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HARMONIC MAPS AND CURVATURE
COMPUTATIONS IN TEICHMULLER THEORY

Jirgen Jost

Introduction

The purpose of this paper is to display harmonic maps as a computational
tool in Teichmiiller theory. Let ¥ be a compact surface without boundary of genus
p> 2, and let g and v be (marked) conformal structures on X. Thus (X, g) and
(Z,4) define elements of Teichmiiller space T,,. Each such element carries a unique
hyperbolic metric, and in the sequel it will always be equipped with this metric.
It then follows from results of Al'ber, Eells-Sampson, Hartman, Schoen-Yau, and
Sampson that there exists a unique harmonic map u = u(z) from (Z,g) to (Z,7)
homotopic to the identity of £, and u is a diffeomorphism. Furthermore, if 0% (u)

is the image metric, then
® := o%(u)u,a,dz?

is a holomorphic quadratic differential on (X, g), and this observation furnishes
the link between harmonic maps and Teichmiiller theory.

In order to explore this relation, one has to investigate the effect of variations
of the domain structure g and the image structure ¥ on ®. Variations of the
domain structures were first studied by Tromba [T2]. He in particular showed
that the second variation of the energy of the harmonic map u = u(g,vy) w.r.t.
g at g = v yields the Weil-Petersson metric on T,. Wolf [Wf] then undertook
a systematic investigation of variations of the image structure, and established
important formulae for the effect of variations of 4 on u. Incidentally, the second
variation of energy of u(g,7) w.r.t. at g = v again yields the Weil-Petersson
metric, a result which can also be derived from Tromba’s aforementioned result
because the energy of u(g,7v) is constant, i.e. independent of g. It was then
possible to develop Teichmiiller theory systematically in terms of harmonic maps,
as carried out by Wolf [Wf] and the present author (Chapter 6 in [J2]).

The Weil-Petersson metric was introduced by Weil, and it was established
by Weil and Ahlfors [Al] that it is a Kahler metric. Ahlfors [A2] also started
to investigate its curvature properties and found that the Ricci and the holomor-
phic sectional curvature is negative. More recently, Tromba [T1] showed that
the sectional curvature is negative. Different proofs of this result were given by
Wolpert [WP] (in [Wp], such results are also independently attributed to Royden)
and Siu [Si].
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Here, we shall use harmonic maps to establish the curvature formula of the
preceding authors for the Weil-Petersson metric. While this is not a new result,
we believe that the computational technique introduced here will be important for
further computations in Teichmiiller theory. As an example of its potential, we
point out that on the way at certain points we get more precise information than
obtained in [Wp].

In [Wp], Wolpert also studied the geometry of the universal Teichmiiller curve
7, , with fibre over g being the marked conformal surface determined by ¢g. He
showed that the first Chern class ¢;(L) of the vertical line bundle L coming from
the projection 7: 7, — T}, is negative. On the basis of this result, he suggested
to use —c;(L) as a Kéhler metric on 7,. We shall use harmonic maps to study
this metric. Wolpert showed that integrating the square of —c;(L) over the fibers
of 7, yields the Weil-Petersson metric on 7,. Nevertheless, contrary to what one
might expect, it turns out that this metric is not negatively curved. Namely, the
holomorphic sectional curvature in the fibre direction fails to be negative, although
the intrinsic curvature of each fibre is —1. Of course, this is in accord with the
general principle in complex geometry that the intrinsic curvature of a submani-
fold is smaller than the curvature of the ambient manifold in the direction of this
submanifold, the difference being given by the second fundamental form. On the
basis of this result, there seems to be no point in presenting further computations
for the curvature tensor of this metric, although we have carried out such compu-
tations. Anyway, one can obtain a negatively curved metric on 7, by a different
method. Namely, there is a natural identification between 7, and the Teichmiiller
space Ty of surfaces of genus p with one distinguished point, by just identifying
the distinguished point on (X, g) in Tp; with the corresponding point in the fibre
over (¥,g) in 7,. In the same way as for T, one can define the Weil-Petersson
metric for T, (Teichmiiller space of surfaces with n punctures), and since for
example the computations in the present paper are purely formal, they also show
the negativity of the sectional curvature of this metric. However, this metric on
Tp,1 does not reflect the fiber space structure of 7, and this was our reason for
studying the above metric on 7,,.

While the above curvature result also shows that the fibers of 7, cannot
be totally geodesic, it turns out that the images of certain sections s: T, - T,
are totally geodesic. This observation may be useful for further applications in
algebraic geometry, along the line of [JY].

Let me also mention that a detailed study of T}, , in terms of harmonic maps
has recently and independently been undertaken by my student Lohkamp in his
diplom thesis and by Wolf and Wolpert.

I want to express my gratitude to Michael Wolf for explaining his results to
me (some of his formulae are reproduced in Section 1, and they form the starting
point of our investigation), and to Scott Wolpert for stimulating discussions, and
for pointing out to me that my original statement of Theorem 2 was not entirely
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correct.

I also want to thank the referee for his excellent refereeing and his detailed
suggestions.

I gratefully acknowledge the hospitality of MSRI (Berkeley) and IAS (Prince-
ton), as well as financial support from Stiftung Volkswagenwerk and DFG (through
its SFB program).

1. Variations of conformal structures and harmonic maps

1.1. Variations of the image structure

We let £ be a compact oriented surface of genus p > 2. We denote con-
formal structures on ¥ by g,7. Each conformal structure uniquely determines a
hyperbolic metric on £. In this paper we shall use the convention to equip each
conformal structure with this hyperbolic metric.

The hyperbolic metric in (X, g) will be denoted by

2\ (2)dz dz, z being a conformal parameter,
and the one on (Z,v) by
0%(u) du da, u again being a conformal parameter.

For a C'-map v = v(z): (£,9) — (%,7), we define the energy as
E(v):=1 / 0% (v(2)) (v:0s + v,vz) dz dZ,
(%,9)

subscripts denoting partial derivatives.
Critical points of E are called harmonic maps.
Harmonic maps satisfy the Euler-Lagrange equations for E, namely

204
(1.1) sz + 22 u,u; = 0.
0

The following lemma summarizes results of Al’ber [Al 1,2], Eells-Sampson [ES],
Hartman [H], Schoen-Yau [SY] and Sampson [Sa]:

Lemma 1. Given g,7, there exists a unique harmonic map
u(9,7): (Z,9) = (Z,7)
homotopic to the identity of £. u(g,7) is a diffeomorphism.

pdz? = o®u, i, dz?
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is a holomorphic quadratic differential on (%, g).
=0 <& uisconformal & g=4.

Remark. We point out that Lemma 1 can be extended to surfaces with
punctures. ¢ dz? then may have simple poles at the punctures. This remark
justifies the claim about T} , in the introduction.

In this chapter, u = u(g,<) will always denote a harmonic map.
We define functions

0* (u(z))

H(U) = luz|2 = W“zﬂh
e @)
1) = sl = S5 s

In this notation
u*(0® dudi) = pdz? + \}(2)(H + L) dz dz + ¢ dz°.

To ¢, we associate the harmonic Beltrami differential

(12) u(z) = @(2) %()
Then
(13) H(u)L(w) = i

One also computes, using the equation (1.1) for a harmonic u, that
(1.4) Alog H(u) = =2+ 2(H(u) — L(v)),

where A is the Laplace-Beltrami operator on (£, g) (note that the curvatures of
0%(u) and A%(z) are both —1). References for the preceding facts are [J1] and
[J2]. We observe that since u is a diffeomorphism, and H(u) — L(u) its Jacobian
that

(1.5) H(u) >0

so that log H(u) is well defined.

We denote the space of harmonic Beltrami differentials on (Z,g) by H(g)
and identify H(g) with its tangent space at the origin u = 0.

Following M. Wolf [Wf], we shall now study the effect of variations of .
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We want to differentiate (1.3) and (1.4) in the variable y at the origin p =0
in directions «, 3; subscripts will denote corresponding derivatives. Then, at

p=0,

(1.6) H=1,
(1.7) L=,
(1.8) HoL+ HL, =0,

and consequently

(1.9) L, =0,
H,
1.10 - = a = La),
(1.10) A T 2(Hy — Lq)
and consequently
(1.11) H, =0,
(1.12) Ho3L+ HoLj+ HzLo+ HL, 3 = af,

and consequently

(1.13) L,z = ap,
H,; HyHj;
af By _ _

and consequently, defining

(1.15) D:=-2(A-2)"1,
(1.16) H,z = D(ap).
Likewise

(117) Laﬂ = Oa



18 Jiirgen Jost
(1.18) H,3 =0.

For variations of the energy

(1.19) E(u)=1 / (H(u) + L(w))\? dz dz,
we get
(1.20) Ea=0

from (1.9), (1.11). Moreover, since
(1.21) /‘D(ar,g)/\2 dzdz = /(A -2)(A -2)"taBA\ dzdz = /aﬁ)\2 dzdz,
we get from (1.13), (1.16)

(1.22) E.; = / afN? dz dz.

This means that the second variation of the energy w.r.t. the image structure
yields the Weil-Petersson metric on H(g). Of course, we can also look dually
at Q(g), the space of holomorphic quadratic differentials on (£,g), and obtain,
putting

¥a(2) = G(N2(2),

¥2(2) = B(2)A7*(2),

-1
(123) Ed,“/‘)z =/¢11/)2/\—2d2d2

The following interpretation of the preceding discussion will be of use later
on. We fix (X,g). For any (Z,v), we look at the harmonic map

u=u(g,7): (Z,9) = (Z,7)

homotopic to the identity of £. This map yields the harmonic Beltrami differential
at (Z,9)

We thus obtain a map
q0: T, — H(g).

The following result is due to Wolf ([Wf]; cf. also [J2] for a proof):
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Lemma 2. The map
a9: Tp — H(g).

from Teichmiiller space to the space of harmonic Beltrami differentials at (%, g)
is bijective, and the transition maps

g, © 45, H(g1) — H(g2)

are smooth.

In Section 2, we shall use H(g) as coordinates for Tj. Actually, we shall need
these coordinates only locally, and this local property can already be deduced from
the injectivity of g, obtained in [Sa] from (1.4) as a consequence of the maximum
principle.

We now represent (Z,g) and (Z,7) by their fundamental regions in H :=
{z==z+1iy:y>0}. Then o?(u) = —=2/(u — @)%, \2(2) = —-2/(z — 2)2.

We can furthermore normalize the situation so that the lift of u to H, u: H —
H, fixes 0, 1, oo.

The point of the rest of this subsection is to compare a harmonic and a
quasiconformal homeomorphism between two conformal structures. We shall see
that expansions in terms of p € H(g) at pu = 0 agree up to second order. This will
be useful in the sequel, because we need to make computations for quasiconformal
maps and we can perform such computations for harmonic maps.

For p € H(g), with |u|pe(r) < 1 welet f*: H — H be the homeomorphism
solution of

(1.22) £E = uft

fixing 0, 1, co. Proofs of the existence and uniqueness of the quasiconformal
homeomorphism f# can be found in [AB], [J1], [J2].
We compare this with

- .
_ ¥ _ Yy
(1.23) Uz = )‘2Hu, =g Ug.

With u := gy? € H(g), we thus have

(1.24) uz = %u,.

Again, we take derivatives at 4 = 0, and denote derivatives in the direction a by
ufa], fla], etc.
Then, at p =0,

(1.25) f[a]g = af,,
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(1.26) fle, Bz = af[B]: + Bf[al..

Likewise, at u =0,

(1.27) ila]: = %u, = au,,
(128) il s = srilfls + Frilol, = ailg], + fidal.,

using (1.6) and (1.11).

Therefore, the differential equations for u and f agree to second order, and
hence, because both f# and u are unique under the present normalizations, near
u=0, f* and u agree as well up to second order.

In particular, with

T Gt ) P
HY = o b

fo_ (2"5_)2 For
L=l

we have at y =0

(1.29) L{=0=H{,
(1.30) L!, = ap,
(1.31) H!; = H,5 = D(aB),

by (1.16), and likewise, using (1.18)
f —o=mpngf
(1.31) Lf,=0=H!,

For later applications, we point out that Hf — Lf represents the Jacobian of f,
i.e. the ratio of the f-pullback of the hyperbolic area element and the hyperbolic
area element of the domain.
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1.2. Variations of the domain structure

The groups I', I'* occurring in the sequel will be discrete subgroups of PL(2R)
(the automorphism group of the upper halfplane), homomorphic to ().

We continue to use the notations of 1.1.

We consider the energy E as a function of the conformal structure g by
always computing the energy of the harmonic map u = u(g,%): (£,9) — (£,7)
(7 is fixed in this subsection). Thus E = E(u(g,7),97)-

We represent (X, g) by a quotient H/T' of the upper half plane. The plan is to
represent variations of the conformal (= hyperbolic, by our convention) structure
by variations of I' = I'°. The elements of the new group I'* (¢ # 0) differ from
those of I' by an equivariant (quasiconformal) diffeomorphism {; ((1.33) below).
If u is a map with domain H/T', uo¢;”! is a map with domain H/I'*. We compute
the energy of uo(;!. If u is harmonic, uo f;* need no longer be harmonic. This
will not matter for first order computations at ¢ = 0, since the first derivative of
E w.r.t. u vanishes because u as a harmonic map is a critical point of E.

We now start by deriving the formula for the energy of uo ¢;}.

We thus let (;: H — H be a family of diffeomorphisms, depending smoothly
on ¢, with (o = id. We require for every ¢ that (; is equivariant in the following
sense: There exists a group I'!, and for every o € I for some ot € I'*, with

(1.33) (toog =0c'0(.

We let
w =
' at |t=0’

and as before, for a harmonic map u: (Z,9) — (Z,7), ¢ = 0*(u)u.i,. We
compute from the chain rule, with ¢ = (;,

(Evgt) = H/Pta

(1.34) E(uo( Y, g1,7) =13 / 0* {(uztz + @,uz)(C: (e + C:C2)
H/T

dzdz

= 2u,,(: (s — 2u5u3(:C ) hotG

and

d _
EE('U’ 0 ¢, l’gt17)]t=0
= % / 92{(“:‘73 + 8,us)(w: (s + (@5 + @:(z + wils)
H/T

= 2u, i, (ws (s + (@z) — 2uztz(w: (s + C":”)'(C'—..l_ﬁ
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- (wzzi + (wz — wi(z - CE‘I’:)' ~ _
. ((Uzﬁs + izzui)(CzEE + szz) — 2u,u,(5(; — 2"2?15(:(:)'

1 _
(GG - GGa)? }dzdz

= — /(92u,ﬁ,w; + 0®usii;@,) dz dz, (since at t =0,( = z)

(1.35) = —2Re/<,ow; dz dz.

In order to apply (1.35), we have to relate our two ways of varying (Z,g), one
by varying the group I', the other by expressing variations through harmonic
Beltrami differentials. We now do this.

An element o € H(g) transforms via

(1.36) (a00)d; = ao, for ocel.

We now equip H with two hyperbolic metrics, y~=2dz dz and y~2|dz +tadz|?, and
we let

¢ (H, y%dz az) - (H, yl2|dz+tad5|z)

be conformal, normalized with

(1.37) o=z
Then,
(138) Ct,i = ta(t,z,
hence

0
(139) wz = ECt,§|t=o = .

(1.36) implies that with (;, also (; 0 o solves (1.38) for o € I". Hence there exists
a conformal ¢! with

Ct00=0't°cta O’tEFt.

We have thus related the two ways of varying (£,9). o € H(g) defines the
family of diffeomorphisms (¢, and then a family of groups I'*, and vice versa.
We are now ready to study variations of E as a function of the domain structure
g in the direction a € H(g). We use the above correspondence between o and
the families (¢, I'*, and we denote the conformal structure of H/I'* by g;. The
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dependence of E on g is twofold, because the harmonic map u = u(g,7v): (Z,9) —
(%,) also depends on g.
Since u is harmonic, however,

o
'a—,';E(ua 9’7) = 0,
hence
140 (ZE(ue.).0.7).)
. ag b b b b

0 _ _
= EE((u(g,y)oC, 1’9"7)|t=o = —2Re/<padzdz

from (1.35). Since Re [padzdz is a nondegenerate pairing between Q(g) and
H(g), we see that g is a critical point of E

< p=0<«= uisconformal < g¢g=17.

We now want to study second variations of E at ¢ = 4. We continue to
identify (Z,g) with H/T', and the map u: (Z,9) — (Z,7) is considered as a
normalized equivariant map u: H — H, and the energy then has to be evaluated
on a fundamental region. If ¢ = v, we have u = id. Since H is a subset of the
linear space C, we can write variations of u as u + th. As always, t varies in a
small neighborhood of 0.

As u is a diffeomorphism, a variation u +th amounts to the same as studying
variations u o (; (if |t| is sufficiently small).

We put

@ := 0% (u + th)(u + th). (@ + th)z,

and since u is conformal
o Ptonn = O (W)t
Thus

d, 0 - -1
E('a_gE(" +th,g,7),a)t=0 = =2 /Re o’u h,adzdz = 2/Re h,a;,; dzdz

as in our setting, u, since conformal, is the identity
=0, since a € H(g)

(see (2.7) for this point).
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This means that, at g = v,
0 0
(1.41) 7 9y L (497, 9,7) = 0.

A variation a of g induces a variation u, of u. As u(g,7) is harmonic

(1.42) %E(U(g,v),g,*/) =0

for all g. Hence

0= <%6%E(u(g,7),g,7),a>
= <a2—2E(u(g,7),g,7)ua,a> + <%%E(“(9,7)a9,7)’a>

2
(143) = (5 B(u(g7),9,7)uara)

by (1.41). Since (8%/8u?)E is strictly positive definite, because 4 has negative
curvature, we conclude, again at ¢ = v,

(1.44) U = 0.

The preceding result was obtained by Tromba ([2]) by a different method.

One can also use the present method to compute second variations of E
w.r.t. the domain structure. Since we do not need the corresponding formula in
the present paper, we refer to [J2].

2. The Weil-Petersson metric
2.1. Preliminaries

From Section 1, (1.22), we recall that the Weil-Petersson metric can be com-
puted from the formula for the second variation of the energy of a harmonic map
w.r.t. the image metric, namely

(2.1) hop = / af\tdz dz = E,z,
(Z,9)

for a, 8 € H(g), considered as a complex vector space.
Likewise, we get an induced metric on Q(g), e.g. for ¢, % € Q(g)

(2.2) (e, ¥)o = /@ )wﬁ;lg dz dz.
’g
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We now want to study derivatives of the Weil-Petersson metric at the origin
of our coordinate charts.

In the sequel, we shall use the fact that infinitesimal diffeomorphisms are
L?-orthogonal to the harmonic Beltrami differentials in a similar way as Ahlfors
[A1], [A2] and Wolpert [Wp], but otherwise our considerations will be conceptually
different from theirs.

Studying derivatives of h,3 involves changing the base surface (Z,g). We
recall that Lemma 2 allows us to use H(g) as global coordinates for Teichmiiller
space Tp. In these coordinates, (L,g) corresponds to the origin. We shall now
employ these coordinates. Since H(g) is a linear space, we can identify it with its
tangent space at 0. Coordinate representations of points in T}, shall be denoted

by u, v, o, o, ..., where as tangent vectors at the origin will be denoted by «,
ﬂ’ ‘Y, ceee
For u,v € H(g), we let
w: p— p+v,
¢:0—p,
u0—-p+v
be harmonic maps.
We also put
(2.3) vi=uo(

and z will denote a complex parameter on (X, g), the conformal structure repre-
sented by 0 € H(g).

We recall that in order to obtain h,z(x), we have to look at the harmonic
map w: u — p + v and differentiate the v-dependence of its energy at v = 0
in the directions @ and 3. In order to obtain derivatives haﬂ ,(0) at the origin,
we then have to differentiate the p-dependence at p = 0 in the direction «, and
likewise for second derivatives. It is the main purpose of this section to compute
first and second derivatives of h,; at the origin.

If h(p,0): p — o is a map, we shall denote differentiation w.r.t. the image
variable o by ', and w.r.t. the domain variable by -. The corresponding tangent
vectors will be given in brackets; the image direction always comes first.

For example, h'(8](7) denotes differentiation of the o-dependence in the di-
rection § and of the ¢ dependence in the direction 4.

We denote the hyperbolic metric on u by £2(¢)d(¢ d{. In this notation

as() = [(Gitkucanc)' e () d i€ = [uttelayiaie o) dc i,

where all quantities are evaluated on the surface corresponding to .
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In the rest of this subsection, we derive the well-known fact that the harmonic
Beltrami differentials are L?-orthogonal to the infinitesimal diffeomorphisms of the
base surface as well as some consequences.

We let di: p — p be a family of diffeomorphisms, depending smoothly on
t, with dy = id. As before, we look at the lifts d;: H — H which then are
I'-equivariant, where u = H/TI':

(2:5) d(x¢) = xd(¢)
for xeT', (€ H.

The equation (2.5) implies

(2.6) %dt(XC) = x%dt(C)-

(Of course, x here acts on a vector field on H, i.e. by pullback.)
The claim that the Beltrami differentials are L?-orthogonal to the infinitesi-
mal diffeomorphisms, i.e.

(2.7) /a% de,c0(¢)d¢d{ =0  for a€ H(u)
now follows by integrating (2.7) by parts, namely
0 0 -
[ 5 E©m) 5 dedc ac

which is valid because of (2.6), and this vanishes since a € H(u).
We shall put this to use as follows:
We recall that
wil] = a € H(u),

cf. (1.27), and we let now d,: u — p be a family of diffeomorphisms depending
on v € H(u), again with dy = id. We let

0
a—yd[ﬂ]
be the v-derivative of d in the direction 3 at v = 0. Then (2.7) yields
- .
[ utlal Bt ac ag =o.
This implies

(28) / wilafo o FAIC() e dC = [ utlalalBle(c) dc dc
and in particular
(29) [ wtlala B ) et = [ witeloiaie ) dc

with v = u o0 (™1 as above.
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2.2. Differentiation of the harmonic map equation

In order to study derivatives of the energy, we have to study the variation
of a harmonic map in its dependence on the conformal structure of domain and
image. For this purpose, we have to differentiate the differential equation that
w: u — p+ v as a harmonic map has to satisfy

(2.10) Wee — wewe = 0.

(w —w)

This is equivalent to, writing now w(() = w(2(¢))

2
wzZeg +sz<5 + (wn - . aw,w,)zczz
(2.11) 0

+ (w;; — — a—)‘*’z‘-"i)(ZCEZ + 2423) =0

"'"'__wiwi) 2(26 + (wzz

From the chain rule, one computes

U S (A
€ (GG -GG VT
= Coa€sCals = CeaCaluls + (s — Caala)(G G + G:C2) )

and (2.11) becomes

O
/‘\
[

<z<z CzCz _sz(z(z(z 22 2<z<z
- sz(i(i(i - CEECEC:C:
+ (Ezi(i — (22 G)(C:G + Cizz))
+wis——-=(:( Czc_z + Ezz(z(ic—:‘:
(2.12) CzCz CzCz ( _
- <2§<z<z<z - szCz(ECE
+ (Cszfz - fzzCz)(CzC} + Czc_z))

2 _
- (wzz - _wzwz)CE z— (wii -
w—-w

2 - wiwi)CzC_z

w—w

+ (s = === ) (GG + o).

We recall that w goes from p to p+ v; therefore the p-dependence of w and
hence also of w is two-fold.
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We now take the total p-derivative of (2.12) and evaluate at p =v =0. We
recall (; = u(., and hence, at u =0, {i[y] = v(; = v and (.[y] = 0. We then
obtain, using that at y =v =0, w(z2) =2

} 2 . 2
wswzY + Wz () — ———wawz(7) + Wi ] - —w.wi[v].

2
0=—wﬂz+w— —-w w—w

w

We shall now use this equation to conclude the vanishing of w(y) and likewise

w(é). First wi[y] = v, and since v is a harmonic Beltrami differential,

2_7=0.

zZ2—2Z

Yz —

Hence

(2.13) 0 =z (y) — ——=w:(7),

zZ—2z

i.e. wz(7y) is a harmonic Beltrami differential.

On the other hand, w;(7y) represents an infinitesimal diffeomorphism of our
base surface 0, and is hence orthogonal to all harmonic Beltrami differentials, cf.
(2.7).

Consequently,

Likewise, we obtain at y = v = 0, by differentiating (2.12) w.r.t. §
2

zZ—Z

0= 652(8) = = 0u(8) + 6] — —2—wi ]

-z
Actually, w}[6] = 0 as w} is holomorphic in §; hence w;(8) is harmonic, and thus
again

(2.15) w3(8) = 0.

Of course, (2.14) and (2.15) are equivalent to (1.44), as a consequence of the
Riemann-Roch theorem. Namely, (2.14) and (2.15) imply that w(§) and & (&) are
holomorphic vector fields and thus have to vanish since p > 1.

We want to compute w[a](6) and wi[B](6) at u =v = 0.

Corresponding differentiation of (2.12) yields, using w(§) = 0,

(216) 0= —wilald: — ula]é + 04, [a)(6) - ——hlal(d)

= —(ad): + },[a](8) — zf—zw’;{a]@
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since w![a] = @, and, using wi[B] =0

2 s

z—z

(2.17) 0 = &3, [B)(8) -

We now investigate the transformation behaviour of w'; we have, for arbitrary
u, v

(2.18) w(xz) = x"w(2),

where x” is an element of the group I'”, the group of automorphisms of H cor-
responding to v, as in 1.2.
Hence, at p=v =20

(2.19) w'(xz) = x'(2) + x'(2) = xv'(2),

since w = 0. Therefore, w' transforms as an infinitesimal diffeomorphism (as
in (2.6)), and therefore, by (2.7), w} is L%-orthogonal to the harmonic Beltrami
differentials. (2.17) therefore implies

(2.20) 3(B)(8) = 0.
Similarly, we compute

0= —wllaty: — whaloly + ~uiloly - g (o] - @'fal)y

+0bfal(r) - ——4lal(r)
(2.21)

= —wllalr+ sZulloly - o (el - lal)n
+ kel — —=a4lal(r)

since v is harmonic, i.e. v, = 2y/(z — z).
Moreover, at u = v =0, from (1.11)

yielding
2

(z-2)

0 = w)fa] + B} fa] -

(w'[e] - &'[a]),
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and upon differentation, since @' [a] =0,

' 2 ! o'
0=w,[a] - (Z—_ﬁwz[a] t oo (z —)2 (w'[o] - &'ad),

so that (2.21) gives

! —_ . ’_ =
wiz[a] (7) 7 — zwz[a]<7> 0
and then as before
(2.22) wz[a]{v) =0,
and with a similar derivation, using in addition @.[8] = 8 and
_ 92
,62 + ._,B = Oa
z2—Z

since A is harmonic, we also obtain

(2.23) w3[Bl() =

We now want to compute w}[a](6) from (2.16) and the fact that w}[a](8) is
orthogonal to the harmonic Beltrami differentials.

We write (2.16) as

(2.24) (z — )0l [0](8) — 2(z — 2)w}[a)(8) = (2 — 2)%(ad);.
But

5 2
(2.25) (2 — z)2$( (2 - 2) 55 = )

= _((2_2)26% ——2(z—2)) (i(z—z)2 62)

and A = —(z — £)?(8?/828z) is the Laplace-Beltrami operator so that we can
write (2.24) as

(z — 2)%0z,[a)(8) — 2(z — 2)w3[a)(6)

(-2 g 2= 2) (2 - 22 2 (A -2 (~ad)).

Now (2—2)%(0/0z)(A—2)""(—aé) again transforms as a vector field, namely
with factor x., because ad transforms as a function and A and hence (A —2)~!
is a zero order operator. Therefore,

0 2 0 - =
- (Z - 2)2——_((A - 2) 1(——a6))
0z 0z
again is L?-orthogonal to the harmonic Beltrami differentials.

Since, as remarked above, w}[a](6) is also orthogonal to the harmonic Bel-
trami differentials, we finally conclude

(227) Ala)(8) = o ((2 = 2 2(A - ) (~a)).

(2.26) )
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2.3. First derivatives of the metric. Kahler property

In order to compute derivatives of h,z(u) at u = 0, we pull formula (2.4)
back to the base surface 0, as in 1.2:

2 _ _
(2.28)  hup(p) = / d:dﬁ (92(w)w202C2Cz + 0% (w)w:@:(:C

— 0% (W)w:@:(:(z - Qz(w)ﬁzwi@zzm dzdz.
Since at 4 =0, ((z) = z, and
C"EE ! Cic—z ! _
(2.29) (szz — szz) v = (CzZE _ Cic_z) [7] =0,

we compute, using (2.14) and (2.15),

(2.30)  hup.(0) = %haﬁ(O)

= [ (stlaln)atis] +wilalidi61()) N d=dz =0,

as w' transforms as an infinitesimal diffeomorphism (cf. (2.19)), and &} is hence
orthogonal to the harmonic Beltrami differentials (cf. (2.7)).

Similarly,

(2.31) hap,5(0) = 0.

This yields the following result of Ahlfors and Weil, cf. [A1].
Theorem 1. The Weil-Petersson metric is a Kahler metric.

Namely, we have found normal coordinates which are holomorphic at our
given point (but not elsewhere, actually), and this implies the Kahler property. In
this regards, cf. also [Wp2].

Remark. The complex structure of Teichmiiller space in terms of harmonic
maps is discussed in [J2].
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2.4. Second derivatives. The curvature

For the second derivatives, we let, as in 1.1

_0%(w) _0%(w)
= /\2(z)u,u;, L= Wuyt,

for a harmonic map u, and denote complex derivatives at u = 0 by corresponding
subscripts: H"[a, B](0) = H,3, etc.

The strategy is as follows:

We use (2.9), pulled back to the surface corresponding to the origin 0 by
a change of variables, to write h,z(u) in two different forms. We differentiate
both expressions and compare the results. Using (2.27) then yields an expression
involving certain derivatives of H and L. These have already been evaluated
in 1.1, and the desired formula for the second derivatives of h,3 will follow (cf.
(2.38), (2.40)).

We compute first, using

(2'32) (Cz —2 - Cigz) [7,6] Bl (CzZE - Cifz) [%6] - 76,
and (2.20), (2.22), (2.23) from (2.28)

2 i )
(2.33) hap4i(0) = - 5has(0) = / (Lapys + Hagé + Logvé

+83[a)(7,8)8 + &3 [al(6)5,B](7) + o [B)(v,8)) \:(2) dz dz.

On the other hand, pulling (2.9) back to the surface 0 by a change of variables,
we also have

d? _ _
(2'34) haﬁ = / dox dﬂ“ (92(‘”)“"21—"342(: + 92("‘))‘-‘)2'&:(:(5

- Qz(w)wzﬁzCE z— Qz(w)wzﬁs@(z) ———dzdz?

where, as before, u: 0 — u + v is harmonic.
Differentiating (2.34), we get

(2.35)  hap45(0) = / (Lapys + Hogvo + L, 578 + &3[a)(v,8)B) N (2) dz dz.
Comparing (2.33) and (2.35) yields

[ @alELBI) + oS 1B, )32 (2) d = =,
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hence also
(230)  [allaln BN ) ds dz = - [Gilal(6I8)m)N(2) d d,

and inserting this into (2.35) and using (2.27), we obtain

(2.37) hop ~5(0) = / (Lag.,g +H 5‘)’5 +L [;‘yg

(-2 a -2 @) 2 (- 2"

: %(A - 2)“([37)))/\2 dz dz.

In order to evaluate (2.37), we recall from Section 1.1

L,z = af,
Hop = =2(A -2)7'(af),
Lopys = —HapLog — HysLop — Haglyg — HoygLas.

Also, when integrating the last term in (2.37) by parts, we obtain, since \?(z) =
—2(z — z)7%, the operator

(75 (- e Zma (- 2g))

ot . 0 . 0
=2z =2 55z 4~ Dgag; T4~ gy,
62
2

2

(z —¢ ————(A oA —2A), since A = —(z — 3)
= -2(2)((A - 2)? +2(A - 2)).

Since (A — 2) is selfadjoint, we obtain altogether

(238) hogrs(0) = [ { (28 =27 (1)) ad + (28 —2)7 (18)ab }H(z) d d

and also

(2.39) +8(0) = hqop 15(0).

Since Hyy =0 = Lq+, etc., L, ~BE = we obtain likewise

ha‘y,ES(O) = /La575’\2(z) dz dz

(2.40)
- / {48 -2 (28)) el + (48 — 27 (1B)) @B} N2 (2) dz dz,
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and

(2.41) h55,07(0) = oy, 35-

This enables us to evaluate the curvature tensor R,z.5 of the Weil-Petersson
metric. The curvature of the Weil-Petersson metric has been computed by Tromba
([T1)]), Wolpert (cf. [Wp] where such results are also independently attributed to
Royden), and Siu ([Si]), by different methods.

Since, by (2.30), (2.31), first derivatives of the metric vanish, we have

(242) Ra/_i'ys = %(haﬁ,vs(o) + h-ys,a[?(o) - ha'y,[?s(o) - hBS,ay(O))'

(Note that the quantities h,. 33 and hz; ., appear, because our coordinate
system is not holomorphic.)
From (2.38)—(2.42)

(243) Rapos = / {(—2(A—2)’1(75))aﬁ+(—2(A—2)'1(7ﬁ))a5}A2(z)dz dz.

From this formula, it is not hard to show that the sectional curvature of the
Weil-Petersson metric is negative and that the holomorphic sectional and hence

also the Ricci curvature are bounded from above by —(2n(p — 1))_1. See [T1],
[Wp], or [J2] for details.

3. The geometry of the Teichmiiller curve
3.1. The metric of the vertical line bundle
The Teichmiiller curve 7, is a fibre bundle 7: 7, — T, over Teichmiiller
space T, of surfaces of genus p, the fibre over z € T, being the marked surface
of genus p represented by z. The universal cover of 7, is the Bers fibre space
BF,, with a quasi-halfplane as fibre. The group I' of covering transformations is
isomorphic to the fundamental group of a surface of genus p. BF, and the action
of the fundamental group can be described as follows. For a surface H/I' = (X, g)
representing z € Ty, and 9 € Q(g), we put as before

w(2) == p(2)y*.

We assume |u|r~ < 1. We let w#* be the homeomorphism C — C leaving 0, 1,
oo fixed and satisfying

(3.1) wz = pw, in H, w;=0 inC\H.

We put

wla] := awft“:().
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Since, for v € T', (g 0 v)¥yz = pvy:, w" o also solves (3.1), for any v € I'; hence
there exists a group I'* with w* oy =+, ow*, for some vy, € T'*.

We fix a neighborhood U of the origin in H(g) such that for u € U |p|p~ < 1.
Then, by a theorem of Bers [B], the map

F:U x H - BFp,(p,2) — (g, wh(2))

is holomorphic in g (but not in z). .
Then I actson U x H by (p,z) — (i,7(2)) and T acts on BF, by (u,w) —

(#,7#(w)) and
(3.2) F(p,7(2)) = (7" (w*(2)))

i.e. the local trivialization F is T' — I’ equivariant.

As F is holomorphic in pg, g4 — (u,w“(z)), is, for fixed z, a holomorphic
section of BF, which, because of the equivariance of F', descends to a holomorphic
section of 7,. At p =0, a holomorphic tangent vector to this section is

(3.3) (e, 2) := u')[Oz]a2 + 6—80[-

This means that for a function g(u,w(z,x)), we have

.. .09 0Og
T(a?z)g = w[a]a_ + a_a
The vertical bundle of 7: 7, — T, defines a line bundle L, obtained as Ker(dr),

where
dm: TY°T, — TY°T,.

The restriction of L to a fibre is isomorphic to the tangent bundle of this fibre.
Furthermore, because F' is holomorphic in p, /0w provides a local holomorphic
section of L.

For u € U, we let f# be the homeomorphism solution of

(3.4) f*“H—H, fi=uft,

fixing 0, 1, oo.

Thus, there exists a conformal map ¢: w#(H) — H with f# = gow*. We
denote the hyperbolic metric in H by ¢*(f) df df and in w*(H) by ¢*(w) dw dw.
Then

l |[fE1?

_0.2(w) =0 (g(w))l gl
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Now,

Lio?(g(w))|If4 12 (1 — |ul?) dz A dz
= %ié’z (g(w))(|ff|2 - |f§‘|2) dz ANdz = %igz (g(w)) df* Adf*

is the hyperbolic area element.

We write
(3.5) J(u) := @* (9(w)) IF212 (1 = |ul?).
Then
O Iw
(36) H dw| ~ TwEE( - up)’

We now compute the connection © and curvature  of the induced metric on L
from the above formula for the length of the holomorphic section 8/8w, following
Wolpert [Wp].

We shall evaluate all expressions at the origin of H(g). Then « is a tangent
vector at the origin. Observing that at the origin w°(z) = z, hence, at the origin

212

dwl||” -2
we have, for the connection 1-form

2
© =0dlog

w

at the origin

(3.8) e(a%) =5 f 5

In order to compute O(7y), writing 74 := 7(a, ), we note at the origin

0
5;1(#) =0

(cf. (1.29)), and, since w¥(z) is holomorphic in y, we obtain at the origin

(3.9) O(7a) = —ba];.
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We proceed to compute the curvature 2-form

2

= 0
First of all, as before at the origin
o 0 2
(3.10) 9(5%-, 5) =G
Next )
0 d 0 0
Q(a—’r") = ZF'a-bg w
d o
az d‘ra log ow
= —'UJ[a]zz + Z — Ew[a]i'
From (3.1), at the origin
(3.11) wla]; = a.

Since « is a harmonic Beltrami differential, i.e. a =
phic ¢,

(3.12) 0 - —2 =0,

z—2
and thus

0
(3.13) Q(g,ra) =0
Finally,

) d? a|?

(314) Q(Tﬂ,Ta) = mlog ”a—w

Recalling (3.6), we note (always at the origin)

2

d
(3.15) Ty 108 T =

D(alg) _aﬁa

with

D(aB) := —2(A - 2)7 (aB),

2

)u')[a];

37

—%(z - 5)21/;, with holomor-
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of. (1.29), (1.30), (1.31),

(3.16) - dﬂ‘j;a log |w#|* = 0,
since w# is holomorphic in u,

d? _
(3.17) gy ar s (1= ) = of,
hence altogether
(3.18) U7, 7a) = D(afB).

3.2. A metric on the Teichmiiller curve and its properties

As a consequence of (3.10), (3.13), (3.18), Wolpert [Wp] observed that the
first Chern class ¢;(L) = —§/2ni is negative. Moreover, we obtain a Kahler
metric on BF, and 7, by using —c;(L) as Kahler form.

We now want to compute the curvature tensor of this Kahler metric. In order
to fix the notation, we may suppose that the point under consideration is in the
fibre over 0 € U.

We select a basis a, 3, v, ... of H(g) and consider 74, 74, ... as holomor-
phic tangent vectors at the point under consideration. We then have as metric
tensor, at the considered point (0, z),

0 0 -2
(3.19) i = 9(5, 5;) = (z——2_)2’
0
(3.20) ga1 = 2(5;7a) =0,
(3.21) 9ap = T3, 7p) = D(aB).

We note that as a consequence of the maximum principle, D(u7)(2) is a
positive definite quadratic form. Therefore, we can choose a, 3, 7, ... in such a
way that
(3.22) D(pv)(20) = 6w (=11if g =v, =0 otherwise),

for all elements of our basis.
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For simplicity of notation, we put

2
h(p, w(z, p)) = log

KA
ow

Furthermore, a subscript will always denote a partial derivative. Thus

d .

(323) Hh = ha + hww[a],
d ~

(3.24) d—ﬂ;h = hg + hgw(f],

since w depends holomorphically on .

We saw already in the derivation of (3.13) that the vector fields 7, and 0/0z
do not commute. As a consequence, also in our subsequent expressions, we always
have to subtract certain commutator terms.

We note, for g = g(u,w(z,u)),

(3.25) %%g = %%g - gwibla]z,
(3.26) d%(%g = —a%d%g - gaw[B]s,
(3.27) %5659 = %% — gwila]s,
(3.28) d 8 o d

E&Q = 5‘2:3‘;[39 - gow[f]=.

Whenever the variable z occurs, it always refers to evaluation at the origin u = 0.
For reference, we also note

(3.29) —h=—log =

(3.30) —h=—
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o2 2
(3:31) =gt T G
8 82 2

(3.32) —a-;-,‘;h =oah= G-

o -2 4
(3.33) g1i1 = 9z (s — )2 = (z—z3

8 -2 4
(3.34) 9111 =5§(z_z)2 =‘(z_5)3,

52 -2 12
(3.35) gli,li = 6262 (2 _ 2)2 = (Z _ 5)41
(3.36) %h = _ifa]s,
cf. (3.9),
(337) ha = o—h — hoifo] = —2—a] - fa].,
of. (3.23), (3.36), (3.29),

. . 2 .

(3.38) has = —t]a]us + (—z—-_—%w[a] + ptilals = il
of. (3.25), (3.26), (3.31), (3.29), (3.11), (3.12),
(3.39) hg, = ﬁﬁ)[ﬂ],
(3.40) %hz = —u')[a],, + zT:w[a]za
of. (3.27), (3.36), (3.29),
(3.41) E‘j—ahf = —olus + z—%—;’uﬁ[a]; =0,
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cof. (3.13),
d
. —h, =0,
(3.42) &
d
(3.49) Jhe = 008l — =0l
(3.44) hap = D(aB),
cf. (3.18),
(3.45) hes = —th[a]ss (—Q—E);w[a] + ——ulal.,
cof. (3.27), (3.36), (3.32), (3.29),
2
(346) h [,B]zz - ( ) {ﬂ] - —w[ﬁ]z
We proceed to compute
o d &, 0 d o2 9

J1i,0 = E% = ga T 52 w(alz,

by (3.25)
. 2 . 2 . 2 .
= —wla];.z + (z_——ETiw[a}z + ;__Ew[a]zi - (—Z'_T)Zw[a]z,

(3.47) 2

= m?j)[a]z,
by (3.11), (3.12). Alternatively,

_d J(p) 2 )
J1i,a0 = E(% |wl;|2(1 _ |#|2)) = (Z — 2)2’1.0[0(]:,

since (d/drq)J(a) =0, by (1.29).
Moreover,

d 0? * d

NP Gy o T B a2 tlfl: — hablfl,
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by (3.26) )
= ~H{Bless + gl — T2 008
by (3.36), (3.31), (3.30),
2
(3.48) = (7_‘_?);5,

by using w[B], = B and differentiating the relation

(3.49) Bt —2 =0

z—Z
w.r.t. z.

2

918, = d—‘l_';d_Tahz = hza[? + hzaf&)[/@] + hzﬁzw[a] + h225w[a]t—v[ﬂ]
Since

o d° . . - -
(350) 'a—;mh = hzaﬁ + hzﬁzw[a] + hzﬂ_w[a]z + hafzw[ﬁ] + haiw[ﬂ]z

+ hezto[al, B[] + hosw[a)d[B]: + heesb[a]b]B],

we obtain, from (3.44), (3.38), (3.39), (3.31)

918,0 = %D(aﬁ) - (z—_?-f—ytfz[ﬂ]u'}[a]z — ﬁw[a]{b[ﬂ]z
2 - 2 .
+ (Z—_E—)zw[a]zw[ﬂ] + mw[a]w[ﬂ]z
(3.51) = %D(aﬁ)

and likewise

0

(3.52) 9i3,a = 37 D(aB).
d? 0 d d )
Jody = drodr, hs = ‘é;d‘l’adﬂ, - (Ehz>w[a]i

- (%h,)u’;h]s - hz'd)[aa 7]5
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by (3.25). Now

a2 & J()

(353 GmanT Frdr, BT (L = )

= —[a,v]; + wla].w]y]:

from (1.29), (1.32). Thus, using (3.40), (3.29)

9ai,y = —Blo,V]zz + [a]z:d[y]: + Wla]s[y]z: + w[]:c0[0]

+ula].si)s — ——ulllals - ——wlalsbls + ——lay s

Now, since w! = pw,, we have w}[a] = aw” + pw#[a], hence, at =0,
(3.54) wz[a, 7] = a[y]: + y[a]:,
and of course,

u')[a]f = a, 11)[")’]2 =7,
and one computes
(355) 9al,y = 0.
Then

d? d?

(3.56) Sobiy = gr drpdra = dr.drydrs 087 ()

from (3.6), since w* is holomorphic in g. Thus
d —
JaBy = d_T.;D(aﬂ)

by (3.44).
We now draw some consequences of the preceding formulae.
First recall that for each surface (Z,g9) = H/T,

p— (p,wh(2)) for pe€H(g)

yields a holomorphic section of BF, and 7,. At p =0, which corresponds to the
surface (X, g) itself, holomorphic tangent vectors are given by

r(a,2) =ulal s + o= (a € H(g)),
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cf. (3.3). We can construct an envelope of these sections with a holomorphic
tangent plane at each (Z,g) = H/T' spanned by the vectors 7(a, z). Namely, the
vectors 7(a,z) and 7(v,2) or 7(B,2) commute; e.g.

g w(e,n) = () + ) (olalou + 5a)

= d]a,7]gw + w[’Y]w[a]gww + U'J[Ot}gw-, + w[7]gaw + Jav
and this is symmetric in o and v (note that no w-derivative of w[a] occurs as

wla] is a function of the variable z and not of w).
Likewise

d d
dT dT 9= w[ﬂ]w[a]gww + w[a]gwﬂ + w[ﬂ]gaw + 9ap>

since w is holomorphic in u.

Consequently, the vectors 7(a,7), 7(8,2) for a and f varying holomorphi-
cally form an integrable distribution. The integral manifolds then are the desired
envelopes.

Theorem 2. This enveloping section with tangent vectors 7(a,z) in BF,
(or T, ) is totally geodesic.

Proof. A submanifold N of a Riemannian manifold M is totally geodesic if
any geodesic in N (w.r.t. its intrinsic metric) is also a geodesic in M.

We use indices 7, j, k for N and p, ¢, r for M. Let ¢ = c(t) be a geodesic
in N. Then, a dot denoting a derivative w.r.t. ¢,

&4k =0
for all . If ¢ is also geodesic in M, then

?+T7,.¢%¢" =0
for all p.

We choose the indices p = 1,...,m (= dimM) in such a way that the
indices 1,...,n (= dimN) < m represent directions tangent to N, and the ones
n+1,...,m directions transversal to N. If ¢ is geodesic in M, we then infer

h.eie" =0
for p=n+1,...,m. Returning to the present situation, we have to verify that

the section u — (u,wk(2)) is totally geodesic at u = 0. Therefore, it suffices to
show Pa,@ = 0 for all o, 3. We have

Faﬂ = 2gll(gai,ﬁ + 91,0 — gaﬂ,i)v
since the metric tensor is diagonal (at x = 0), cf. (3.20).

Now g,i,3 and gg1,, vanish by (3.55), and Jap,1 Vanishes since gop vanishes
identically for 4 = 0, as a consequence of (1.32) (one just has to repeat the
arguments leading to (3.21)). This concludes the proof. QED.

Concerning the curvature, we have the following negative result:
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Theorem 3. 7T, does not have nonpositive holomorphic sectional curvature
in the directions of its fibers.

Proof. The general formula for the curvature tensor of a Kahler metric is

(8.57) Rije1 = 95,01 — Z g’tgif,kgsj,i-

s,t

Since the metric tensor is diagonal ((3.20)), goa = 1 ((3.21), (3.22)), and g7 =
—2/(z — 2)? ((3.19)), we obtain

_ 4 _
(3.58) Rinii = 1111 +3(2—2) 01110111 _Za:glfx,lgai,i =Go (1—20«1)

from (3.35), (3.34), (3.48).
The holomorphic sectional curvature in the fiber direction, i.e. the sectional
curvature of the tangent plane spanned by 8/0z and :0/0z, is then given as

(3.59) ~(1-3 ad)z0).

a

Since, at zp, we have normalized the tangent vectors a in such a way that
D(aa)(z0) = 1 for all basis vectors a, cf. (3.22), we infer from the maximum
principle that (3.59) cannot be nonpositive. QED.
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