the exterior of the unit circle and T'(w) = w. In this case we write
S (k) instead of 3 (G, k) (see also [13] and [17; p. 287 ff.]). Then (11) has the

form

(12) (lea] + 3(1 = x)) +Zu|a,,|2 (1452

v=2

The coefficients «,, (v = 1,2,...) are given in (1). The same inequality was proved
by L.V. Ahlfors in [2] for the mappings of the known class ) (Q) where x and @
satisfy

QO
|
—

(13) K

O
+
—
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But our class ) () is much wider than  (Q) (see [13]). A better inequality for
the class ) (x) than (12), namely

o0

(14) Y vlewl® < w7

v=1
has been derived in [13]. (14) and also (12) imply that
(15) lag] < k.
Equality in (12), (14) and (15) holds for the mappings

ey =1{7 + ke?®/z 4 const  if |z| > 1,
T |z + ke* ez +const  if |z] < 1,

where « is an arbitrary number satisfying 0 < o < 7. It should be noted that
f*(z) € > (k) because the Fredholm eigenvalue A, (in the classical sense) of an

ellipse
2 2

Ez{(w,y)3 (Hx_,c)z +(13n)2 =1}

is exactly 1/k (see [19]).

Now let G be a doubly connected domain. In this case it is more difficult to
consider an explicit example because the system {¢,(z),®,(2)} (v =1,2,...) is,
in general, not available. Therefore, we shall investigate conformal mappings of an
annulus {z: R < |2| <1/R} (0 < R< 1) onto an unbounded domain having the
Fredholm eigenvalue A; > 1/k. For the sake of simplicity we propose f(1) = co
and

o0

(16) £(z) - ﬁ = Y 62 (R<|d<1/R).

V=—00

Furthermore, we need a modification of (7). Letting T(w) = w, it is necessary

to find a harmonic function in the annulus with the boundary values 1/(z — 1).

Starting from the following expression with some unknown numbers s\ and s

(veZ)

1 oo
1= 2 (st sVl s, =R 1R,
v=—00

v#0

and making use of z -z = R? or 1/R? on the boundary of the annnulus we get
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R2u

1

S =T

s = (R=* —1)7!, whenv >0,
(1-R*)"!,  whenv<0,"’
with v € Z \ {0}. Then we define
) 1 R
VH(w) = VRe(e_’o(f(z) - 1) + ¢ E (sf,l)z" + 35,2)2”))

V=-—00

when w = f(2) € f(G). Thus we obtain

© 1 — R%v R4V R2v i012
ZV R2u <|6"+1_R4u+%(1-n)1_R4u62 |

v=1
R4u R2u 012
S ey it (Gl ey )
1 R2u
(17) < 3(1+4) Zv e

where the number 6 may be arbltra.rlly chosen as before.

Multiply connected domains provide another difficulty. We will show in Sec-
tion 4 that Y (G,x) is empty for too small numbers x > 0. To ensure that
S G, k) # 0, we choose k > R* because 1/R? is the Fredholm eigenvalue ), of
the given annulus G (see [20]). This difficulty illustrates a remarkable property
of a circle, namely A2 = co. Hence, the identical mapping is always a member of
> (k) for all k € (0,1), consequently > (k) # 0

In what follows we will investigate for which mappings f(z) € Y (G, k) equal-
ity holds in (11).

We propose that for all mappings f(z) € 3 the function T(f(z)) —T(z) is
analytic in {z : |z| > 1}. In other words, the singularities of T'(f(z)) do not
depend on f(z). Consequently, we have

(18) T(f(2)) = ZQ,,z + const + Zw,, -, 1<zl <y
v=1
for r sufficiently close to 1. The numbers Q,, v = 1,2,..., depend only on our

choice of T(w), and (18) is valid for all functions f(z) € ) . In particular, the
area theorem for the class > (k) may be written in the form

[e o} [ o]
(19) Zu|w,,+ (1 —n)e2i0§”|2 < (%(1+I€))2ZVIQ,,|2.

v=1 v=1
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Firstly, we give an example for a mapping f*(z) for which equality holds in
(19). In the following step it is shown that f*(z) belongs to ) (k). Defining a
quasiconformal mapping f*(z) of the whole plane by

(20) HORE S ONNE R

and f*(z) € 3, we conclude that T'(f*(z)) also satisfies (20) for |z| < 1. Conse-
quently, the function

2 T(f*() = T(:) - WT(2), it <1,

F(z) = {T(f*(z)) - T(:) = KI(1/7), i |2 > 1,

is a solution of (20) which is analytic in the exterior of the unit circle. Hence,
F(z) must be a constant. Since T'(z) is an analytic function in the interior of the
unit circle, (18) implies that

T'(z) = Z vQ,2" 7 |z] < 1.
v=1
Because of (21) we obtain
(22) T(f*(2)) = ZQ,,z + const + nZQ,,z v 1<zl <

By choosing 8 = 0 it is easy to see that equality in (19) holds for f*(z). Because
of (20) the inequality A; > 1/« follows from a known result of L.V. Ahlfors (see
[1]); consequently f*(z) € > (k).

Suppose now that equality in (19) holds for any mapping f(z) € > (k). Then
the function H(w) in (7) must be a real eigenfunction belonging to 1/«. This
means that e "«T(w) — €T (w) can be extended to an analytic function in the
complement of f({z: |z| > 1}) (see [12; Theorem 5]). Consequently, it follows
from (18) that

w, = ke?Q,, v=12,....

It can be proved as above that a suitable continuation of f(z) satisfies

(z =I€6210T( )
f2(2) Tz )fz( z).

Summarizing these facts, we can state our next result.
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Theorem 2. If the analytic function T(w), w € (f({z: |2| > 1}))0, satisfies

T(f(2)) ZQ,,z + const + Zw,,z v

for all mappings f(z) € Y (x), where the numbers §, are fixed, then equality in

(23) >ovles + 30 - 0 < G+ R)T Y vl
v=1 v=1

holds only for the functions f*(z) € Y_(x) which can be extended to solutions of

* _ 2:9T(z) P
fia) =R T LG, <L

4. Considerations of multiply connected domains

It will be shown that the inequality (11) is, in general, unsharp for multiply
connected domains. For the sake of simplicity, we investigate only the case T(w) =
w. Suppose that equality (11) holds for any mapping f*(z) € > (x). As before,
we conclude from (8) that ke~ *f*(2) — e'® f*(z) + const can be extended to an
analytic function in G. This provides

(24) *(2) = a11®1(2) + ka11€?%p1(2) + const, z €@,

where a1; is a positive constant depending only on the domain G (see [16; Chap-
ter 5, Section 2]).

Considering the example of an annulus (see Section 3), we get by using the
harmonic function with the boundary values 1/(z — 1)

* 1 = R4V —-v v 216 —v
(25) f'(z)=s—7 = Z R4,,(z —z")+ ke Z R“" (2 —2z7")4+ const.

v=1

It is easy to see that equality in (17) holds for f*(z). But the question whether
f*(2) belongs to the class ) (G, «) remains still open. To find an answer for this
question we shall prove an extremal property of circular domains.

Theorem 3. If the doubly connected domain G* bounded by two Jordan
curves is conformally equivalent to the annulus {w R< |w| < l/R} ,0<R<1,
then the Fredholm eigenvalue Ay of G fulfills

1

(26) A2 < R

Equality can occur in (26) if, and only if, G* is a circular domain.
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Proof. Denoting by ¢(z) a homeomorphic and conformal mapping of G* onto
{w: R < |w| <1/R}, we shall estimate the quotient of Dirichlet’s integrals in (3)
for the function

(27) hl(Z) if z € Bl,

9(2) +1/9(2), if z € G*,
h(z) = {
ho(2) if z € By,

where B is the component of G*© bounded by the inverse image of {w : [w| = R}
and B is the other component of G*©. It follows from the definition of g(z) that

(28) //G*([hz(z)|2+|h5(z)|2)dxdy=27r (%—1#).

Let hq(z) be the harmonic function in By \ 0B; which satisfies
hi(2) = g(2) + 1/g(z) = 9(2) - (1 + 1/R?)

on the boundary of B;. This implies that

//B (Ihu(z)l2 + |h1;(z)|2)dz dy
2 1], (o - oo

(29) =7r(1+—1;—2)2R2.

If hy(z) is the harmonic function in the interior of B, which fulfills

1 1 1
th = z = = —_— ) ==
()= 00+ = (1+R2) -

on the boundary of B,, then

//B (lh?z(zﬂz + lh22(z)|2>d:v dy
. //B (lh”(zﬂ2 - |h2,(z)|2) de dy

(30) =7 (1 + %)2122.
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Because of (28), (29) and (30) an application of the second inequality in (3) leads
to

271’(1—R4)/R2 > /\2-—-1
TR2(1+1/R?)2 4+ nR%(1+1/R?)2 = A+ 1
This proves (26). Equality in (26) can occur if, and only if, hiz(z) = 0 and
ha.(z) = 0 holds in B; and By, respectively. Consequently, hi(z) and hy(z) are
analytic functions. Since hy(z) = (1 + 1/R%)/g(z) on the boundary of B, it
follows from the argument principle that hy(z) has only one simple zero in Bs.
Hence ¢(z) is a linear fractional transformation. This completes the proof.
Now we consider again our example of an annulus. By choosing « = R? we
conclude from Theorem 3 that > (G, «) consists only of the mappings

1
f(z) = o + const.
On the other hand, equality in (17) can occur only for the mappings f*(z) in
(25). This contradiction shows that (17) provides an unsharp estimate for all «
(1 > k& > R?) sufficiently close to R?. Furthermore, the condition x > R? is

also necessary for Y (G, k) # 0 when G is a doubly connected domain having the
conformal modulus 1/R2.

5. Remarks

1. From Theorem 1 some estimations of functionals defined on ) (G, k) may
be derived. Suppose that the numbers I',, v =1,2,..., in (5) do not depend on
the mapping f(z) € > (G, ). Then the expression

(31) Zru7u
v=1

defines a functional for all mappings f(z) € > (G, ). Now Theorem 1 leads to

0o oo )
ZFV’YV < K:Z“:‘Vl 3
v=1 v=1

in fact, Schwarz’s inequality yields

Sl + 3 -0 LT YT

v=1 o v=1 -
Sy + 31— k)e ) ||
v=1 v=1

oo [e ) 2
> (Re <e‘2i9 Z'y,,I‘,, +1(1-k) E |1",,|2>>
v=1 v=1

(32)

2
2
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and thus we get from (11)

o0 o0
Re (e—m Z»,,P,) <w TP
v=1 v=1

In general, (32) is an unsharp inequality. For simply connected domains
G, however, this estimate becomes a sharp one. The inequality (32) generalizes
the inequalities (4), (6) and (7) in [13] which were proved in a similar way. It
should be noted that the representation (31) is valid for some known functionals,
for instance for the coefficient «; in (1), for the Schwarzian derivative and for
Golusin’s functional (see [6], [7] and [8]). The estimate of the range of a; has the
form

(33) oy —m| < waly,

where m, a?, are the centre and the radius of the circular disk which belongs to
the class Y (G). Note that the extremal mapping f*(z) in Theorem 2 also fulfills

(z1r@1) =re(Tire]) . i<t

z z

2. In Section 3 we have considered the example of an annulus. We point out
that the series on the right-hand side of (17) satisfies
. vR¥ 1

2 T_fir = WK(’C)(K(’C) - E(k)),

where E(k) and K(k) are the known complete elliptic integrals (see [18; p. 693,
5.1.29.3]) and k fulfills

/ ?)

R? = exp [_W_K(l_"k}
K(k)

The last term is closely related to the conformal modulus of Grétzsch’s domain

(see [5] and [15, Chapter II, Sections 1 and 2]).

3. In this paper the derived inequalities do not contain coefficients of some
unknown (extremal) mappings unlike the area theorems in [6] and [7]. On the
other hand, the area theorems in [6] and [7] are also sharp for multiply connected
domains G. This illustrates the shortcoming of the area theorem in Section 2. A
common property of these area theorems in [6], [7] and in this paper is, however,
that the area theorem for mappings f(z) € Y.(G) (see [16; Theorem 5.1]) can be
interpreted as a special case of them.
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