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Abstract. We consider the conformal mappings f and g of the unit disk onto the inside
of an ellipse with foci at £1 so that f(0) =0, f'(0) >0, ¢g(0) = —1 and ¢’(0) > 0. The main
purpose of this article is to show positivity of the Taylor coefficients of f and g about the origin.
To this end, we use a special relation between f and g and the fact that f satisfies a second-order
linear ODE. Some applications are given to the class of k-uniformly convex functions.

1. Introduction

If a univalent function f(z) = ag+a1z+az2?+--- in the unit disk D = {z €
C : |z| < 1} has non-negative Taylor coefficients about the origin, various sharp
estimates can be easily deduced. For example, one can show the sharp inequalities

(1.1) |f(2) —ag — a1z — - — ap2®| < f(|2]) —ao —ay|z| — - - —axl2|®, |2] <1,
and

(1.2) FP )< FB(=D), 12l <1,

for k=0,1,2,....

As one immediately sees, necessary conditions for a univalent function f to
have non-negative Taylor coefficients about the origin are that f(0) > 0, f'(0) > 0
and that the image domain 2 = f(D) is symmetric in the real axis. Note that
these conditions imply that the relation f(Z) = f(z) holds, and hence, all coeffi-
cients are real. It is also necessary that the farthest point of 092 from f(0) is the
right-most point of O N R. Conversely, under these conditions, however, it seems
to be difficult to give a sufficient geometric condition for positivity of the Taylor

coefficients. For instance, convexity of {2 is not sufficient. In fact, for constants
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0<c<land N<a< N+ 1 with ca« <1 and N being a positive integer, the

function -
re =+ =3 (7))

n=0

is univalent in D and has convex image because

2f"(2)
f'(z)

cz c
>1—(a—-1
1+cz (a )1—0_

Re<1+ ):1+(a—1)Re

Since

f® () =cFafa—1) (@ —k+ 1)1+ cz)*7F,
we observe that (1.2) is fulfilled by £ = 0,1,..., N but not by K = N + 1. Note
that one can deduce (1.1) for k from (1.2) for k+ 1 by repeated integrations.

In this paper, we show non-negativity of the Taylor coefficients of specific
conformal mappings of the unit disk onto an ellipse. Let E¢ be the ellipse given

by
w \? v\’ _q
(coshf) * (sinh{) B

and let D¢ be the interior of E¢ for £ > 0. Note that E,¢ has foci at 1 and —1
and that an arbitrary ellipse is similar to E¢ for some §. We prove the following
two results.

Theorem 1.1. Let f¢ be the conformal mapping of the unit disk onto the
interior D¢ of the ellipse E¢ determined by f¢(0) = 0 and f(0) > 0. Then fe
has positive odd Taylor coefficients about the origin.

Theorem 1.2. Let g¢ be the conformal mapping of the unit disk onto the
interior Dg of the ellipse E¢ determined by g¢(0) = —1 and g¢(0) > 0. Then g
has positive Taylor coefficients about the origin except for the first one.

Since Dg is invariant under the rotation by angle m about the origin, f¢ is
an odd univalent function and is of the form

fe(z) = a(z—I—Al,zS + Ay2d _|_...)7 a = fé(o) >0

In particular, there exists a univalent function ¢ with ¢(0) =0, ¢’(0) > 0 such
that (fg(z))2 = ¢(2?) (see [4]). Then

(P( _GZZ(ZA Ap m) )
n=0

where we set Ag = 1. Therefore, Theorem 1.1 yields that ¢ has positive Taylor

coefficients about the origin except for the first one. We will show the relation

20 =goe +1
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in Section 2 (see Theorem 2.1). In this way, Theorem 1.2 follows from Theorem 1.1.

An explicit form of f¢ was first given by Schwarz as early as in 1869 and is well
known nowadays. There is, however, less awareness of that f. satisfies a second-
order homogeneous linear ordinary differential equation (see Section 3). Using this
ODE, we obtain linear recurrence relations between three successive coefficients
Apn—1, A, and A,qq. It is still difficult to show positivity of the coefficients.
The final stroke will be made by a theory of continued fractions, which will be
presented in Section 4.

We apply Theorem 1.2 to the study of k-uniformly convex functions intro-
duced by the first author and Wisniowska [8]. Indeed, the present article grew out
of a part of the first author’s habilitation [6] which summarizes the study of that
class. See Section 5 for details.

Acknowledgements. The authors are grateful to the referee for careful reading
of the manuscript and helpful suggestions.

2. Conformal representation of the interior of an ellipse

We begin with introduction of special functions involving elliptic integrals.
Let K(z,t) and K(t) be the normal and complete elliptic integrals of the first
kind, respectively, i.e.,

z dx
K= Va-)(-pa)

and K(t) = K(1,t) for 0 <t < 1. Note that Jacobi’s elliptic function sn(-,t) is
defined as the inverse function of K(-,¢) with sn(0,¢) = 0, where our notation
K(z,t) and sn(w,t) may not agree with the traditional one. It is well known that
K(-,t) maps the upper half plane conformally onto the rectangle with vertices at
+K(t) and K (¢)+iK(t'), where t' = /1 —t2 (see, for instance, [11, Chapter VI,
Section 3]). Since the interval [—1, 1] is mapped to the interval [—-K(t), K(¢)], the
function K(-,t) can be continued analytically to the slit domain C\ ((—oc, —1]U

[1,400)) by the Schwarz reflection principle. In what follows, the function K(-, )
will be understood in this way.
The quantity

]

Kt ,_ n—na

. t'=+v1-1¢t?

2 K(t)’ ’

is known as the modulus of the Grétzsch ring D\ [0,¢] for 0 < ¢ < 1. Note that

w(t) decreases from +oo to 0 when ¢ moves from 0 to 1. For details, see [3].
We are now in a position to present an explicit expression of the function f.

Choose a number s € (0,1) so that pu(s) = 2£. Then the formula

pu(t) =

™

2K(s)

(2.1) fe(z) = sin K(z/Vs,s)
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can be deduced. Note that the inverse function is given by
z=+/s sn((2K(s)/m) arcsinw, s)

as is shown by [11, p. 296, (51)]! (see also [13]).
Let us give an outline of the proof of (2.1) for the reader’s convenience. Recall

that the function K(z, s) maps the upper half-plane conformally onto the rectangle
{u+iv: —K(s) <u<K(s), 0 <v<K(s')}, where s’ =+/1 — s2. Since

K(1/(s2),s) = K(z,s) + iK(s')

holds, the upper half of the disk |z| < 1/4/s is mapped conformally onto the
rectangle {u+iv: —K(s) < u < K(s), 0 <v < K(s")/2}. Therefore, the function
(7/(2K(s)))K(z/+/s,s) maps the upper half of the unit disk onto the rectangle
R={u+iv:—7/2 <u<m/2, 0<v<E}. On the other hand, since

(2.2) sin(z + 1y) = sinx coshy + i cos z sinh y,

the function sinz maps R onto the upper half of D¢. In this way, we see that
the function sin((7/(2K(s)))K(z//s,s)) maps the upper half of the unit disk
onto the upper half of D.. By the Schwarz reflection principle, we obtain the
expression in (2.1).

Since f¢ (—\/E) = —1, the function g¢ can be expressed by

9¢(2) = fe <%)

This formula is, however, not convenient to compute the Taylor coefficients of g,
about the origin. This is a motivation of deduction of the following formula.

Theorem 2.1. For £ > 0, the relation go¢(z) = 2(fe (\/E))2 — 1 holds for
|z] < 1.

As was indicated, Theorem 1.2 immediately follows from Theorem 1.1 by
means of this identity. See also Theorem 5.1 for a related result.

The representations f¢ and g¢ also give explicit values of the hyperbolic
density of the domain D¢. Recall that the hyperbolic density op of a simply
connected domain D with #(C\ D) > 2 is defined by op(wg) = 1/]f'(0)| for a
conformal mapping f of the unit disk D onto D with f(0) = wy.

1 We remark that there is a confusion on p. 296 of Nehari’s book. Since ¢ = 7K’/(2K) in his

notation, the norm ¢ = e X"/ ghould be given by e~2¢/7 instead of e2¢.
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Corollary 2.2. Let £ = pu(s)/2 for s € (0,1). Then

:2\/§K 25
T

0p. (0) (5) and op,(—1) = op, (1) = — (K(s))".

w2
Proof. Since f¢(0) = 7/(2¢/sK(s)) and 95¢(0) = Z(fé(O))2 we obtain the

required relations. o

In order to prove Theorem 2.1, we recall some facts about Chebyshev polyno-
mials. We first consider the conformal mapping J of D onto C \ [—1,1] defined
by J(z) = (z+ 271)/2. Since

J(e=¢1") = cosh € cosn — isinh € sin,

the circle |z] = e™¢ is mapped by J onto the ellipse E¢ for £ > 0 and the radial
segment (0, e") is mapped by J into the branch H,, of a hyperbola given by

2 2
(2.3) ( “ ) — ( ,U ) =1, wcosn >0,
cos sinn

for n € R with (2/m)n ¢ Z. Note that these conic sections have the common foci
at —1 and 1.

Let T, be the Chebyshev polynomial of degree n, i.e., Tj,(cosf) = cos(nf).
Then it is well known that the n-fold mapping z +— 2" is conjugate to 7;, under
J, in other words,

J(2") =T, (J(2))

holds for |z| < 1. In particular, one can see that the ellipse E¢ is mapped by
T, onto E,¢ in an n-to-one fashion and that the branch H, of a hyperbola is
mapped by T), bijectively to Hy,,.

Applying the above argument to Th(w) = 2w? — 1, we obtain the following.
We recall that D¢ is the interior of the ellipse Eg.

Lemma 2.3. The Chebyshev polynomial T>(w) = 2w? — 1 maps D¢ onto
Dy . Also, To maps the domain bounded by H, and H,_, onto the connected
component of C\ Hy, containing —1. Both are two-sheeted branched covering
projections.

On the basis of the above lemma, we can prove Theorem 2.1.

Proof of Theorem 2.1. By Lemma 2.3, the composed function T o f¢ is a
two-sheeted covering projection of D onto Do¢ which sends the origin to the focus
—1 of Eo¢. Since Tho fe is even, the function g(z) = (Tho f¢)(y/z) is single-valued
and analytic in D. By construction, g is conformal and satisfies ¢’(0) > 0, and
therefore, g = go¢. Thus the theorem has been proved. o
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The same reasoning yields a relation between conformal mappings onto do-
mains bounded by hyperbolas. Let F, be the conformal mapping of D onto
the domain bounded by H, and H,_, which are given by (2.3) with F,(0) =0
and Fy(0) > 0 for 0 < n < 7/2. We also let G, be the conformal mapping
of D onto the left component of C\ H, with G,(0) = -1, G}(0) > 0 for
0<n<m, n#m/2. We define G/, as the limit of G, as n — 7/2, that is,
Gr/2(z) = (z—1)/(2 +1). Then we obtain the following.

Proposition 2.4. Let n € (0,7/2). Then Ga,(z) = 2(F, (\/E))2 — 1 for
|z] < 1.

In view of (2.2) we see that the function sin z maps the parallel strip |Re z| <
a conformally onto the domain {u + iv : (u/sina)? — (v/cosa)? < 1} for 0 <
a < w/2. Noting that the function arctanz maps the unit disk onto the strip
| Rew| < m/2, we have the expression

4
(2.4) F,(z) = sin<<2 — _77) arctan z) for 0 <n < 7/2.

™

3. A linear ODE satisfied by the conformal representation f

It is a noteworthy fact that the conformal representations f¢ and F},, which
are given in (2.1) and (2.4), respectively, satisfy simple second-order linear ordinary
differential equations (ODE).

Indeed, if we write b = 2 —4n /7, we have F)(z) = b(1+2%)"" cos(barctan z).
Differentiating both sides of (1+2%)F}(z) = bcos(barctan z), we see that w = F),
satisfies the differential equation

(14 2%)2w"” 4+ 22(1 4 2%)w’ + b*w = 0.

Similarly, one can check that the function w = f¢(z) satisfies the differential
equation

(3.1) (1—2M2% + 2w — 22(M — 23w’ + cw =0

in D, where M = (s+s71)/2, ¢ = 772/(43(K(s))2) and s € (0,1) is chosen so
that pu(s) = 2¢€.

Let w = f(z) be the solution to the differential equation (3.1) with the initial
conditions f(0) = 0 and f’(0) = 1. Note that f¢ can be written in the form
fe = f¢(0)f, and hence, positivity of the Taylor coefficients of f¢ is equivalent to
that of f.

As was seen in the introduction, f(z) has the Taylor expansion of the form

f(Z) _ ZAnZ2n+17
n=0
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with Ap = 1. Substituting the above expansion to the equation (3.1), we obtain
the following recurrence relations for the coefficients A,,:

(32) (2n+2)2n+3)An41 — {2M(2n+ 1) —c}A, +2n(2n — 1)A,_1 =0

for n > 0; here we have set A_; =0.

Since the image f(D) is bounded by an ellipse and, in particular, convex,
|An| <1 holds for every n > 1 (see [4, p. 45]). As was explained in the introduc-
tion, all the coefficients A,, are real. However, we have no a priori information
about the sign of A,,.

We take a closer look at the recurrence formula (3.2). We now transform the
sequence by

B, =(2n+1)A,.

Then B_; =0, By =1 and the relation (3.2) turns to

c
. 1B — < M(2 1) —— B B,,_1 =
33 408w - {Men+ 1) - g B, B, =0
for n > 0. We further set B
E, = —=-
Bn—l

for n > 0. Here, we adopt the convention FE,, = oo when B,_; happens to be
zero. Thus, for instance, Ey = co. By dividing both sides of (3.3) by (n+1)B,,,
we obtain

> ~ M(@2n+1) c n 1
S | 2n+1)(2n+2) n+1 E,
By letting
n M(2n —1) c
3.4 n — T o n — - 9
(34) P nt1 ! n 2n(2n — 1)

the last relation can be rewritten in the form

(3.5) En+1:qn+1—§—”, n=01,2,....

n
We recall that the constants M and c are given by

7r2

M:%<s+é) and c:w.

We remark that ¢ = (fé(O))2 =1/(op, (O))2 (cf. Corollary 2.2). For a later use,
we give estimates of c.
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Lemma 3.1. The quantity ¢ = 7> (45 (K )2) satisfies the double inequal-

ity
1 1 s
——s<c< - ——.
5 S

Proof. 1t is easily checked that the required inequality is equivalent to
s s
3.6 — <K@ < —
(3.6) 2\/1—3s2/2 — ()_2\/1—32

for 0 < s < 1. First, using the inequality /1 —s222 > /1 -2 for 0 <z < 1,
we obtain

dx 1 s
_/0 VI —22)(1 — s222) = Vi=s2Jo Vi—a22 2/1—-s%

To show the other part, we need another technique. We first express K(s) in the
form

/2 do /4 1 1
= = + do.
0 /1—s2sin?6 0 V1—s2sin29  V1—s%cos?0

Note here the inequality

4 2\ 2
(1= s )1 - eos? ) = 1 -+ Lsin?(2) < (1- 5 )

We now use the inequality 1/X +1/Y > 2/v/ XY for X,Y > 0 to deduce

™

/ 2 dQZ—Q.D
\/ — 525sin? 0)(1 — 52 cos? 0) 2\/1-52/2

Remark. Matti Vuorinen told us that the inequalities

2 2 1

< ZK($) < ———,
1++vV1—s2 — (s) = v1—s?

which are better than (3.6), are known (see [3, 4.6(3)]). See also [2, Section 7.4]
for a different kind of inequalities and related references. The authors thank him
for the above information.

Let us explain the difﬁculty of the recurrence relations (3.5). First note that
pn — 1 and ¢, — s+ s~ ! as n — oo. Thus, one can think that the dynamical
system Fp 41 = Gni1 — Pnt1/En converges to the autonomous system E 11 =8+
sl —1/ES as n — oco. As is easily observed, the linear fractional transformation
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f(z) = s +s7 1 — 27! has the attracting fixed point z = s~ and the repelling
fixed point x = s. On the other hand, in reality, a numerical computation suggests
that F, — s as n — oco. Therefore, usual methods of approximation and even
induction arguments seem to fail to show positivity of E,,. Therefore, we have to
take a different approach.

By (3.5), we can express F,, in terms of a continued fraction:

Jo Pn—1 N Pn—1 Pn—2 P1
n = Gn Pn2  InT — e gy
Gn1 — ———— qn—1 qn—2 q1
Lok
q1

We define the double sequence ¢, , for 1 < m < n by induction of n —m.
Fix a positive integer n. First we set

dn,n = Qqn-
Suppose that ¢, n,@n—1n,---,qm+1,n have already been defined for 1 < m < n.
Then, we set
p
(37) dmn = Qm — i .
dm+1,n
In this way, we can define gy, p,...,q1,n. Then we can restate positivity of £, in

terms of gy -

Lemma 3.2. Let n be a positive integer. Then FE,, > 0 holds for each m
with 1 < m <n if and only if ¢, , > 0 for each m with 1 <m <mn.

Proof. We first assume that g, , > 0 for all 1 < m < n. Then ¢, > 0
implies
EFi=q > p—l
2,n
In particular, E; > 0 (though this is implied by Lemma 3.1). Since g2, > 0 by
assumption, we obtain

Gon = q P2 P
2n — Y2 — —— T
q3,n El
which is equivalent to
b1 P2
Ey=¢——>—
El qd3,n
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We repeat this procedure to get finally

Pn—1
Qn.n = Qn > En—l,
which yields
By =g, — =L >0,
n—1

The converse can be seen by tracing back the above. o

At this stage, we collect some elementary properties of g, ,. When we regard
gm,n as a function of s in (0,1), we sometimes write ¢, »(s) to indicate the
argument s. We also write ¢, (1) = limg_1 gm, n(s) if the limit exists. In
particular, we have ¢, (1) = gm.m(1) = 2 — 1/m because ¢ = c(s) — 0 when
s — 1. We first prepare the following lemma.

Lemma 3.3. Let m be a positive integer. The function ¢,,(s) is positive in
0 < s < 1 and the inequality ¢,(s) > qm(1) holds for 0 < s < (2m—2)/(2m —1).

Remark. If the inequality ¢,,(s) > ¢ (1) held for all 0 < s < 1, the proof
of positivity of E,, would be simpler. Unfortunately, this is not the case.
Proof. By Lemma 3.1, we have ¢ < s~! — s/2. Thus, we obtain

st+s7 ¢ > ﬁ >0
2 2 4 '
It is easily verified that the condition ¢,,(s) > ¢ (1) = 2—1/m is equivalent to
(2/m)(1—s)K(s) > 1/(2m—1). Since K(s) > 7/2, the condition s < 1-1/(2m—1)
is enough to ensure the inequality ¢, (s) > ¢, (1). o

QmZQ1:

The following result is readily shown by (reverse) induction on m.

Lemma 3.4. Let ay,...,an;x1,...,2, and x, ...,z be positive numbers
with x,, < x, for m = 1,...,n. Define y,, by reverse induction: vy, =

and Yy, = Ty — Qmi1/Yme1 for m < n. Similarly, set y/, = x! and y., =

Ty, — Gm41/Ypy1 for m < n. Further suppose that y, > 0 for all 1 <m < n.
Then y,, <y,, and, in particular, y,, > 0 for all m.

With the aid of the above lemma, we can now show the following.

Lemma 3.5. Let m and n be integers with 2 < m <n. Then the quantity
Om,n = Gm,n(8) is positive for 0 < s < (2m —2)/(2m —1).

Proof. We first show that gy, (1) > 0 for 1 <m <n. In view of Lemma 3.2,
it is enough to see that E, (1) is positive for each n > 1. The solution w = f(2)
with f(0) = 0, f’(0) = 1 to the equation (3.1) corresponding to the case when
s = 1 is nothing but the function arctanh z. Clearly, this has positive odd Taylor
coefficients about the origin, and therefore, the inequality E, (1) > 0 follows.
Lemmas 3.3 and 3.4 now yield the inequality ¢ n(s) > ¢mn(1) >0 for 0 < s <
(2m —2)/(2m —1) and for 2<m <n. o
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The next simple fact will be a key to the proof of Theorem 1.1.

Lemma 3.6. Let n and ng be integers with 2 < ng < n. Suppose that
gm,n > 0 holds for every m with ng < m < n. Then ¢y n—1 > Gm,n holds for
every m with ng—1<m<n-—1.

Proof. We shall show ¢, n—1 > g¢m.n by reverse induction on m. For m =
n— 1, the inequality holds because ¢n—1n = ¢n—1,n—1 —Pn—1/¢n. We now assume
that ¢m,n—1 > @m,n holds for some m with no < m < n —1. Note now that
gm,n > 0 by assumption. Since

Pm—1 Pm—1 Pm—-1mn—1 — Gm,n
dm—-1,n—1 — Ggm—-1,n = — + = ( )7
dm,n—1 dm,n dm,n—19m,n

we obtain ¢,,—1,n—1 > @m—1,,- This procedure can be continued up to m — 1 =
ng — 1. o

At this stage, we can show that lim, .. gm,» always exists.

Proposition 3.7. For each m > 1, the sequence g, n has a limit in C when
n — oo.

Proof. Since ¢, and ¢p,1,, are related by a Mobius transformation de-
scribed in (3.7), if ¢, has a limit for some m then g, , does for all m. By
Lemma 3.5, for a fixed s, there exists an integer N such that ¢, , > 0 whenever
N <m < n. Lemma 3.6 now implies that ¢,,—1, is monotone decreasing with
respect to n. In particular, g,—1,, has a limit as n — oo for m > N —1. o

We denote by ¢p,,oc the limit of ¢, , as n — oco. In order to find a value of
gm0 , We employ the general theory of continued fractions, which will be explained
in the next section.

4. A continued fraction approach

In order to apply the general theory of continued fractions to our problem,
we recall some notions and results in the theory based on the work of L. Jacobsen
(Lorentzen) and W.J. Thron [5].

Let {T},} be a sequence of Mobius maps. The sequence is said to be restrained
if there exist sequences {u,} and {v,} of points in the Riemann sphere C =
C U {oo} such that

lim inf d(uy,, v,) > 0

n—oo

and that

lim d(Ty (un), Tn(vn)) =0,
where d(z,w) denotes the chordal distance between z and w, namely, d(z,w) =
|z —w|/\/(1+ ]2]2)(1 + |w|?) . Note that the asymptotic behaviour of {T},(u,)}
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is unique in the sense that d(T,(un), T}, (u,)) — 0 for any other pair of sequences
{u,} and {v},} satisfying liminfd(ul,,v}) > 0 and limd(T,(u},),Tn(v,)) = 0
(see [5, Theorem 2.1]). Sometimes we say that {7} is restrained with {u,}
when we want to indicate the associated sequence. A sequence {w,} is said to be

exceptional with respect to the restrained sequence {7} with {u,} if

lim sup (T}, (wn), Tn(un)) > 0.

n—oo

Among several interesting results in [5], the following will be made use of in
the present paper.

Lemma 4.1 (Proposition 2.4 in [5]). Let {T},} be a sequence of Mébius maps
which is restrained with {u, }. Suppose that liminf, d(Tn(un), oo) > 0. Then
for an exceptional sequence {w,}

lim inf d(w,, T, ' (00)) = 0.

We now return to our problem. Let

Rm(z):qm—p?m, Spw=Rio0---0R,,, and T, =S."

for m > 1, where p,, and ¢,, are given by (3.4). Then, by definition,

dmn = (Rm O---0 Rn)(oo)

In particular,

(4.1) Q1 = Sn(00) = S (0).

Also, by noting the relation R.'(w) = p,n/(¢n — w), we observe

Dn
4.2 T,(0) = —.
(42 0) =2
We now claim that our {T),} is restrained. More concretely, we show the
following.

Lemma 4.2. For a fixed s € (0,1), there exists a non-empty open interval
I =1(s) in R such that T, (x) — s for every z € I.

Proof. Since ¢, — s+ s ! (> 2) as n — oo, one can take an integer N

so that ¢, > 2 for all n > N. Let a, = 1/\/pnn = v/(n+1)/n and choose
t, € (0,1) for n > N so that a,q, =t, + 1/t,, and thus,

1 n4n nn2_4




On conformal representations of the interior of an ellipse 341

We now investigate the asymptotic behaviour of ¢,, as n — oco. Since
1 1 1
= 14+———+—=+0(n*
n + 2n  8n? + 16n3 +0(n™)

as n — oo, we have

1 2c+3(s+s1) 1 s+st—2c 1

p— _— - — - ¢ — _4
anqn—s+s g n2—|— g n3+0(n )
and
2c+3(s+s71) 1 .
(4.4) Ont1Qnt1 — OnQn = 1 5t O(n™%)

as n — oo. In particular, a,4+1¢n+1 > @nq, and hence t,11 < t,, for sufficiently
large n. It is obvious that ¢, — s as n — co. Also, by (4.3) and (4.4), we obtain
1/thy1r — 1/t, = O(n=3). If we set s, = t,,/a,, then

1 I ap1—ay 1 1 1 _9
Sn—1 Sn B tn—l * n <tn—1 tn) * O(n )

as n — oo. In particular, s,_1 < s, for sufficiently large n. We replace N by a
larger number if necessary so that t,,1 <t, and s,_1 < s, hold for all n > N.
In particular, we have ¢, < 7 for n > N, where we set 7 = ty(< 1). Since
1/ap — s, — 1 —5(>0) as n — oo, we may further assume that the inequality

1 1
(4.5) 7'(— - sn) < — Sp41

Qn Ont1

holds for each n > N. In the rest of the proof, we consider only integers n with
n>N.
It is easy to check that s,, is a fixed point of the map U,, = R,;!. Furthermore,

pn(-f - Sn) Sn
U,(z)—U,(s,) = = T — Sp).
( ) ( ) (qn_x)(QH_Sn) qn_x( )
When s, <z < 1/a,,onehas 0 < s,,/(gn—2) =t /(angn—anx) < 7/(2—-1) =T,
and therefore

(4.6) 0<Up(x) = Up(sp) < 1(x — sp).

For zy € R, we set z,, = (U, 0---0Uny1)(zn) for n > N. Then, by (4.6)
and (4.5), if s, < x,, < 1/, we have

0< Tn+l — Sn+1 = Un—l—l(wn) - Un—‘,—l(sn—‘,—l) < T(xn - Sn—l—l) < T(xn - Sn)

1 1
<T|l— —8, | < — Sp+1,
(679 On41

and therefore, s,11 < Tp+1 < 1/ay41. By induction, we have s, < x, < 1/a,
for all n > N if we take zy from (sy,1/an). Therefore, the interval I =
SN((SN, l/aN)) works for the assertion. o
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If we choose a pair of distinct points 2y and z{, from the interval I in the
last lemma, then d(7T,,(z0), T, (z))) — d(s,s) =0 as n — oco. In particular, {T},}
is a restrained sequence with constant sequence {xo}. With the aid of this fact,
we can now show the following.

Lemma 4.3. We have q1 o, = 0.

Proof. Fix a number zg € I. Then T, (z9) — s as n — oo. In particular,
d(Ty(x0),00) — d(s,00) > 0. Next we observe the relation T, !(c0) = Sy, (00) =
q1,n by (4.1). Suppose now that the constant sequence {0} were not exceptional
with respect to {7}, }. That would mean 7,,(0) — s when n — oo. Now we recall
the relation (4.2). Since E,, = B,,/B,,—1 and B,, = (2n + 1)A,,, we would have

. A, .
lim = lim
n—00 Ap_1 n—00 Pp

which would violate the boundedness of the sequence {A,}. Thus we have con-
cluded that the constant sequence {0} is exceptional with respect to {7},}. Lemma
4.1 now yields

liminf d(0, ¢1,,) = liminf d(0, 7}, ' (cc)) = 0,

n—oo n—oo
which implies that 0 is a limit point of the convergent sequence {q; ,} (see Propo-
sition 3.7). Thus 1,00 = limy, 00 1., must be 0. o

Proof of Theorem 1.1. We now show the inequality g, , > 0 for all m < n.
This implies E,, > 0 for all n > 1 by Lemma 3.2, and thus Theorem 1.1 follows.

For each s € (0,1), by Lemma 3.5, we see that there exists an integer N > 1
such that g, > 0 for any pair of integers m, n with N < m < n. We denote by
N(s) the minimum of such numbers N for s € (0,1). Lemma 3.5 implies also that
N(s) <m for s € (0,(2m—2)/(2m—1)]. In particular, N(s) < 2 for s € (0,2/3].
If N(s) < 2, then Lemma 3.6 gives us the information ¢;, > q1,4+1 for n > 1.
Since ¢1, — 0 by Lemma 4.3, we now conclude that ¢;, > 0 for n > 1. Thus
N (s) must be 1 in this case. In particular, N(s) =1 for s € (0,2/3].

Suppose that N(s) > 2 for some s. Let so be the infimum of the set {s €
(0,1) : N(s) > 2}. As we observed above, N(s) =1 for s < sg, namely, ¢, (s) >
0 for all 1 <m <mn, and thus 0 < E,,(s) < +o00, n > 1, for s < sg.

Since N(s) is locally bounded in 0 < s < 1, there exist an integer N > 2
and a decreasing sequence {si} such that N(sx) = N and s — s as k — o0.
Since gy n(sx) > 0 for n > N, Lemma 3.6 yields gn_1,,—1(5k) > qn—1,n(sk) for
n > N. In particular, we obtain ¢n_1n,—1(5x) > ¢n-1,00(sx) for n > N. By
minimality of N(s;), we see that —0o < gn_1,00(5x) < 0. On the other hand,
gN—1,00(s) > 0 for s < so. By continuity, we obtain gn_1,00(s0) = 0o or 0. Since

Sn_2(qN—-1,00) = SN—2 (nli_)Holo CIN—1,n> = nli_)Holo Sn_2(gn=1n) = n1LII;O qin =0,
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we see that gN—-1,00 = TN_Q(O) = pN_Q/EN_Q. So EN_Q(S()) =0 or EN_Q(S()) =
0.

Suppose first that En_2(sg) = 0. Now En_s(s) approaches 0 from the right
as s — sy . On the other hand, En_;(s) > 0 implies

PN-1
En_2(s)

for s < sg. Therefore, as s — s, the right-hand side goes to oo, which forces
gn—-1(s0) to be infinity. Thus we have reached a contradiction.

We next suppose that En_a(sg) = 0o. In this case, En_3(s1) =0 by (3.5).
Then the same argument as above leads to a contradiction.

At any event, we get a contradiction. Thus the possibility that N(s) > 2 for
some 0 < s < 1 has been ruled out. Therefore N(s) =1, namely, g, »(s) > 0 for
1<m<n.o

qN-1(s) >

Numerical experiments suggest the following conjectures, which seem to be
difficult to prove by simple induction arguments. Recall that F, = F,(s) is
defined as (2n+1)A,/(2n —1)A,_;1 in Section 3.

Conjecture 4.4.

(i) En(s) is increasing in 0 < s < 1 for each n > 1.

(ii) E,(s) monotonically increases to s as n — 00.

(iii) E,(s)/s increases from (2n+1)/(2n+2) to 1 when s moves from 0 to 1.

(iv) Let a € D¢ N (—00,0). The conformal map f of the unit disk D onto Dy
determined by f(0) = a and f’(0) > 0 has positive Taylor coefficients except
for the first one.

Repeated use of (iii) would yield the inequality
2n -1 s s"

: <A,
2n)!!  n+17 ()_Qn—l-l

for each n > 1 and for each s € (0,1). Note that Stirling’s formula implies
2n—1)1  (2n)! 1
(2n)!! 22n(nh2  \/mn

5. Applications to k-uniformly convex functions

as n — 0.

We consider the domain
(5.1) Q. ={u+ive C:u*>k*(u—1)*+ k%2 u>0}

for k € [0,00). Note that 1 € Q for all k. Qg is nothing but the right half-plane.
When 0 < k < 1, the domain €2 is the unbounded domain enclosed by the right
half of the hyperbola

() ()
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with foci at 1 and —(1+k?)/(1 —k?). When k = 1, the domain Q; becomes the
unbounded domain enclosed by the parabola

v?=2u—1
with focus at 1. When k£ > 1, the domain () is the interior of the ellipse

() () -

with foci at 1 and (k* +1)/(k? — 1). For every k, the domain € is convex and
symmetric in the real axis. Note also that Qy, D Q, if 0 < k; < ko and that Oy
converges to {2, in the sense of Carathéodory when k — ko .

An analytic function f in the unit disk D normalized by f(0) = 0 and
f'(0) = 1 is called k-uniformly convex if 1+ zf"(2)/f'(z) € Qi for z € D.
This concept was introduced and studied by the first author and Wisniowska [8],
[7]. Clearly, 0-uniformly convex functions are exactly same as convex functions.
Moreover, uniformly convex functions introduced by Goodman are characterized
as 1-uniformly convex functions (see [10] and [12]).

Let Pi be the conformal mapping of D onto €2, determined by the conditions
P;(0) =1 and P/(0) > 0. They gave a concrete expression for Pj.

(0

Theorem A (Kanas-Wisniowska [8]). The conformal map Py: D — Qj with

P (0) =1 and P|(
/

k?)

0) > 0 is given by
(L+2)/(=2) itk =
(1 —k*)"tcosh[Crlog(1+v2)/(1—VZ)] —k?/(1—k?) if 0 < k <1,
P =Y 1 ) g1+ vE) /0 V=
(k* = 1) 'sin[ChK((2/VE—1)/(1 = Viz), )] + k*/(k* — 1) if 1 <k,

where Cy, = (2/m)arccosk for 0 < k <1 and Cy = 7/(2K(t)) and t € (0,1) is
chosen so that k = cosh(u(t)/2) for k> 1.

By Theorem 2.1, we can obtain another expression which is more convenient
to compute the Taylor expansion about the origin.

Theorem 5.1. For k < 0, the conformal map Py of the unit disk onto the
domain Qj, with P(0) =1 and P} (0) > 0 is expressed as

(5.2) Pi(2) =1+ (Qi(v2))%,

where
(V22/V/1— 22 ifk=0,
2
T2 sinh(Cy, arctanh z)  if0 <k <1,
Qulz) = L arctanh z ifk=1,
272
2 .
V21 sin(C K (z/+/s,s)) if1<k.
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Here, Cy, = (2/m)arccosk when 0 < k < 1, and C}, = n/(2K(s)) when k > 1,
where s € (0,1) is chosen so that k = cosh p(s).

Furthermore, the function QQy is odd and maps the unit disk conformally onto
the domain Wy, = {u +iv : (k — 1)u? + (k + 1)v? < 1}.

This result was presented in the first author’s habilitation [6, Theorem 2.2.2]
with a proof slightly different from the one here.

It is easily checked that W} is the inside of a hyperbola when k£ <1 and Wj
is the interior of an ellipse when £ > 1. When k£ = 1, the domain W} becomes
the parallel strip —1/ V2 <Imw < 1 / V2 . Note that W}, is invariant under the
involution w — —w. The relation between ¢t and s in Theorems A and 5.1 is
given by s =2yt /(1 +1) (see [11, p. 293, (43)]).

The reader might expect that the functions Py could be expressed in a unified
way for all 0 < k < oo by introducing another kind of special functions. It is,
however, hopeless to do that because we discarded the left half of the “interior” of
the hyperbola when k became less than 1 (see also that the forms of corresponding
differential equations are different). Though we can prove Theorem 5.1 by using
Theorem A, we give an independent proof so that the present article be self-
contained as far as possible.

Proof of Theorem 5.1. First let k£ > 1. Choose £ > 0 so that cosh(2§) = k,
namely, k = cosh(u(s)). Since the similarity

Liz)=(z+E)/ (k=1 =1+ (z+1)/(K* 1)

maps —1 to 1 and 1 to (k?+1)/(k*—1), respectively, the image L(Ds¢) coincides
with Q. Thus Py = Lo gee = 1+ (g2 + 1)/(k* — 1). By Theorem 1.2, we
obtain the relation Py(z) = 1+ 2(fe (\/E))Q/(k:2 —1). Hence, we conclude that
Pu(z) = 1+ (Qx(vZ))".

The case when 0 < k < 1 can be treated as above. Indeed, take a number
n € (0,7/4) so that k = cos2n and let L(2) = (z + k?)/(k* — 1). Then the
similarity L maps the left component of C\ Hr_s, onto Q. Noting L'(—1) <0,
we obtain the relation Py(z) = L(Gr_2,(—2)) for z € D. Proposition 2.4 and
formula (2.4) now yield

Py(2) = L(2(Fyrja_y(ivz))* = 1) = L(2sin((4n/x) arctan(iv/z ))* = 1)
— L(—2sinh((4n/7) arctanh(v/z ))* = 1) = 1+ (Qx(vz))”.

When k =1, the expression is obtained as the limiting case when k£ — 1. o

As an immediate corollary, we have another characterization of k-uniformly
convex functions (cf. [6, Theorem 3.8.1]).
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Theorem 5.2. For a function f locally univalent and analytic in the unit
disk D and normalized so that f(0) =0, f'(0) =1, let g be the analytic branch
of log f' determined by ¢(0) = 0. The function f is k-uniformly convex if and

only if \/zg'(z) € W}, for each z € D.

Proof. Set p(z) =1+ zf"(2)/f'(z). It is enough to show that p(D) C .
By assumption, there exists a point w € W}, such that zg’(z) = w? for each
z € D. Choose a point ¢ € D so that Qx({) = w. Then, p(z) =1+ z¢'(z) =

1+ (Qk(C))Q = P;(¢?) by Theorem 5.1, which implies p(z) € Q. o

The next result was also claimed in [6, Theorem 2.3.3]. However, the proof
for the case k£ > 1 contained a serious error. In order to correct it, the present
joint research was initiated.

Theorem 5.3. The conformal representation Py of i with Px(0) = 1,
P/(0) > 0 has positive Taylor coefficients about the origin for each k > 0.

Proof. The assertion for 0 < k£ <1 can be deduced by Theorem 5.1 because
sinh z and arctanh z both have positive odd Taylor coefficients about the origin.
The assertion for k£ > 1 follows from Theorem 1.2 since Py = 1+ (go¢ +1)/(k*—1)
as observed in the proof of Theorem 5.1. o

We remark that for 0 < k < 1, the function w = Qg(z) satisfies the linear
ODE

(5.3) (1—2*)*w"” —22(1 — 2*)w’ — C3w =0

in D. By using this, one can also show positivity of the Taylor coefficients of
P, about the origin. Note that this differential equation is a special case of the
Legendre equation (see, for example, [1, Chapter 8]).

An analytic function p in the unit disk is called a Carathéodory function if
p(0) = 1 and if p has positive real part, in other words, Rep(z) > 0 holds for
|z| < 1. The class of Carathéodory functions will be denoted by .

For two analytic functions f and g in the unit disk D, we say that f is
subordinate to g and denote it by f < g if there exists an analytic map w: D — D
such that f = gow and w(0) = 0. For each Carathéodory function ¢, we define
the subclass

Zq)={peZ:p=<q}
of &. For instance, a normalized analytic function f in the unit disk is k-
uniformly convex if and only if the function 1+ zf"(2)/f'(2) belongs to & (Px).

If ¢ has some nice properties, then elements of &?(q) are dominated by ¢ in
various ways.

Proposition 5.4. Suppose that a Carathéodory function q is convex univa-
lent and has non-negative Taylor coefficients about the origin. Then each element
p of P (q) satisfies

q(—lz]) < Rep(2) < |p(2)| < q(|2])
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for |z| < 1.

Proof. We write p,(z) = p(rz) for 0 < r < 1. The Lindel6f principle says
that p < ¢ implies p, < ¢, for all 0 < r < 1. Therefore, for a fixed r € [0,1), we
obtain

min Re q(z) < Rep(z0) < [p(20)] < max lq(2)|
for any zp with |z9| = 7. Notice now that ¢ is symmetric, i.e., ¢(z) = ¢(Z),
because ¢ has non-negative (thus real) coefficients. Since ¢, is convex (see the
proof of Theorem 2.1 in [4]) and symmetric and Re g, > 0, the relation

min Re q(z) = q(-r)

can be deduced. On the other hand, the non-negativity of the coefficients means
that ¢ can be expressed in the form

q(z) =1+ Zanz”, lz| <1,
n=1

for some a,, > 0. Therefore,

q(2)] 1+ anlz|™ = q(|z]),
n=1
and thus,
max|q(2)] = (r)
follows. o

This, together with Theorem 5.3, implies the following.
Corollary 5.5. Let 0 < k < 0o and p € & (Py). Then the inequalities

( 2 2 h
1+ sinh? (M ) for k € [0,1),

1— k2 T arccos k
Rep(z) <|p(2)| < ¢ 1+ % arctanh? \/r fork=1,
T
1 .9 T K L 1
\ +k2—1sm <2K(t) ( r/t,t)) ork>1,
and
( 2 2 arctan /7
1— s ———=~ for k € 0,1
1— k2" ( marccos k ) ork €10.1),
Ip(2)] > Rep(z) > ¢ 1 — % arctan? \/r for k=1,
2 . 2 71' ~
\ 1— mSlnh (TK(t)K( T/t,t)) ICOT k > 17
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hold for z € D with |z| = r. In particular, the inequalities

hold for all |z| <1 and all k >0 and |p(z)| < k/(k —1) holds for all |z| <1 and
k>1.

In the above, we set

K(r,t) = —iK(irt <

" d
’:/0 VAT 2?1+ 2a?)

It is expected that the positivity theorem (Theorem 5.1) has more applications
to the class of k-uniformly convex functions. For instance, it gives an improvement
of the bound for the lengths of the images of the unit circle under k-uniformly
starlike functions (see [9, Theorem 3.5]).
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