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INTRODUCTION

A smooth map is said to be stable if small perturbations of the map only differ
from the original map by a smooth change of coordinates. This means, in partic-
ular, that small perturbations of the map do not change the differential-geometric
properties of the singularities of the map.

The notion of a stable map was invented in order to classify mappings in terms
of their singularities, and the roots of the theory go more than 50 years back. The
oldest stability theorem in the book is perhaps the Morse lemma, which completely
characterizes the singularities of a stable function (or, as it is called in Morse theory,
a Morse function). However, the real foundations of the theory of stable maps were
laid by people like Hassler Whitney, René Thom and John Mather.

The definition of a stable map was formulated by Whitney in the 1940s. Thom,
through the development of his Catastrophe theory in the 1960s, classified the sin-
gularities and stable deformations of generic smooth maps in low codimensions.
This work did not only form the basis for more general developments, but has also
been used extensively in practical applications where it is useful to recognize maps
through the development of their singularities in deformations, for instance in image
analysis.

Through a famous series of papers written in the 1960s and 70s, John Mather
worked out the general theory of stable maps, founding what is often referred to
as Mather theory [Mat68b, Mat69b, Mat68a, Mat69a, Mat70b, Mat71]. He gave a
number of different definitions of smooth stability, and through them a number of
different tools to attack stability problems using as different fields of mathematics
as analysis, topology and commutative algebra. He also showed that among proper
maps, the stable maps are generic exactly when the source and target dimensions
of the maps belong to the so-called nice dimensions, which in particular means that
the applicability of the theory of stable maps is limited to those dimensions.

This restriction led to the formulation of topological stability, where the smooth
coordinate changes are replaced with homeomorphisms. Many of the different defi-
nitions of smooth stability have natural topological counterparts, but these do not
typically give equivalent definitions. Mather also studied topological stability, and
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among his most prominant results are the result that topologically stable maps
are generic among proper maps for all source and target dimensions, and Mather’s
transversality theorem, where he defines a canonical stratification of jet space with
the property that topologically stable maps are characterized by their transversality
to the stratification [Mat70a]. An alternative account can be found in [GWdPL76].
Unfortunately, Mather’s stratification is nearly impossible to use in practise, as the
stratification is very hard to compute.

In their book [dPW95], Andrew du Plessis and Terry Wall present the state-of-
the-art theory of topologically stable maps, and in particular they give necessary
and sufficient conditions for topological stability. Their results include a transver-
sality theorem which gives sufficient conditions for topological stability through
transversality to a stratification of jet space by so-called civilized submanifolds.
These civilized submanifolds are closely connected with the tame retractions which
are the subject of this thesis.

Stable maps play the main characters in several active branches of research. There
is ongoing work on topological stability, where many open questions remain [dPW95,
dPWO04]. Related to this, there are recent results on topological and bi-Lipschitz
equivalence and triviality for smooth singularities [Dam88, Dam92, DG93, FR04,
BCFRO7], as well as on topological sufficiency of jets [Sku09]. Related to the E-
tame retractions studied in this thesis are also the (a)-regular foliations used by
Murolo and Trotman [MT06] to study a smooth version of the Whitney fibration
conjecture. Even smooth stability is still a research topic; for instance there has been
much recent research concerning invariants of smoothly stable maps [HMdJRFO07,
ORF09, ORF09’], and ideas from the theory of stable maps is also applied to other
sciences such as obot kinematics or image analysis [Dam95, DG99, Dam99, ON06].

The problem at hand. In this thesis we study the following problem related to topo-
logical stability of maps:

Let f: R" — RP be a weighted homogeneous map or germ with a ministable,
weighted homogeneous unfolding F: R" x RY — RP x R of the form F(z,u) =
(f(x,g),g) for a deformation f.

If we omit some of the unfolding variables u; (where u = (uy, ..., uq)), the result-
ing unfolding F': R" x R — R? x R is no longer stable, since F’ was ministable.
Is it possible that F' is still topologically stable? How many unfolding variables can
we remove without losing topological stability?

We study this problem when f is a germ belonging to the series E,o(*) and
Zp0(%) with J# -normal forms

y? 4y Wy (x) + 2%,
z(y? + ya?Wy(z) + ),

where W,(2) = wo + w1z + wez? + ... + wp_12P 1, wy # 0.
Our hypothesis is that the unfolding

FT: R" x R — RP x R¢
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obtained by omitting the non-positively weighted unfolding variables from the stan-
dard ministable unfolding F' of f, is a topologically ministable unfolding of f. We
verify this for p < 4 in the E-series, and for p < 3 in the Z-series, and discuss what
is still needed for the general case.

The idea of the proof is to construct an E-tame retraction F — F*. E-tame
retractions form a class of retractions satisfying certain geometric conditions, whose
main property is that they preserve topological stability from smoothly stable un-
foldings.

The thesis is organized as follows: In Chapter 1 we give basic definitions and state
results that will be used later in the thesis. We briefly review the necessary theory
of smooth maps and their stability (or lack of it). We also fix the terminology which
will be used throughout the paper.

In Chapter 2 we define E-tame retractions, and discuss the relation between E-
tame retractions and topological stability of unfoldings. Moreover, we present basic
properties of E-tame retractions and prove some results on how to construct them,
which are important tools.

In Chapter 3 we study the group 7y of smooth coordinate changes leaving a
multigerm f fixed. We prove that .y has a maximal compact subgroup MC(<7),
unique up to conjugation, and that the quotient .oy /M C'(e7) is contractible. More-
over, we show that MC(47) can be decomposed as a product [[ MC(47,), where
the g; are monogerms representing the components of f. These results, which form
a nice theorem on their own, will be useful in solving local-to-global problems in
constructions of E-tame retractions.

At the end of the chapter we prove some results concerning how large the max-
imal compact subgroup can be, and compute the maximal compact subgroup for
(multi)germs whose components belong to the germ classes E, o(x) or Z,(x).

Chapter 4 is dedicated to constructing E-tame retractions F' — F'", which is the
main purpose of the thesis. We go through the construction in great detail for the
E-series singularities, and note that the same type of construction will work also for
the Z-singularities. The construction for the E, o(*) singularities with p < 4 is done
in several steps:

e Parametrize the instability locus of the positively weighted unfolding F't,
which is where the construction of local E-tame retractions is the most diffi-
cult. Show that the positive instability locus is, in fact, a stratified set with
respect to presented singularity types.

e See that the singularity types occurring on the positive instability locus out-
side the non-positively weighted subspace, are actually E, o(*)-singularities
for lower p. This suggests an inductive procedure, as we are now able to
construct local E-tame retractions outside the non-positively weighted sub-
spaces.

e Solve the resulting local-to-global problem on level sets of a distance func-
tion measuring the distance from the non-positively weighted subspace, by
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controlling the geometry of the stratified set comprising the instability locus.
In practise, this involves forcing E-tame retractions to coincide as we pass
to lower-dimensional strata.

e Extend the level set retraction to a neighborhood of the non-positively
weighted axis using the R*-action associated to the weighted homogeneity.

We discuss the similarities and differences between the E-series and the Z-series
cases, and sketch the construction of an E-tame retraction F — F* for the singu-
larities Z,o(*) with p < 3, paying extra attention to the differences between the
cases.

Finally we discuss the problems connected with the construction for higher p.

1. PRELIMINARIES

1.1. Stable maps and their friends. In this section we give a short sketch of the
parts of the classical singularity theory of smooth maps which we will need for our
constructions.

We would like to emphasize the following notation, which will be used extensively
throughout the thesis: Given a map f: N — P, we will denote by t(f) the target
P and by s(f) the source N.

We also agree that whenever we talk about stable maps or germs, we mean
smoothly stable maps or germs, as defined below. Whenever we have some other
form of stability in mind, this will be stated explicitly.

For further questions related to terminology and notation, we refer the reader to
the Index at the end of the thesis.

1.1.1. Stable maps. A C*°-smooth map N — P is said to be smoothly stable if
there exists a neighborhood % of f in the strong topology (also called the Whitney
topology) on C*(N, P) such that for any g € % we can find diffeomorphisms ¥

and ® making the diagram
N P

NTP

f
—

commute. If f is a proper map, then the diffeomorphisms ¥ € Diff**(N) and
® € Diff**(P) can be chosen to depend continuously on g € C*®°(N, P), when all
mapping spaces are given the strong topology [Mat69b, Theorem 3.2].

The group & := Diff**(N) x Diff**(P) acts on C*°(N, P) through the formula
(U, ®)- f = 1o foW, and an equivalent statement of the definition of a stable
map is that f is stable if its o7-orbit is open in C*°(N, P).

There is an alternative notion of stability, defined by Mather — the so called
infinitesimal stability.
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Denote by 6; the set of maps ¢: N — TP such that the following diagram

commutes:
/ l
Tp

N T P
The maps 0 € 0; are called vector fields along f and we denote On = 0.4, , Op = Oiq,.-
Define maps tf: Oy — 0y and wf: 0p — 0 by setting

Tf
TN —— TP

HE=Tfo& | o
wf(n)=nof.

NP
We say that f is infinitesimally stable if tf(On) +wf(0p) = 0;.

Theorem 1. [Mat69b] A proper smooth map is stable if and only if it is infinitesi-
mally stable. O

1.1.2. Stable germs. Consider the mapping space C*°(N, P) and fix a subset S C
N. We define an equivalence ~ on C*(N, P) by saying f ~ ¢ if there exists a
neighborhood U of S in N such that f|U = g|U. We denote the equivalence class of
fby f: (N,S) — (P, f(5)), and call it the germ of f at S. If we want to emphasize
the set S, we may also use the notation fs. We say, furthermore, that the maps f
and g are representatives of the germ f .

One can also define germs of maps which are not smooth. If we wish to emphasize
that we are considering germs of smooth maps, we say "smooth germ”.

In some cases, a germ does not come from an obvious representative, and in these
cases we may choose to denote our germ by f: (N,S) — (P,y) rather than f.

We will mostly consider situations where S is a finite set and f(.S) consists of a
single point y. Whenever S consists of a single point x, we call f: (N,z) — (P,y)
a monogerm, and when S consists of several points, we call f: (N,S) — (P,y) a
multigerm.

Note that the properties of the germ f only depend on what happens in arbitrarily
small neighborhoods of S and y; hence by passing to coordinate charts, it suffices
to consider monogerms

(R",0) — (R”,0)

and multigerms
S

L |®",0) — (R”,0),

i=1
and we shall pass freely between the coordinate chart notation and the ”global
looking” version as it suits our purposes.
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We denote by &(n) the ring of function germs (R",0) — R, and denote by m(n)
the ideal in & (n) consisting of germs that map 0 to 0. We write &(n,p) for the set
of germs (R",0) — RP, and note that &(n,p) = P, & (n). If the dimension n is
obvious, and we rather want to emphasize the point y € P at which we are taking
our germs, then we write m, instad of m(n).

We proceed to define stability for germs. Note that the original definition does
not carry over directly, since it does not make sense to define a strong topology on
the space of germs (R",0) — (RP,0) — any germ (NV,S) — (P,y) has representa-
tives on arbitrarily small neighborhoods of S which are far from each other in the
strong topology. It is possible to get around this problem by defining stability via
representatives [dPWO95, Chapter 4.4], but it is easier and more customary to define
stability of germs through infinitesimal stability.

Let f: (N,S) — (P,y) be a smooth germ. Define the set 6, of vector fields along
f to be the set

{: N - TPlrpol = f},

and set

95 = Q(N,S) =0 and

91/ = e(va) = 9

id(N,S) Y

idpy)

where we choose notation depending on how explicit we need to be. We define
tf:0s — 0 and wf: 0, — 0; by setting

tf(§) =Tfo&,
wf(n)=no f,

and define f to be infinitesimally stable if §; = wf(6,) +tf(0s).

Moreover, we agree to call germs stable whenever they are infinitesimally stable.

One would expect some sort of correspondence between local and global stability,
and using the definition of stability for germs, we are able to formulate this through
a third definition of stability. We say that a map f: N — P is locally stable if the
germ f: (N,Sf N f~(y)) — (P,y) is stable for each y € Im(f). We shall see that
stability is equivalent to local stability for most maps.

We say that a stable germ f: | | ,(R",0) — (RP,0) is ministable if it is not o7~

equivalent to any germ f X idga g, where d > 0 and f: [ |, R"™% — R~ is stable.

1.1.3. Unfoldings. One of the ways to handle non-stable maps is to "embed” them
in maps which are stable, more precisely in unfoldings. In fact, having a stable
unfolding is a generic property among proper maps. We shall get back to this
shortly, but first, we need some definitions.
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Given a smooth map f: N — P, an unfolding of f is a triple {F’;i,j} where F'
is a smooth map and 7, j are embeddings, such that the diagram

1]

N —— P
commutes and is Cartesian, and where j M F.

We can often construct a less general — and more practical — notion of unfolding;
namely the parametrized unfolding. A parametrized unfolding is an unfolding
as in (2), where N/ = N x U and P = P x U for some neighborhood U of 0
in RY F = (Fp,pry) and 4,j are the 0-level diffeomorphisms of N and P onto
Nx{0} € NxUand Px{0} C PxU. In particular, since F(z,u) = (Fp(z,u),u),
we say that F'is U-level-preserving, and write F' € C{*(N x U, P x U).

Whether or not an unfolding can be considered (up to diffeomorphisms of source
and target) as a parametrized unfolding, depends on whether or not the source- and
target subspaces admit trivial tubular neighborhoods.

Both these definitions of "unfolding” extend naturally to definitions of unfoldings
for germs, and in fact, for germs at points, we can always turn unfoldings into
parametrized unfoldings by choosing suitable local coordinates.

Given two unfoldings {F}, i1, j1} and {F3, iz, j2} of a smooth map f we define a
morphism F; — F5 to be a pair of smooth maps (®, V) such that the following
diagram commutes:

N = P,
f

v N—P P

Ny P Py

We say that an unfolding {F5,is,j2} of f is wversal if, for every other unfolding
{F},i1,i2} of f, there exists a morphism F; — Fy, and we say that the map f is
versal if it, along with the identity maps of source and target, is a versal unfolding
of itself.

Theorem 3. [GWAPL76, III Theorem 3.4] A smooth germ f is stable if and only
if it is versal. O

1.1.4. Equivalences of maps and germs. We have already defined the group & of
equivalences of maps, and we can give a similar definition for germs; the group of
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o -equivalences of germs (N, .S) — (P, y) is the product of groups of diffeomorphism
germs of source and target:

o/ = Diff*(N, S) x Diff*(P,y),

where Diff**(N, S) denote diffeomorphism germs which leave the points of the set
S fixed.

When working with topological stability, ./-equivalence can sometimes be too
much to ask for, and we introduce the concept of .o/-equivalence. We say that two
maps f,g: N — P are @-equivalent if there exist homeomorphisms ¥ and ® such

that the diagram

N1

P
N —— P
commutes. An analogous definition can be made for germs.
We are going to use other equivalences as well. We define # and £ to be the
groups Diff*(N, S) and Diff**(P,y) of diffeomorphism germs of source and target,

respectively, giving & = Z x . We also define the group of J#-equivalences on
the space of germs (N, S) — (P,y) as the group of diffeomorphism germs

H: (Nx P Sxy)— (NxPSxy)

such that the diagram below commutes:

1d><y

(N,S) —L (N x P,S x y) —25 (N, S)

(N,S) —— (N x P,S xy) —— (N, S)

idxy

where H, = H|N x {y}. Again, we ask that points of the set S stays fixed. Note,
in particular, that &/ < .
An element H € # acts on a germ f: (N,S) — (P,y) by H - f = g, where

(id, f) o H, = H o (id, g)

as maps (N, S) — (N x P, Sxy). There is a subgroup % of £ consisting of elements
H such that H, =id. In fact, & = € x %, and for an element (H,¢) € € x %,

you can think of its J# -action on f as
((H ) - f)(w) = prp(H(z, f( 7 (2)))).
Theorem 4. [GWdPL76, Chapter III Theorem 4.3] Two germs
fo, fr: (N,S5) — (P,y)
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that admit stable unfoldings, are & -equivalent if and only if their stable unfoldings of
equal dimension are < -equivalent. In particular, two stable maps are & -equivalent
if and only if they are <7 -equivalent. 0

1.1.5. Jet space. We define an equivalence relation on the set of germs (R™,0) —
(RP,0) by saying that two germs f, g are equivalent if the degree < k terms of their
Taylor expansions coincide, for a fixed number £ € N. The equivalence class of a
germ f is denoted j*f, and we call it the k-jet of f. We denote by J*(n, p) the set
of k-jets of germs (R",0) — (RP,0), which admits an obvious manifold structure
(diffeomorphic to euclidean space) by projecting onto the coefficients of the Taylor
polynomial. Given a source N and target P, we denote by J*(N, P) the set of k-
jets of germs of maps N — P; it is a manifold with various fiber bundle structures,
for instance with bundle projection defined by projecting onto source and target, or
forgetting higher order derivatives. For more information, see the book by Guillemin
and Golubitsky [GGT73].

Given a smooth map f: N — P, we define a map j*f: N — J¥(N, P) by setting
1.1.6. Finite determinacy. Let S be an equivalence of germs, such as &7 or % .
We say that a germ f: (M,S) — (N,y) is J€-k-determined if any other germ g
with j*g = j*f is S -equivalent to f. Similarly, we say that a jet 2 € J*(n,p) is
JC-sufficient if any two germs g, f with k-jet z are JZ-equivalent.

We say that germs which are k — J#-determined for some k& € N, are finitely
FC-determined. It is trivial that maps which are finitely .o7-determined, are also
finitely J# -determined.

For a germ f: (N,S) — (P,y), we define A} = 0;/(tf(0s) + f*m,0;) and
de(f, #) = dimg A}. Similarly, we define d.(f, &) = dim(0;/tf(0s) +wf(6,)).

Theorem 5 (Determinacy theorem). For any map-germ
[ (N,S) — (Py)
and group € = K or of, the following are equivalent:
i) f is finitely H-determined, and

i) de(f, ) < 0.
iii) for some k € N, mif; C TH(f), where

[ t5(0s) + Frmby if A= A
TAT) = { (7(6s) + wf(b) if A=

If 7 = % and iii) holds for some k, then f is k — & -determined.

Proof. See [Mat68a, Theorem 3.6, and [Wal81, Theorem 1.2]. O

Proposition 6. If d.(f, %) =r —1, then f is r — A -determined.

Proof. 1f d.(f, %) < r, that is dimg(0;/tf(0s) + f*m,0f) < r, then certainly
dimg (07 /tf(0s) + f*my0r +my™0;) <,
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and by [GWdPL76, Chapter IV, Lemma 1.2],
mZGf C tf(es) + f*myef,
and by Theorem 5, f is r — J -determined. U

Comparing with the definition of infinitesimal stability it is easy to see that stable
germs are finitely .o7-determined. Furthermore, we have:

Theorem 7. Let f: (N,S) — (P,y) be a smooth germ. The following conditions
are equivalent:

i) f is finitely A -determined,

i) f has a stable unfolding.

Proof. This follows from [GWdPL76, I1I, Theorem 2.8] and [dPW95, Theorem 2.2.1].
U

Definition 8. [Finite singularity type] We say that a map f: N — P has finite
singularity type (FST) if the following conditions hold:
i) f|Xf is proper,
ii) the cardinalities of the sets XF N f~1(y) for y € P are uniformly bounded,
and
iii) the codimensions d(fy, %) for € N are uniformly bounded.

Given a jet z € J¥(n, p), choose a representative f , define
k
JVZ = t/t/f/mw—'—lef

and

de(z, #) = dimg ;.

Using Nakayama’s lemma one can show that d.(z,.#) < k implies d.(f, ) < k,
ensuring that f is k — % -determined by Proposition 6, and that z is J# -sufficient.

Theorem 9. The set of maps in Coo (N, P) which have FST coincides with the

proper

set of maps that admit stable unfoldings, and this set is dense in C. . (N, P).

proper

Proof. Define W¥(n,p) = {z € J*(n,p)|d.(z,#) > k}. For k sufficiently large,
the set of maps in Cg ..(N, P) whose jet extension N — J*(N,P) avoid the
corresponding subset W*(N, P) C J*(N, P) is dense [Tou71]. All the (multi)germs
of such maps are k — % -determined. By [dPW95, Theorems 3.5.4 and 3.5.6], these

maps are exactly those that admit stable unfoldings. 0

1.1.7. Local algebras and & -equivalence. One way of characterizing J# -equivalent
germs f: (N,S) — (P,y) is through their local algebras.

The local algebra of f is defined as Q(f) = &s/f*m, - &, where & denotes
the set of function germs (M,S) — R, m, denotes the set of function germs
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(N,y) — (R,0) and f* denotes the map &, — &s, ¢ — ¢ o f. If we decompose
f=U_, fir U,(R",0) — (R?,0) then

Qf) =D em)/ (EB fim(p)- g(n)) =D

Theorem 10. [Mat69a, Theorem 2.1]
i) If F' is an unfolding of f, then Q(F) = Q(f).
i) Two finitely A -determined map-germs (N, S) — (P,y) are & -equivalent if
and only if their local algebras are isomorphic. U

We say that two germs f and g are &% -equivalent if their local algebras are
isomorphic. Then two &% -equivalent germs admitting stable unfoldings have .o7-
equivalent unfoldings. In particular, two germs are &% -equivalent if they have
A -equivalent suspensions (where f X idga is the d-dimensional suspension of f).

Using the above, we obtain a standard way to choose coordinates for stable multi-
germs:

Lemma 11. Let f: (N,{x1,...,2z5}) — (P,y) be a stable multigerm. Then there is
a change of coordinates (U, ®) as shown in the diagram below:

(N, {a1,...,2.}) ! (P,y)

|:| (S(Fz) X Ht(Fj) X Rd,O) — <ﬁt(Fj) X ]Rd,0>

JF

where F = | |._, 0,0 (F; X idl_[j;ti 1(Fy)xkra), Fi is a ministable germ & X -equivalent to

the germ of f at z;, o; moves the 1 coordinate to the i in [[;_, t(F;), and d € Ny
18 chosen to get the appropriate dimensions.

Proof. Since the F; are & -equivalent to the f;, the local algebras Q(F;) and Q(f;)
are isomorphic; and as a consequence also the local algebras Q(F') and Q(f) are
isomorphic, all of this by Theorem 10. Hence F' and f are J#-equivalent. But F
and f are also both stable, hence by Theorem 4, F' and f are ./-equivalent. 0

1.1.8. Topological stability. A map f € C>®(N,P) is topologically stable if there
exists a neighborhood % of f in the strong topology on C*°(N, P) such that each
g € U is dy-equivalent to f via a pair of homeomorphisms (¥, ®) € . If we can
choose the (¥, ®) to depend continuously on g € %, then we say that f is strongly
topologically stable.

For a discussion of other ”flavors” of topological stability, we refer to Chapter 2.1
and the book by du Plessis and Wall [dPW95].
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1.1.9. How 1t all fits together. Let us summarize:

Theorem 12. Let f: N — P be a smooth, quasi-proper map (i.e. there ezists a
neighborhood U of Xf in N such that f|U is proper). The following conditions are
equivalent:

i) f is stable,
ii) f is infinitesimally stable,
iii) f s locally stable,
iv) f
V) given a parametrized unfolding F' of f, we can find a smooth retraction F' —

7.

Proof. These are well-known facts, mostly originating in Mather’s classic papers
[Mat69b, Mat68a, Mat69al. See also [dPW95, Chapters 2, 3, and 4]. O

i 1s versal,

We can prove similar relations for stability of germs.

Theorem 13. Let f: (N,S) — (P,y) be a smooth germ; then the following condi-
tions are equivalent:
i) f is infinitesimally stable,
ii) f is versal,
iii) given any unfolding F' of f, we can find a smooth retraction F' — f.

Proof. These are also due to Mather, see [Mat69b, Mat68a, Mat69a] and the book
by du Plessis and Wall [dPW95, Chapters 2, 3 and 4]. U

1.2. Differential topology. We will use a great deal of differential topology, most
of which we assume the reader to be familiar with. Some of the constructions which
we will use are, however, not so commonly known, and we give their basic definitions
and properties, along with references.

1.2.1. Tubular neighborhoods and sprays. The concept of a tubular neighborhood
is well-known, and tubular neighborhoods are usually constructed using normal
bundles [Hir76, Lee03]. However, there is a less known construction of tubular
neighborhoods using sprays, which we shall dwell on simply because it deserves
attention. For details, we refer to [Lan95, Chapter IV].

Suppose that M is a smooth submanifold of N, and that we wish to construct a
tubular neighborhood of M in N. Rather than construct the tubular neighborhoods
using vector fields M — T'N normal to M, the spray method uses vector fields on
the tangent bundle of N, and pulls the resulting smooth foliation by fibers back to
N using an exponential map. The advantage of this technique is that the conditions
for a spray are convex, and as a consequence, sprays can be glued together using
partitions of unity.

Given a smooth manifold N, we denote by w: TN — N the tangent bundle
projection. A second order vector field on N is a vector field X on T'N such that
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TroX = id.
TN —— TTN

id
Tm

TN

Let p: E — B be any vector bundle, and let s € R. There is a vector bundle
morphism sg: £ — E given by (z,v) — (z,sv) for all z € B and v € E,. If s # 0,
this map is a vector bundle isomorphism.

A spray on N is a second order vector field X on N such that

X (sv) = Tspn(sX(v)), VseR, veTN.

Remark 14. Both the second order vector field condition and the spray condition
are convex; hence we may combine sprays using partitions of unity.

Given a spray X on N, let v € T'N and let (3, be the integral curve of X with
B3,(0) = v. Let Z be the set of vectors v € T'N such that (3, is defined on [0, 1]; now
2 is a neighborhood of the zero section in TN, and the map

v 3,(1)
is a morphism 2 — T N. Define the exponential map as the smooth map given by
(15) exp: 2 — N, exp(v) = w(06,(1)).

Note in particular that for each x € N, we get exp(0,) = =, where 0, € T,,N.
Return now to the problem of constructing a tubular neighborhood of M C N.
Consider the short exact sequence

0—-TM —TN|IM — NM — 0.

This sequence splits, and TN|M = TM &N M. Given a spray X on N, we construct

the corresponding exponential map, and denote its restriction to N M by exp|N: 2N
NM — N.

Proposition 16. [Lan95, Chapter IV, Theorem 5.1] The map (15) is a local iso-
morphism, and we can shrink & C NM to a neighborhood W of the zero section in
NM, such that

exp|W: W — N

1 an isomorphism. In particular, it is a tubular neighborhood embedding. O

We have thus seen how to construct a tubular neighborhood from a given spray.
Suppose, on the other hand, that we are given a tubular neighborhood (T, 7) of
M C N, and that x € M. We show how to construct a spray X in a neighborhood
U of x in N, such that X induces the tubular neighborhood (7, 7)|U.

Using a Fuclidean chart at  we may assume that U is an open neighborhood of
r=0in R", and that M NU =R™ x {0} C R™ x R*™™ =R".
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We can "straighten out” the fibers of 7 (see Lemma 24) such that the bundle
projection 7 is just the Euclidean projection R® = R™ x R"™™ — R™, restricted to
U.

The tangent bundle of R™ is just R” x R”, and TT(R") = (R" x R") x (R™ x R").
The vector field TR™ — TTR™ given by (v, w) — (v, w, w,0) is a spray, and it defines
the tubular neighborhood of R™ whose fibers are just the {Z} x R"™™ i.e. whose
projection is R™ x R"™™ — R™. But this defines our original tubular neighborhood
(T, m)|U.

Using this, and the fact that sprays can be combined using partitions of unity, we
can start out with a collection of local tubular neighborhoods, whose properties near
special points we want to preserve — and create a new, global tubular neighborhood
with the desired properties near the special points.

1.2.2. Stratifications. We say that F': N — P is a stratified map if there are strat-
ifications .’ and . on N and P such that for any stratum S’ € . there exists a
stratum S € . such that F'(S") C S. If F|S" is smooth for each stratum S’ € .7/,
then F'is stratified smooth.

For a stratification (.’,.%) of a map F of FST to be ST-invariant (ST being
short for stably-topologically) means that if y; € S, yo ¢ S for some S € ., then
no two stable unfoldings of the germs Fyl, Fw can ever be of-equivalent. The
stratifications appearing in this thesis will all be ST-invariant.

Suppose that M is a smooth manifold with a stratification . by smooth subman-
ifolds. We say that a vector field £&: M — T'M is stratified smooth if its restriction
¢|: S — TM to any stratum S € . is smooth and tangent to the stratum.

In this thesis, stratifications will appear as partitions by presented singularity
types. We denote by [] A; the germ class represented by a multigerm

|_|fz |_|<an0> - (Rp70)7
i=1 =1
where f; belongs to the monogerm class A;.

Given a particular &% -germ class A, we write A(f) for the presentation of A
in the target of a map f: N — P, namely the set of points y € P such that
the germ f: (N,S) — (P,y) belongs to A for some subset S C f~'(y) N Tf.
We define the strict presentation Agyict(f) to be the subset of A(f) where the
germ fy: (N, f~Yy) N 2f) — (P,y) belongs to A. We denote by Agouee(f) the
corresponding subset {71 (y) N Zf|y € Aguiet(f)} of source.

2. E-TAME RETRACTIONS

Suppose that F: (R" x R? 0) — (RP x R? 0) is a smoothly stable, Ré-level
preserving germ which unfolds f: (R",0) — (RP,0); then by Theorem 13 f is
smoothly stable if and only if we can find a pair of smooth retractions r: (R"*¢ 0) —
(R™,0) and s: (RP*¢ 0) — (R?,0) such that for =so F.
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Moreover, writing z for the projection (RP*% 0) — (R%,0), z is submersive, as is
the composition z o F, which is really just a projection onto (R<,0) from the source.
The map-germs (r, zo F) and (s, z) are diffeomorphism germs which smoothly triv-
ialize I over f; that is, (f X idgag)) o (1,20 F) = (s,2) 0 F.

The situation with respect to topological equivalence is not so straightforward,
as being topologically equivalent to a topologically stable germ may not be enough
to secure topological stability — we shall see in Section 2.1 that the proof from the
smooth stability case does not carry over. du Plessis and Wall [dPW95] introduced
the concept of tame retractions, where tameness refers to geometric conditions which
are sufficient for retractions from smoothly stable unfoldings to preserve topological
stability.

2.1. Tame retractions and topological stability. Tame retractions were first
defined by du Plessis and Wall [dPW95, Chapter 4], and we follow their introduction,
which builds on the following result on C"-smooth stability:

Proposition 17. Suppose that f: N — P is a smooth map of FST, and that N
is compact. Suppose furthermore that any smooth d-parameter family of mappings
(1 < d < o0) containing f can be trivialized by level-preserving C”-diffeomorphisms
near f. More precisely, if F' € CF5(N X R P x RY) such that Fy = f, then there
exist a neighborhood U of the origin in R? and diffeomorphisms R € Diff{ (N x U)
and L € Diff| (P x U) such that

Lo(F|IN xU)=(fxidy)oR.
Then f is strongly C"-stable.

This is [dPW95, Proposition 4.2.2], and similar results can be proven for germs
and for maps with non-compact source; the details can be found in the book [dPW95].
We sketch the proof of Proposition 17, as this will lead us to the definition of tame
retractions.

Proof. Since f is of FST, it admits a proper, C*-stable unfolding F' by Theorem 9
(see [dPW95, Theorem 3.5.6] for proper version), and since N is compact we may
assume that F' is level-preserving; more precisely F' € CY (N x R% P x RY). By
[dPW95, Theorem 2.4.5] there exist a neighborhood % of f in C*°(N, P) and a con-
tinuous map (i,7): Z — C®(N, N x RY) x C=(P, P x RY) such that {F,i(g),j(9)}
unfolds ¢ for all ¢ € %, and i(f),j(f) are the natural inclusions. By the as-
sumptions on f, there exist a neighborhood U of 0 in R? and diffeomorphisms
R € Diffj (N x U), L € Diff] (P x U) such that

Lo(F|IN xU)=(fxidy)oR.

Now there is a neighborhood ¥ of idp x 0y in C*°(P, P x R%) such that for j € ¥,
the composition prpo Loj is a C"-diffeomorphism, since the map C>®(P, P xR%) —
C" (P, P) defined by j +— prpo Lo j is continuous and the set Diff"( P, P) is open in
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C" (P, P). Since j is continuous, we may assume that pry o Roi(g) and prpo Lo j(g)
are C"-diffeomorphisms when g € 7. But then

(prpoLoj(g))og=fo(pryoRoi(g)),

and since g — pryoRoi(g) and g — prpoLoj(g) are continuous maps % — Diff" (N)
and % — Dift"(P), the proposition holds. O

Note that if » = 0, on the other hand, we are not necessarily able to find a
neighborhood of idp x Oy such that for j in the neighborhood, prp o Lo j is a
homeomorphism, and consequently, we cannot necessarily find the neighborhood %
of f such that prp o Lo j(g) is a homeomorphism for all g € % .

The C" diffeomorphism L corresponds to a retraction prpo L: P x R — P, and
we say that a retraction s to an embedding e: P — P x R is tame whenever there
exists a neighborhood of e in C*°(P, P x R?) such that all embeddings j in that
neighborhood combine with s to form a homeomorphism s o j.

We also define a concept of retraction between unfoldings: Given an unfolding
F: N — P of f: N — P, we say that two retractions r: N' — N and s: P’ — P
define a retraction (r,s): F — fif so F = for and the map (F,r): N — P' x N
is injective.

Following the proof of Proposition 17, we then see:

Proposition 18. Suppose that f: N — P has FST, and that N is compact. Assume
furthermore that for any unfolding { F,i,j} of f there exist a neighborhood V' of j(P)
and a tame retraction (r,s): F|F~Y(V) — f; that is, a retraction (r,s) with s tame.
Then f is strongly C°-stable. O

Remark 19. i) In particular, any C* retraction r: M’ — M is tame. As is
mentioned in the proof above, the diffeomorphisms form a neighborhood
of idys in C*(M, M), and the map r,: C*(M', M) — C'(M, M) given by
r+(¢) = r o ¢ is continuous.

ii) Tame retractions induce topological triviality. More precisely, if there is an
E-tame retraction F' — f, then F' is @/-equivalent to f X idra, as we soon
shall see in Lemma 24.

We use a stronger idea of tameness, namely the ”extremely tame” or, for short,
E-tame retractions defined by du Plessis and Wall [dPW95]. These retractions
satisfy some additional geometric conditions and have nice functorial properties, in
the sense that E-tameness is often preserved when we induce new retractions from
a given one.

Definition 20. [C?!-foliations and E-tame retractions] A C%!-foliation of a smooth
n-manifold N is a partition .% of N such that for any y € N there exist open
neighborhoods W of y in N and U,V of 0 in R™ and R"™™, respectively, and a
homeomorphism ¢: U x V' — W such that for each u € U there exists F' € .% such
that ¢(u x V) = W N F, each leaf F is a C! submanifold of N, and the tangent
space T, I varies continuously with y € V.
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Suppose i: M — M’ is an embedding. We say that the retraction r: M’ — M to
i is E-tame if its fibers form a C%!-foliation transverse to (M), in a neighborhood
of i(M). A germ of retraction is E-tame if it has an E-tame representative.

Let f: M — N;let {F: M' — N';i: M — M’,j: N — N'} be an unfolding
of f, and let (r,s): FF — f be a retraction to (i,j), that is, so F' = f or and
(r, F'): M" — M x N'is injective. We say that (r,s) is E-tame if s is E-tame.

Proposition 21. An E-tame retraction is tame.
Proof. This follows from [dPW95, Proposition 9.3.3]. O

In Proposition 18 we saw that a map is strongly topologically stable if we can
always retract tamely onto it from a stable unfolding. In fact, it is enough to find
one E-tame retraction from a stable germ in order to prove topological stability,
that is, E-tame retractions from stable maps preserve topological stability:

Theorem 22. Suppose that (r,s): F — f is an E-tame retraction, where
{F: (R"*,0) — (RP** 0),4,5}

is a stable unfolding of f: (R™,0) — (RP,0).

Then, for any other stable unfolding {F R0 — R4 5Y of £, we can find an
E-tame retraction (7, §): F — f; so f satisfies the conditions of Proposition 18, and
wn particular, f is strongly topologically stable.

Remark 23. Note that the theorem also holds for maps, with similar assumptions
as for Proposition 18. The theorem also holds for the other versions of tameness
defined by du Plessis and Wall [dPW95].

Proof. We write the proof for germs; the same proof can be adapted even in the
various map cases.

Given suitable ¢, d € Ny (at least one of which can be assumed to be 0), Fx id(ge 0
and F' X id(ga ) are smoothly equivalent by diffeomorphism germs ® and ¥, as
the two germs are stable unfoldings of f. Hence we obtain an E-tame retraction
F x idgeoy — f. But now, if we denote by iy and jy the zero level embeddings
of R™* and RP*® into R"***¢ and RPT**+¢ we see that (r o ig, s o i) are E-tame
retractions F — f. 0

2.2. Properties of E-tame retractions. As in the smooth case, there are rela-
tions between E-tame retractions and triviality.

Lemma 24. Suppose that (r,s): F' — f is an E-tame retraction (between maps or
germs), where f: N — P and F': N xU — P x U is a U-level preserving unfolding
of f. Then there exist neighborhoods W and V of N x {0} and P x {0} in N x U
and Px U such that F(W) C V and F|W is topologically equivalent to (f xidy)|W;
more specifically, (r,pry)|W and (s, pry)|V are open embeddings, and

(SaprU) ° F’W = (f X ld) © (Ta pI‘U)’W
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Furthermore, (s,pry) restricted to any fiber of s is a C'-diffeomorphism onto its
image. Finally, if s [and r] is smooth, then (s,pry) [and (r,pry)] is a diffeomor-
phism.

Proof. We identify N and P with the zero-level inclusions N x {0} and P x {0}
in N x U and P x U. We start by proving the claims for (s, pr;). First we show
that if V is sufficiently small, then pr;;: V N s7'(y,0) — U is injective for any
(y,0) € Px U.

If this is not the case, then we can find a point (y,0) € P x {0} and se-
quences (y;, u;), (g, w;) € V such that s(y;,u;) = s(gs;,u;) for all i, y; # y;, and
(yi, wi), (Fi,wi) — (y,0). Now v :=lm[(y;, w;) — (¥, w;)] = lim([(y; — 9;,0)] € T(y 0P
(where [v] denotes the unit vector parallel to a vector v), but this is impossible
because v € T(y0)s ' (y,0), and s (y,0) is transverse to P and of complementary
dimension. Thus we may assume that (s, pry)|V is injective, and by invariance of
domain it will be an open embedding.

Next we show that the projection pry: V' — U restricts to a submersion on the
fibers of s when V is sufficiently small. If this is not the case, then there exist
(y,0) € P x {0} and a sequence (y;,u;) € P x U converging towards (y,0), and
there exists 0 # v; € T{y, u,)-# such that ||v;|| = 1 and pryv; = 0. Here % denotes
the foliation by fibers of s, and T,.% denotes the tangent space at z to the leaf of
Z containing z. By passing to a subsequence, we may assume v; — v for some unit
vector v since the v; all belong to the compact unit circle. But then there exists,
for each i € N, a sequence (y7,u?)jen such that s(y?, ul) = s(y;, u;) and

Jlirgo[(yz ) uz) - (yla ul)] = U;.

Now we can define a sequence (9;, ;) such that (g;,4;) is one of the (yf,ui ) for
each i, (gi, 4;) — (y,0) and [(9;, @) — (yi, wi)] — v. In particular, s(g;, @) = s(y;, u;)
for each i so v € T(y0.#. But this is impossible, since by continuity, pry(v) =
pry(limv;) = limpr,(v;) = 0. Hence we may assume that pr; |V N s~ !(y,0) is
submersive. Being submersive smooth homeomorphisms, the restrictions of ® to
the fibers of s are diffeomorphisms.

Next, we turn to r, and prove that (r,pr;) is an open embedding — the rest of
the claims will follow by the same argument as for s. By the invariance of domain,
it is enough to show that (r,pr;) is injective. Recall that by the definition of a
retraction F' — f, the map (F,r): N x U — P x U x N is injective.

Suppose that (r,pry)(z,u) = (r,pry)(Z,a) for (z,u), (Z,4) € N x U. Then
u=u and r(z,u) = r(z,a)
u=uand s(F(z,u)) = f(r(z,u)
(s, pry) (F'(z, u)) = (s, pry ) (F(,
F(z,u) = F(z,a)

(Fv ’I")(I, u) = (F’ r)(‘%’ fL)

(x,u) = (Z,0).

))Z f(r(z,a)) = s(F(z,a))

R A

This completes the proof. O
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FIGURE 1. Given an E-tame retraction (r,s): F' — f, we can find
integrable vector fields n; in target, tangent to the fibers of s, such that
n; lifts 8%1_ over pr, and such that the flows of 7; induce s as described
in (25). If r has C'-smooth fibers and we can find integrable vector
fields &; in source, tangent to the fibers of r, lifting n; over F', then
the flows of the ¢ will induce r as described in (25). This happens,
for instance, if r is also E-tame (and, in particular, if r is smooth).

2.2.1. E-tame retractions induced by vector fields. Let (r,s) be a germ of E-tame
retraction
{F: (N 2) = (PLy)y = {f: (N,z) = (Py)}

as in Definition 20. It follows from Lemma 24 that we may pick a submersion
z: (P y) — (R%0), such that z|s71(y) is a C! diffeomorphism-germ onto (R<,0)
for each y € P, and such that z71(0) = (P,y’). If the fibers of r are smooth and
transverse to N, we see that even z o F|r~!(z) is a C! diffeomorphism-germ, and
that (z 0 F)71(0) = (N, z').

We can find vector fields {n;} on N’ and {&;} on M’ which are tangent to and C*
smooth on the fibers of s and r (assuming that the fibers of r are smooth), satisfying
the following conditions: If 8%1- denotes the standard i*" coordinate vector field on

R?, then n; is a lift of % over z, and &; is a lift of n; over F'. If the &; are integrable,

we denote their flows by W;. The flow of 7; is denoted ®; (7; is continuous, and
hence integrable, since the foliation is C%!). Then we have

(25) s(y) = Pa(. .. (P1(y, —21(v)), - -, —za(y))
r(z) =Wa(... (Vi(z,— (20 F)i(x),...,— (20 F)4(x)).

See Figure 1.

Since s is E-tame, the vector fields n; will be continuous. This, however, will not
be the case for the &;, unless r is also E-tame. If r is not E-tame, there is also no
guarantee that the vector fields have a continuous global flow, although they have
(possibly not unique) integral curves.

The vector fields are not uniquely defined, and for a given retraction, they will
depend on the choice of submersion z.

The converse procedure is even more complicated. Although families of integrable
vector fields & and n; will define retractions through the formula (25), they do
not have to be E-tame, or even have smooth fibers, and even if they do, we are
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not guaranteed that the original vector fields are tangent to the fibers of the final
retraction.

If the vector fields span C%!-foliations in source and target which are transverse
to (M, N), then the vector fields generate E-tame retractions. This leads us to the
problem of integrability of continuous distributions. In fact, the sets of vector fields
{&}L and {n;}L, span a C%-foliation if and only if the corresponding sets R{&;}<,
and R{n;}¢, form a Lie algebra, i.e. if they are closed under the Lie bracket. In
particular, if d = 1, they induce an E-tame retraction.

There are examples of sets of continuous, integrable and even controlled vector
fields for which the induced retraction is not tame [dPW95, Remark 9.3.14].

If, however, the vector fields are smooth, then the retractions defined by the
formula (25) will be smooth, and thus they will be E-tame. But the defining vector
fields need not be tangent to the fibers of the resulting retraction, i.e. the resulting
foliation need not be spanned by the original vector fields.

2.2.2. Properties. We defined tameness to mean that a tame retraction combines
into a homeomorphism with nearby embeddings, and this gives rise to the follow-
ing property of E-tame retractions: Suppose that we have an E-tame retraction
(r,s): ' — f and a germ g also unfolded by F', whose target (viewed as a subset
of the target of F') is transverse to the fibers of s. Then we can construct another
E-tame retraction (r’',s"): F — g whose fibers in source and target of F' coincide
with the fibers of (r, s), by sliding along the fibers onto the respective submanifolds.

Proposition 26. Suppose that we are given a multigerm f: | |, (R",0) — (RP,0),
an unfolding {F: ||, (R"*,0) — (RPt4 0);41,51} of f, and an E-tame retraction
(r,s): FF — f.

Suppose that g: | |, (R",0) — (RP,0) is another multigerm such that the triple
{F}ia, j2} unfolds g, and such that the foliation F corresponding to s is transverse
to jo(RP,0). Then

i) 7oy and s o jo are homeomorphism germs, and
ii) we can find an E-tame retraction (R,S): F — g, induced by (1, s).

If the E-tame retraction (r,s) is stratified smooth with respect to an ST-invariant
stratification of F, then so is the new E-tame retraction (R, S).

Remark 27. The analogous lemma for V-tame retractions appears in the book
[dPW95, Proposition 9.3.20].

Proof. See Figure 2 for an illustration of the target situation.

i) The composition s o j5 is a homeomorphism by [dPW95, Proposition 9.3.6],
and the proof that r o iy is a homeomorphism germ goes as in [dPW95,
Proposition 9.3.19].

ii) Form a retraction (R,S) = ((roiy) ' or,(sojs)tos): FF — g, and note
that it has the same fibers as (r, s), hence must be E-tame.
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FIGURE 2. Target situation: The E-tame retraction (r,s): F' — f
induces an E-tame retraction (R, S): F' — g, whose fibers coincide
with those of (7, s).

Note furthermore that if (r, s) is stratified smooth, then the homeomorphisms in 1)
are stratified diffeomorphisms, and the retractions (R, S) are stratified smooth as
well. 0

Proposition 28. If F': (N',z) — (P',y) unfolds f: (N,z) — (P,y) stably, then
any E-tame retraction (r,s): F' — f will leave any ST-invariant stratification of F
mvartant.

Proof. Choose representatives f: V — W and F: V x U — W x U, and suppose
that y € S for an ST-invariant target stratum S. Now Fy and Fs(y) are .@/,-equivalent
via the homeomorphisms ((r, pry), (s, pry)). Hence s(y) € S, and thus s leaves ST-
invariant target strata invariant. But then r leaves the corresponding source strata
invariant as well. O

2.3. Combining retractions. We are going to need some tools for combining E-
tame retractions. First we see how E-tame retractions may be combined to yield
new E-tame retractions in products of maps, such as in a multigerm situation.

Lemma 29. Suppose that
f=|]oio(fix idy | we): | R x JRY — [ RY
=1 i=1 j#i j=1
is a multigerm, where o; is the permutation RP: x Hj 4 RV — szl RPi | and that

F = I—I(}l o (-Fz X idl_[#iRpﬁdj): |_|Rm+di X HRPj+dj N HRP]'-FCU
]:

i=1 i=1 i
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is its unfolding, where F; unfolds f; for eachi € {1,..., s}, and &; is the permutation
RPi+di x [Tz Rijr"ij — [[} Rritdi - Assume furthermore that the (r;, s;): F; — f;
are E-tame retractions. Then

(30) (r; X Hsj,Hsj)

i =1
is an E-tame retraction F' — f. If the (r;, s;) are smooth, then so is (30).
Proof. Trivial. O

We do not generally know how to glue local E-tame retractions together, but let
us consider a situation where one of the retractions is smooth, and where we want
to glue along a ”line”, for instance by using a distance function. More precisely,
suppose that we are retracting onto source and target submanifolds Ny and Py, which
are open subsets of N x R and P x R for smooth manifolds N and P, respectively.
Here, we shall ”glue” two retractions together while moving along the R-component.

Let us assume (as we may, up to a reparametrization of R) that

N x [0,3] C Ny,
P x[0,3] C R

We assume, furthermore, that we are retracting onto a smooth map
fI NO — PO
where f(N x {t}) C P x {t} for all t. We are retracting from the d-parameter
unfolding
F:N—P
of f, where N and P are open neighborhoods of Nyx {0} and Py x {0} in (N xR) x R?

and (P x R) x R?, respectively, and F is R%level preserving.
The retractions which we want to combine along R are given by

(31> (’riv S’i): F— f7 1= 17 27

where (71, $1) is smooth and (rq, s2) is E-tame.

The first thing to note here is that by choosing suitable local coordinates at Ny
and Py and possibly shrinking N and P, we may assume that (r1, 1) is a projection
and F' = f X idga. To see this, define maps

Dy ]57 — Nog x RY Dy (y,t,u) = (s1(y,t,u),u),
Pp: P— PyxRY ®p(x,t,u) = (ri(z,t,u),u).

By shrinking N and P we may assume that ®y and Pp are diffeomorphisms, by
Lemma 24. Furthermore, s;0 ® ' and r 0 ® ! agree with the pl"OJGCthIlS Nox R4 —
Ny and Py x RY — Py on N and P, respectively. The map s o oy CDN(N) — Ny
is E-tame, since @y is a d1ffeomorph1sm
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We need, however, to see how the maps f and F' behave with respect to this
change of coordinates. Since
(Ppo F)(z,t,u) = (s1(F(x,t,u)), u)
= (f(ri(z,t,u)),u)
= (f X idga)(®n (2,1, u)),

we see that the diagram

~ F ~
N > P
K y
SN NO T} PO dp
d d
N()XR fxidg POX]R

commutes, and in these new coordinates (71, s1) are the projections, and F' is of the
form f x idpa.
Hence we can assume from the start that F' is just f X idg« and that

(r1,51) = (PTNNPTPO>~

In the following lemma we shall prove that we can, indeed, combine the smooth
projection with an E-tame retraction along R:

Lemma 32. Suppose that we have defined retractions (r;, s;): F' — f as described
above, where (r1, s1) = (pr, pr) and (rq, $3) is E-tame, and where F' = fxidga. Then,
allowing for shrinking N and P, we can find an E-tame retraction (R,S): F— f
such that

R=nr inR_l(NoﬂNx [O,
R=ryin R (NgNN x [2,

1), S
3]), S

1 S_I(Poﬂp X [0,
2

D,
QinS_l(PoﬂPx[, .

S 1
s 3])

If (rq, s9) is smooth, then so is (R, S).
What seems like (but, as we have seen, is not) a more general result, is that we
can combine in the same way the retractions (r;, s;) given in (31).

Remark 33. The non-relative case where we combine two retractions si, so: P—
Py with s; smooth and s, E-tame, follows from the general case by setting f = idp,
and F' =idp.

Proof. Pick a smooth map «: [1,2] — [0, 1] such that a(1) =0, (]2 —¢,2]) =1 for
some € > 0, a™ (1) = 0 for all n € N, where (n) denotes the n'' derivative, and
al(1,2] > 0.

The idea is to stretch out the fibers of (19, s2) as we approach ¢t = 1 in the interval
]1,2[ such that the fibers approach those of (ry,s;); we define S: P — P, and
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F1GURE 3. Combining a smooth retraction with an E-tame retraction
along [0, 3].

R: N — Ny by setting

(y,t) if t € [0,1],
S(y,t,u) =< sa2(y,t,u) if so(y,t,u) € P x [2,00),
So(y, t, a(t)u) if so(y,t,a(t)u) € P x [1,2], and t € [1,2],
(x,t) if t € [0, 1],
R(xz,t,u) =< 7rax,t,u) if ro(x,t,u) € N x [2,00),
ro(x,t,a(t)u) if ro(x,t, a(t)u) € N x [1,2],and ¢ € [1,2].

See Figure 3 for illustration.
If we define maps

On: NxR xR — N xR xRE (z,t,u) — (z,t,a(t)u),
Qp: PXxR xR — P xR xR (y,t,u) — (y,t,alt)u),

(where we extend « to R continuously by setting a|] — oo, 1[= 0 and «|2, 00[= 1),
then we see that R = r5 0 QQy and S = s5 0 0p, so in particular, S and R are
continuous, and we also easily see that (R, S) is a retraction F' = f X idga — f.

2.3.1. S is E-tame at P x {1} xR%. We shall prove that S is E-tame at P x {1} xR?,
which is a bit tricky. We prove that if (y,1,u) € P x {1} x R? and (y,,tn, un) €
P x (1,2] x R? such that (y,, t,, u,) — (y,1,u), then

Tlynstnin)S ™ (S Wns tny un)) — R = {y} x {1} x R?.
In order to show this it is enough to show that for any [ € {1,...,d}, there exists
Up € T(yn,tn,un)siws(yna tn; un))

such that lim, .. v, = ¢ := (0,...,1...,0) € R% where ¢; has 1 in the {*" compo-
nent. Fix [ € {1,...,d}; we construct such a sequence (v,,).
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We define 4, = «(t,)u, and consider the sequence (y,,t,,u,), along with the
sequence of so-fibers containing (Y, t,, @,). Clearly, (yn,tn, @s) — (y, 1,0).
There is a sequence of maps

Bu: W — P x[0,3] x R

for a neighborhood W of 0 in R? such that (shrinking P) 3, is a diffeomorphism onto
55 (82(Tn, tn, i) for each n, and such that prgs o 3, = idy. This holds because
the fibers form a foliation transverse to P x [0, 3].

We write

B = (Bnp, Bnjo,g), Brkys - - - Buky) = (Bnts Bn2, Bnsts - - - Pnsd);
now the second condition on (3, is equivalent to (3,3 = prg,.
Define a path
MR —RE A () =t - e+ .
Then X, (0) = ¢; € T;, R = R?, and (\,)5(0) = .

Consider the vectors

{)n = (ﬁn o An)/(o) S T(xn,tn,ﬁn)sgl(SQ(xna tn; ﬂn))
Then we have

U, = ((ﬁnl o )\n),(())? (/6712 © )\n)/(o)a D)\n(o))
= ((ﬁnl o )\n)/(())? (ﬁnQ © )\n)/(O), Oa ceey 17 s 7())7
€]
and we know that s, is E-tame, meaning that its fibers form a C%!-foliation.
Hence we have @, — © for some o € T(y10)55 (s2(y,1,0)) such that prpe(d) =
lim prga(v,) = lime; = ¢;.

Define
i W — P x[0,3] x RY,
by
1 u
(1) = (Bt (0), Bua0), 35— () = (B (), Bz ), s

Now 7, is a diffeomorphism onto S™(S(zy,, tp, Un))-
Define a sequence of vectors (v,) € T(u, 1.un)S (S (@n, tn, un)) by setting

Uy = (Vn © )‘n),(o)-
Clearly,

prP(Un> = prP@m and
Prio,3Vn = PTo,3]Un-
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We consider v,3; = pry,v,:

Un3i = %(%Lsz' 0 An(8))]s=0
d (An(s))i |
ds \ a(Bn2(Mn(s))) ) 1s=0
o(Bn2(An(s))) (An)i(s)—(An(s))i (@’ (Bn2(An(s))) (Bn20An) (s)) |
. _a(Bn2(An(s)))? 5=0
a(tn)-0u—()i (o (tn) Tn2)
atn)?
041 _ a(tn)(un)i-a’ (tn)(9n)2
a(tn) /a(tn)f
S (un)i-d/(tn)(On)2
altn) a(tn)

We see that for ¢ # [ we have
v 1= ()i~ '(t) - (3):
Un3i (un)z : a,(tn) : (671)2
because u,, — u and ()2 — U2, giving (uy); - & (t,) - (0n)2 — 0.
Similarly,

— 00,

Un3i U3nl 00
[prp(va) |l P g (va)l ’
giving

(%%
loall "
which proves our claim.

2.3.2. If sy is smooth, then so is S. Smoothness is clear off P x {1} x R? and as
(y,t,u) — (yo,1_,up). Hence it remains to show that the partial derivatives of order
d are continuous in the limit (y,¢,u) — (yo, 1+, uo). Let us take a look at the total
derivative of S at a point (y,t,u) where ¢ €]1,2].

Since S(y,t,u) = sa(y, t, a(t)u), we get

DS(y,t,u) = Dsy(W(y.t.u)) o DU (y, ,u),

where ¥: P x (1,2] x R? — P x (1,2] x R is given by ¥(y,t,u) = (y,t, a(t)u). If so
is C*-smooth (k > 1), then the map Ds, is C*¥~1, and in matrix form we can write

_ Ann(y7t7u> Ant(!/;t,U) And(y,t,U)
Dsaly, t.u) = ( Am(y,t,u)  Au(y, t,u) Ay, t,u)

where, in particular, we write

ain(y, t,u) ... awa(y,t,u)
Ana(y, t,u) = :
an (Y, t,u) ... ana(y,t,u)
Ay, t,u) = ( bi(y,t,u) ... ba(y,t,u) ) , and
c(y, t,u)
Ani(y, t,u) = : )

cn(y, t,u)
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and we have

(4 4 Yoo
since s is a retraction. The map ¥ is C'*° and has the total derivative
I
1 o/ (t)uy o/ (t)ug
DV (y,t,u) = o/ (tur a(t) :
o/ (t)ug a(t)
where
1
I = ;
1

and u = (uq,...,uy). It follows that for (y,t,u) € Px]1,2] x R%, we get
Dsy(¥U(y,t,u)) o DY(y,t, u)

Ann Bnt Bnd
34 =
(34) (Am By Btd)’
where

C1 + Oé,(t) Zle U; A4
Bnt = :

e+ () ijl Ui Qs

By = Au + /(1) Z?Zl u;b;,

o (tyurer + at)ay; ... o (uger + at)aly
Bnd - )
o (ture, +a(t)an ... o (t)uge, + at)ang
Btd = ( o/(t)ulAtt -+ Oé(t)bl Ce Oé/(t)'U,dAtt + Oé(t)bd ) s

evaluated at (y,t, a(t)u). This expression approaches

Ann(ymlao) Ant(yOalaO) 0 _ _
( Atn(y07170) Att(y07170) 0 B ( ]n+1 0 ) - DS(y0,17UO)

as (y,t,u) — (yo,1,up), proving that DS is continuous, and thus that S is C*
smooth. Looking at the entries of (34), which are just the first order partial deriva-
tives of the component functions of S, it is easy to see that we may continue to
differentiate each and every one of them arbitrarily many times more, and that all
these derivatives will vanish at (yo, 1,ug), since we know that o™ (1) = 0 for all
n € N (we know that the higher order partial derivatives of entries of A, Ani, A
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and Ay with respect to ¢ and coordinates of y, must vanish at (yo, 1, ug) because g
is a retraction).

Remark 35. There are other ways to combine C*-smooth retractions, e.g. by com-
bining their corresponding vector fields using a partition of unity. But the current
approach will allow us to combine a smooth retraction with a stratified smooth,
E-tame retraction to get an E-tame, stratified smooth retraction.

U

2.4. Weighted homogeneous maps and E-tame retractions. A map f: R" —
R? is said to be weighted homogeneous if it is equivariant with respect to R*-actions
(RT = (]0, 00, -)) on source and target of the form

te(xy,... ) = (t%2q, ..., t"x,), te (g, yp) = "y, .. ty,),
that is, if f(¢t-x) =t f(x) for all t € RT and all z € R™. Here the q; are called
source weights and the b; are called target weights.

We define weighted distance functions o: R™ — R and p: RP — R on source and
target as follows:

o(x) = Z{xf/‘“ 1<i<nst a>0,A=lm{2ql<i<n, q > 0}},
ply) = Z{y-B/biH <i<pst. b;>0,B=lem{2]1 <i<p, b > O}}

(2

The functions o and p measure the distance from the non-positively weighted sub-
spaces of source and target, respectively.

In the case of weighted homogeneous maps, we can sometimes reduce the con-
struction of E-tame retractions to a problem on lower-dimensional slices defined by
the distance functions. More precisely:

Lemma 36. Let F': N xU — P xU be a weighted homogeneous, U -level preserving
unfolding of F*: N — P which has FST, and assume that the weights on N and
P are positive, and that the weights on U are non-positive. Here U 1is a real vector
space R, and we decompose U = Uy @ U_, where Uy has zero weight, and U_ has
negative weights.

Denote by F. the restriction F|: F~'p=Y(e) — p~t(¢), and similarly for the posi-
tively weighted part F* of F.

Suppose that (7, 5) is a germ at

(N x{0u}, P x {0u}) N (F~'p~ (e), p™'(€))
of E-tame retraction to the inclusion F." — F..

Then there exist R -invariant neighborhoods Wy of (N x {0y })U({Ox} x U_) in
N x U, and Wp of (P x {0p}) U ({0p} x U_-) in P x U, with F(Wyx) C Wp, and
an RT-equivariant E-tame retraction

(R,S)I {F| WN — Wp} — F+

to the inclusion. Here N and P are identified with their images N x {0} and P x{0}
m N x U, P x U, respectively.
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FIGURE 4. We extend the retraction (r.,s.) on the slices
(F~'p~1(e), p~1(¢)) through the R*-action.

If the retraction (7, §) is smooth, then the retraction (R, S) will be stratified smooth
with respect to the stratification

({0x U F'p H(0)\ (0 x U),Nx U\ F'p~"(0)} ,{0x U, P\ 0 x U}).

This is an E-tame version of lemmas appearing in the book by du Plessis and

Wall [dPW95, Lemmas 9.6.3 and 9.6.4].

Remark 37. We have chosen to think of weighted homogeneous maps as R*-
equivariant rather than R*-equivariant, as is done in the book [dPW95]. The reason
for this choice is that RT acts freely on (P \ {0}) x U with p~'(€) as a global slice,
while the action of R* is not free. Given any point (x,u) € (P\{0})xU where all the
coordinates of non-even weight are zero, the isotropy subgroup Ry, is {£1}. The

level sets p~t(¢) are {#£1}-invariant, and in order to get an R*-invariant retraction
(R,S) in Lemma 36, as is stated in the book [dPW95, Lemma 9.6.4], we actually
need (at least) the (7, 8) to be {41}-equivariant. For most purposes this does not
make any difference, but for our constructions of E-tame retractions in Chapter 4,
the distinction will be important.

We denote by n and p the dimensions of N and P, respectively.

Proof. First of all, fix E-tame representatives (r, s) of the germ (7, 3).

We start out by extending the target retraction s, and set Wp = R¥-s(s)U({0p} x
U). (Recall that s(s) denotes the source of the retraction s, and that ¢(s) would
similarly denote the target of the same retraction.) Now Wp is a neighborhood of
(Px{0y})U({0p} xU-), although it is not necessarily open. Let us agree that every
time we shrink Wp, we shrink s(s) correspondingly, so that the defining formula of
Wp in terms of s(s) still holds.

Since s is E-tame, the fibers of s define a C%!-foliation .Z, on s(s), whose leaves
meet P x {0} transversely. We recall that constructing the target part of an E-tame
retraction F' — FT is equivalent to finding a C%!-foliation near ¢(F) in ¢t(F) of
dimension d, which is transverse to P x {0}.

The smooth, free RT-action on (P \ {0}) x U induces a canonical diffeomorphism

(PA\{O}) x U =R"-p'(e) ZR" x p~'(e),
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which allows us to define a foliation Rt x .%, on R* - s(s). By including the set
{0p} x U as a leaf, we obtain a partition .# of Wp; we claim that this is a C%!-
foliation.

Lemma 38. Suppose that P x U has a weighted R -action where the weights on
P are positive, and the weights on U are non-positive, writing U = Uy x U_ for
the split into zero- and negatively weighted subspaces. Assume that dim(P) > 1.
Suppose that S is a [smooth] slice for the free RT-action on (P \ {0}) x U, such
that S N (P x {0}) is compact. Suppose that a d-dimensional C*'-foliation F, is
defined on S, which is transverse to P x {0} in S. Extend it to a foliation .7
on RT - SU{0} x U by using the Rt -action to reach R - S (t: S — t-5 is a
homeomorphism [diffeomorphism]) and by taking {0} x U as the final leaf. Then F
is a C%'-foliation on RT - SU {0} x U, transverse to P x {0}.

Proof. Since the action of R is smooth, it is clear that % N (P \ {0} x U) is a
C%!-foliation. It remains to show that if

(Yms Uy ul ) € (P\{0}) x Uy x U_)NR" - S

m

such that (Y, um,u,,) — (0,u,u’), then
Tymimi) F — Touuy F =R
In order to show this it is enough to show that for all [ € {1,...,d} there exists
Um € Tiy,n, yF ¥ m e N,

’
Um , Uy,

such that
limv,, = ¢ € R
Fix [; we find a suitable sequence (v,,).
For each m there exists t,, € Rt such that
to * (Y, U, 1) €S

and there exists a map-germ
5771: (Rd7 0) - (S7 tm : (yma U, u;n))v

which is a diffeomorphism onto the leaf of .Z; containing t,, « (Ym, Um, u.,)-
Now, the map-germ

t;@l 0 Bm: (Rd70> - (t;nl -5, (yW“uTn’u;n))

takes R? diffeomorphically to the leaf of .Z containing (Y, tm, ul,). We write

ﬁm = (ﬁmla s 7ﬁmn7 ﬁm(n-{—l)a s )ﬁmkv 6m(k:+1)7 s aﬁmq)a

where ¢ = n +d and k£ —n = dim U,. Note that we may assume

(39) (ﬁm(n+1)7 s 7ﬁmq) = id]Rd
by choosing (3,, suitably. If the action of R™ on P x U is given by
t- (yl,...,yn,unﬂ,...,uk,ukﬂ,...,u;)

__ (+b b b, / by,
= (t" Y15 Yy Ungrs o Uk, TR U, T ),
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where
b >0 ifi<n
1 <0 ifi>k
then
tr © Bm
equals

((t;nl)blﬂmla ceey (tr_nl)bnﬁmm ﬁm(n+1)a cee >ﬂmk>
(£ 4 Bongr) - - ()" Bimg) -
Since ¥, — 0 we must have ¢, — oo, giving .1 — 0.
Write \: R — RY, ¢+ t - ¢, giving ' (0) = ¢; € R%. Let

= (ﬁm © )\)/(O> S Em’(ym:“m’ulm)y‘g'

Since S N (P x {0}) is compact, there exists a subsequence (my) of (m) such that
tng, = Ymy, — § € SN (P x{0}), 80 tm - (Ym, Um, ul,) — (7, u,0). Then since .Z is a
C%!-foliation, we have ¥y, — 0 for some ¥ € T(j,4,0)Fs.

In particular, the set of ¥,,, is bounded, and then, since the (3,, can be assumed to
be restrictions of a C%!-differentiable map-germ 3: ((PNS) xR%, (PNS)x0) — S,
the set consisting of all the v,, is bounded as well.

Define

(t' © B o A)'(0)
| (¢! © B 0 A)(0) I

Um =

then, calculating, we see that

()" - (B o A)(s), -, () ”(6mn o A)(s),
Ji( (Brn(nt1y © A)(S), -+ (Bt © A)(5), )
()" By © A)(s), - - (¢ 1)”“ (Bimg © A)(5)

Um = = =
() - (Bma 0 A)'(0), - -+, (t,1) (B © A)'(0),
(ﬁm(nJrl) o A)/(O)v s (5mk © )‘>/<O)a
_ ()™ V1) - - s (E1)" (B © A)'(0)
o [=——Il
_ ((t;nl)bl f)ml 7777 (tml)bnvm’ﬂ Um(n+1) """ vmkv(tal)bk+lﬁm(k+l) """ (t:nl)bqf)mq)
o fl———1l
— €]

since (t,,!)%¥,,; — 0 as m — oo for i < n, and, by (39),

B b 1B, ~ € if e, € Uy
(Um(n+1), ooy Uk (t ) k+17; m(k+1) - »(tm ) "Umq) - { - ifeelU_.

Then (v,,) is the wanted sequence, and Lemma 38 holds. O

Now the construction of the target retraction S: Wp — Wp N P x {0} is trivial;
just follow the leaves of the foliation.
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2.4.1. Extension of source retraction. In the source, we can just follow the proof by
du Plessis and Wall [dPW95, Lemma 9.6.4], in order to get a continuous retraction
R that forms an E-tame retraction ' — F't together with S.

However, if the level set retraction (r, s) is smooth, then we can actually construct
a retraction (R, S) which is stratified smooth with respect to the stratification de-
scribed in the statement of the lemma.

When s is smooth, it is clear that the E-tame retraction .S, which we constructed
above, is stratified smooth; we prove the claim for R.

As described on p. 25, we can fix smooth vector fields

il s(s) — Ts(s), &: s(r) — Ts(r),
where the 7); lift the standard vector fields % on U C R? over pr and the & lift the

n; over F') such that the 7; and éz induce s and r, and are tangent to the fibers.

Then the foliation .# is spanned by the naturally extended vector fields 7; on
R* - p~(e) and by 0 x aim on {0} x U, and we may assume that the 7; lift the
a%i over pr. We aim to also extend the é to vector fields & in a neighborhood of
(N x {0p}) U ({Ox} x U_) using the RT-action, in such a way that the & lift the n;
over F', and such that the & are continuous, stratified smooth and integrable.

By [dPW95, p. 392] there exists a neighborhood W of F~1(0,0) N o~*(d) (for
sufficiently small 6 > 0) in N x U where (¢, F): N x U — R x P x U is a proper
submersion, i.e. a bundle projection by the Ehresmann fibration lemma, and the
local picture has the form

(o|N,F*)=pr
XXRxP ——RxP

| |

XXRxPxU—RxPxU
(o,F)=pr

Choose € > 0 small enough that the set
Ay = (po F)H[0,¢]) N (6) N Wy,

is contained in W. Note that A; is a smooth slice for the R™-action in N x U.
Any vector field £ on X x R x P x U can be written as a product

(€M @ B e X xRxPxU - TXO®TRGTPOTU =T(X xR x P x U);
given a vector field 7 on R x P x U it can be written as a product
7=7?,7979): Rx PxU—-TR®TP&TU =T(R x P x U);
and given a vector field n on P x U it can be written as a product
n=n®n": PxU—-TP®TU =T(P xU).

Now, ¢ lifts 7 over (o, F) in W if and only if £ = 7% in W for i = 2,3,4 and ¢
lifts n over F in W if and only if €& = n®@ for i = 3,4 in W.
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Thus, given a vector field n on P x U, define 7 = (0,7) on R x (P x U) and lift it
to & = (0,7) = (0,0,7) on X xRx PxU. If n was stratified smooth and continuous
on (P x U, (0,0)) then ¢ will be stratified smooth and continuous on (N x U, (0,0)).

Recall that we have stratified smooth, continuous vector fields 7, ...,m5 on Wp C
P x U lifting 8%1, . % from U as above, which are tangent to the level sets p~(e).

By the preceding discussion we can lift the n; to stratified smooth, continuous vector
fields &1,...,&; on Aj.

Note that the & will be tangent both to the level sets o71(¢") and to F~1p~1(¢)
for ¢’ near ¢ and € near e.

We extend the vector fields to stratified smooth, continuous vector fields on R*- A,
by setting & (t-z) = h- (t.(&(x))), where h: P x U — R is the normalization factor
which ensures that the &; lift the aim over the projection. Note that within W, the
X- and R- coordinates of & are 0, and note that off F~1p71(0), the & are smooth.

Next we consider the set

Ay = (po F)"(e) No([0,0]) N Wy,

which is a smooth slice for the R*-action, and we also note that A; U A, is a global
topological slice for Wy \ {Oy} x U.

In Ay we have a retraction 7 defined through smooth vector fields é, from the
very beginning. The problem is just that these vector fields & do not necessarily
agree with the & which we have defined on A; in the common domain A; N Ay =
o~ 1(8)N(poF)~(e), and they certainly need not combine to give a stratified smooth
vector field. B

We deform the & near o~1(§) in order to get them to agree with the previously
defined & on Aj;.

Close to 071(4), we are still within the product representation X x R x P x U,
and here 52 is of the form

éi = (gz(l)v éz'(2)7 éi(s)v 51(4))7
and we want to eliminate the first two components as we approach o~1(4). We can
obtain such a situation through multiplying the vector field coordinates in these
directions by a bump function which is zero close to o~1(4).
The problem with this approach is to show that our vector fields are still integrable
after our treatment.

Let us look at the technicalities.
In W the vector field &; will be of the form

éi = (51(1)751(2)751(3)7554))
(X XRxPxUXx{0} x{0} x{0}) =TX xTRxTP xTU,

and we pick a C*°-function
x:R—R
such that y is 0 near 0 and x is 1 on R\ [0 — ¢, + ¢'], for some small ' > 0.
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We define new vector fields &; by setting
gi = (X ’ gi(l)a X 5'52)751'(3)7554))7
and we extend to the RT-saturation of Ay by setting &(t - x) = h - t.(&(x)), where

h is a normalization function Rt - Ay — R which ensures that the & lift % from U

over the projection.
Finally, we define &|{0p} x U = ;2.

Lemma 40. The &; are continuous and integrable, and stratified smooth with respect

to {0} x U.F~1571(0) \ ({0} x U), (N x U) \ F~'p~1(0)}.

Proof. Off R* - (A2 N A;) U{0x} x U it is clear that the &; are stratified smooth

and continuous, since the original & were stratified smooth and continuous, and
we multiplied by a smooth function. Furthermore, the original & are smooth off
F~1p=1(0), thus, in particular, their R*-extensions are smooth in a neighborhood of
R* . (43N A;). In a neighborhood of R* - (A3 N Ay) we know that, when restricting
to the local product presentation, the vector field &; is the unique one which has
zero X- and R-coordinate, and which must be smooth. Thus the & are smooth
off F~1p=1(0). The restrictions to {Ox} x U and F~'p=1(0) \ ({Ox} x U) are also
smooth. Moreover, we see that the & are continuous off {Oy} x U.

It remains to prove continuity at {Oy} x U and uniqueness of integral curves.
Let (zn,u,) be a sequence in Wy C N x U converging to (0,u) € {Oy} x U, and
consider the sequence

d
£, Up) = (U, o )eT,, NoT, U="T, N®T, R
U

We know that
gi(xna un) = h(l‘n, un)Tty_Ll(gz(tn * Ty, tn . Un)),
where &; is the vector field on A, t, € R such that p(t, - (7,,u,)) = €, and where
h is a normalizing function to ensure that &; lifts a%i. Then ¢! — 0.
Since t, — oo and the weights on R? are non-positive, the set {&(t,, - (2, un))|n €
N} is bounded. But then, if we denote

am%mm:(@wwwmf>em%N@m%w
U

we see that

h(xmun>Ttr_zl(§i(tn (T, un)))
= W, un) ((t‘l)‘“vl, () (e 81) " (0, 20,

n n n ) Ou;

since, in particular, h(x,,u,) — 0. But this was what we needed to prove for
continuity of &;.

Uniqueness of integral curves follows partly from the general lemma below, which
ensures that the integral curves are unique off {Oy} x U, and partly from the
observation that all our integral curves off {Ox} x U are tangent to slices ¢ - A, and
hence cannot reach the lower-dimensional stratum {Oyx} x U in finite time.
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Lemma 41. Suppose that g: X — Y is a smooth, ST-stratified map and that we
have a continuous vector field n on Y which is integrable and which is smooth on
and tangent to strata. Let & be a continuous vector field on X, also smooth on and
tangent to strata, which lifts n. Then & is integrable.

Proof. Since £ is smooth on and tangent to strata, it has a flow, whose restriction to
any stratum is continuous and has unique integral curves. We show that the integral
curves are globally unique by proving that they do not approach lower-dimensional
strata in finite time.

Let Sx C X be astratum and let Sy C Y be the stratum such that Sy = g~'(Sy).
We show that there exists some neighborhood U of Sy in X such that no integral
curve of ¢ passing through a point of U \ Sx will approach Sx in finite time. Since 7
is integrable, its integral curves are unique, and there exist a neighborhood V' of Sy
which is invariant under the flow of 7, and a continuous function h: V' — R which
is constant on integral curves — it is easy to see that the existence of such a function
is equivalent to the claim that the integral curves of 1 cannot approach Sy in finite
time.

But now h o g is such a continuous function for U = ¢=*(V) and &, hence ¢ has
unique integral curves. Furthermore, £ is continuous, hence it has a continuous flow

by [CL55, 1T 4.4]. O
In our case the ST-invariant stratification is

({({0p} x U), F7'p71(0) \ ({0p} x U),(P\0) x U} {0 x U, (P\0) x U}).

It follows that the & have unique integral curves. But continuous vector fields with
unique integral curves are integrable [CL55, 11, 4.4], and Lemma 40 holds. U

Now that we have constructed the continuous, integrable, stratified smooth vector
fields {n;} and {¢;}, we construct the retractions R and S as usual. We see that S
is E-tame, and that R is stratified smooth. 0

Remark 42. The last statement, concerning stratified smooth vector fields in the
source, could likely also be proven by extending the original argument by Looijenga
[Loo77].

3. MULTIGERM EQUIVALENCES

In this chapter we define what it means for a subgroup of 2/ to be compact,
where f is a multigerm. We show that when f is finitely .o/-determined, there is
a maximal such group, which is unique up to conjugacy. We denote an arbitrary
representative of the conjugacy class by MC(<7), and we show that the quotient
<l /M C(2y) is contractible, where contractibility is defined suitably.

All of this has been done for monogerms by K. Jénich [Jan78], C.T.C. Wall [Wal80)]
and R. Riményi [Rim02], and in his thesis [Rim96, Theorem 1.6.3] Riményi states
the main theorem of our chapter in the case of stable multigerms without proof.
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However, the multigerm case does not in any obvious way reduce to the monogerm
case.

By Lemma 11, any stable multigerm F: (RY,S) — (R, 0) with |S| = s < o0
admits a decomposition

(43) <|:| g; O (fz X idRPpi)> XideZ ('il R™ x HRM) XRd N <ﬁRpl) XRd

i=1 j#i i=1

in suitably chosen coordinates, where the f; are ministable germs which are &.¢ -
equivalent to the germs of F' at points in S. If F' is ministable, then d will be 0,
and in Rimanyi’s terminology, the f; will be roots of their kinds.

It is natural to try to decompose the group @7 in terms of the groups 27;,, but
there are some problems with such an approach. How do we know that there is
only one way to choose the decomposition (43)7 There might be several choices
of coordinates giving such a decomposition, and corresponding to one choice of
coordinates we might find elements of &7y, x ... x &/, C /; which do not belong to
a product @7y, x...x @, after a change of coordinates. If the choice of coordinates is
unique, then this is not trivial, and needs an explanation. If the choice of coordinates
is mot unique, then we cannot generally reduce to the monogerm case.

We had hoped that it might be easier to find a decomposition for compact sub-
groups G < 47, as these are conjugate to linear subgroups of o/. The subspaces
R™ and RPi correspond to presentations of the multigerms [ | i Ji» which must stay
fixed under the action of .y, and linear actions are determined by the restricted
action on subspaces spanning the whole source and target spaces. However, we meet
yet another problem — can we find coordinates that simultaneously give f in the
form (43) and linearize G? Suppose that we first put f in the form (43) and then
linearize G; the linearization process might disturb the presentations by singularity
type, which are linear subspaces of the target in (43), and take them into not-so-
linear submanifolds. Another idea is to use the 1-jet of GG, which is isomorphic to
G — but unless f is linear, this might not leave f invariant, and hence j'G might
not belong to 7.

We shall, indeed, see that for statements concerning maximal compact subgroups
of &7;, we can reduce to the monogerm case — but this is not trivial. For statements
concerning all of @7y — in particular concerning the contractability of the quotient
ol /M C(27) — we need to reprove the theorems for multigerms.

Finally, we show that in some cases, which are of particular interest to us, the
maximal compact subgroups M C/(47;) are very simple.

3.1. Groups of multigerm equivalences and their maximal compact sub-
groups. Suppose given a multigerm

(44) f=hAUfU.  Uf: RY,0)U...URY,0)— (R",0).

S

TV
s copies
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We have defined the groups &/ and % of multigerm equivalences in Chapter 1;
let us repeat the definitions in Euclidean coordinates for the sake of notation.
Recall that <7 denotes the group of equivalences on the space of multigerms

C* ((RY,0)U... U (RY,0); (R”,0))

defined by | |, Z U .2, where Z is the group of diffeomorphism germs of a source
component (RY 0), and . is the group of diffeomorphism germs of the target
(R?,0). We will write elements of & either in the form ¢ = (¢1, . .., ¢, ¢;) where the
¢; are the diffecomorphisms in question, or sometimes in the form ¢ = (¢4, ..., ¥;)
where ¥; = ¢; X ¢; for each 7, when we consider ¢ as an element in %" as defined
below.

The group % of equivalences on the same space of multigerms is the group of
diffeomorphism germs

H: (URN X RP,U(O,O)> — <|_|RN % RP,U(O,O)>

such that the diagram below commutes:

| J®Y,0) a0 | | (RN xR”, (0,0)) =, | |(RY,0)

S S S

Hy H Hy

| |®~ %|_| XRPOO))%URN

s idx0

where Hy = H|RY x {0}. We will write elements of ¢ in the form ¢ = (¢, ..., 1)
where, in fact, ¢ = | |, ¢.

Recall that ¢ acts on germs f in the following way: H - f = g if (id, f) o Hy =
H o (id, g).

Given a multigerm f, we denote by 7y and J¢} the isotropy subgroups of </ and
& at f; namely the subgroup of elements in o/ and %, respectively, that leave f
invariant when viewed as groups acting on the space of multigerms.

Since the action of the J#-group on source and target is actually an action on a
disjoint union of spaces, one for each component f; of the germ f, we can decompose
the groups £ and ¢} for multigerms to a product of £ -groups for monogerms:

Proposition 45. The group % acting on
C® ((RY,0)U... U (RY,0); (R”,0))
15 given by
H X XK
N————

s copies
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where X is the group acting on C™ ((RN, 0), (R, 0)), and the isotropy subgroup
Ky

18 given by

AT
Proof. This follows directly from the definition. 0

The analogous argument does not work for groups of .@7-equivalences, however,
as we couple a family of diffeomorphism germs in the source with only one diffeo-
morphism germ in the target, which causes problems with the isotropy subgroups.
Consequently, the main objective of this section is to prove that .«7; really does have
a maximal compact subgroup when f is a finitely @/-determined multigerm.

3.1.1. Compact subgroups: definition and properties. We define a compact subgroup
of &/ to be a subgroup G of &/ which is conjugate in & to a compact subgroup
of | |,GLy UGLp < /. The definition is reasonable: Suppose that G < & is
isomorphic to some compact Lie group G, such that G acts diffeomorphically on
||, RY UR” through the isomorphism G — G, keeping the origins fixed (compare
with the definition of [dPW]). Then, in particular, G acts diffeomorphically on
cach of the RY and on R”. By Bochner’s theorem we can choose local coordinates
in (RY,0),...,(RY,0) and (R¥,0), respectively, given by diffeomorphism germs
&1,...,0s and ¢;, with respect to which G acts linearly on the RY and on RY.
These define an element (¢4, ..., ¢s, ¢;) of &7, which linearizes G in 7.

By analogy, we define a compact subgroup of £ to be a subgroup G < .# which
is conjugate in % to a compact linear subgroup of | | GLy x GLp.

We start out by making a couple of trivial observations concerning the group of
o/ -equivalences as a subgroup of the J# -equivalences:

Lemma 46.
i) We have o7y < Ky, so in particular MC(</;) < MC(#}), whenever the

maximal compact subgroups exist.

ii) Suppose that f: (RY,0) — (R”,0) is a monogerm, and consider o/ and &
as groups acting on the source and target of f. Then & N GLyyp is a
subgroup of <, so in particular, #; N GLyyp < <. O

Remark 47. Note that Lemma 46 does not generally imply that MC(%}) =
MC(<f;) for a monogerm f. Suppose that G is a maximal compact subgroup of
J; then there exist a group G = gGg" conjugate to G, and amap f = g- f which
is J# -equivalent to f, such that G < A and G < GLy,p. Then G < o, but (1)
this does not mean that G < &, since the conjugating group element g € % does
not necessarily belong to 7.

Throughout the rest of this section, we let 7 denote &/ or J# unless otherwise
is specified.
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Lemma 48. Suppose that a multigerm f: | |,(RY,0) — (R”,0) is finitely k — 7 -
determined, and suppose that G < ¢ is compact. Then we can find an element
¢ € A and a subgroup G of Hy.p such that ¢ - f is a polynomial of degree < k, and
G is a linear group which is conjugate (in ) to G.

Proof. Since G < 7} is compact, we can find ¢ € J such that ¥Gy~! is linear,
by definition. Now G = ¢yGyp~t < Hyp.p, and since f is k — J-determined, so is
Y - f. In particular, ¢ - f is J#-equivalent to the polynomial representative p of its
k-jet (1 - f), by an element ) € 2, say:

p=v-¢-f
We claim that G < J€,. Since the linear group G leaves 1 - f invariant, it certainly
leaves the jet j*(¢ - f) invariant in J *(n,p). But then it must leave p invariant, since

then, for any g € G, the map g - p is a degree k polynomial representing @ - f).
Set ¢ = 1 -1, and we are done. O

Lemma 49. For any compact subgroup G of € the restriction of the 1-jet map
j'l: G — |, GLN x GLp is injective.

Proof. By the definition of a compact subgroup there exists a choice of coordinates
on | |, RY x R such that G acts linearly; now in these coordinates the 1-jet map
is just the inclusion into | |, GLy x GLp. The topological properties of the map ;'
do not depend on the choice of coordinates; hence j!|G is injective. U

3.1.2. Maximal compact subgroups: Existence and uniqueness. Now we are ready to
state and prove the main theorem of the section.

Theorem 50. Let f be a finitely -determined multigerm as in (44). The group
G has a mazimal compact subgroup, which is unique up to conjugation in ;.

Remark 51. The monogerm version of this theorem was proven by Jénich [JAn78§]
(for € = ) and Wall [Wal80] (for ## = o or %) with some completing comments
by du Plessis and Wilson [dPW, p. 270], who proved similar results for actions of
Z, but without finite Z-determinacy.

Proof. Just like in the monogerm case we will need an equivariant finite determinacy
condition:

Lemma 52. Let f: || (RY,0) — (R”,0) be k — S -determined, and suppose that
G is a compact linear subgroup of ;. Then f is k — G-determined; that is, if

f: LI, (RY,0) — (RF,0) is G-invariant such that j*f = J5F, then there eists
¢ € I such that p-g=g-¢ forallg e G, and f = ¢ - f. In particular, G < 3,
since g-f=g-¢-f=0¢-g-f=¢-f=[foralgeG.

Proof. The proof follows the standard proof of k-determinacy [Mat68a], using vector
fields — but averaging the vector fields over the group G using the Haar integral. [J
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Assume that f is k — .7#-determined. We write J#* for the families of invertible
k-jets

o= (oF, ... 0F): (URNXRP,UO> — <|_|RN XRP,UO>, b e,

and write .7Z}* for the subgroup stabilizing j* f; both these groups are real algebraic.

Real algebraic groups have finitely many components, so we may apply Iwasawa’s
theorem [Hoc65, p. 180] and choose a maximal compact subgroup G of J“i’}k Fol-
lowing the arguments of Janich [Jan78, §2] and Bochner [Boc45] we linearize G in
the following way:

Lemma 53. Suppose that G < % is a compact subgroup. Then there exists
¢ € A% such that pGo—' < ||, GLy x GLp.

Proof. Using the Haar integral over G we average the family of identity jets in J#*
in order to make them equivariant with respect to G < s#* and j': G — #*.
More precisely, we set

¢ = / 7' (9)p(9)~dg € ker(j': S — GLyn+p),
G

where p is the homomorphism from G to J# taking the elements of 7’ ¥ to their
polynomial representatives in #, and define ¢ = j*¢. Then jlg = ¢pgo~! for all
g€ G. O

Still following Jénich, we can prove a strong linearization theorem for compact
subgroups of .77:

Lemma 54. Suppose that G < F is a compact subgroup. Then there exists ¢ € H
such that G~ < ||, GLy x GLp. Suppose, furthermore, that j*G < | |, GLx x
GLp < H*. Then we may assume that j5¢ = (1,...,1).

Proof. As in [Jan78, §2], we define ¢ = [,,(j'g)g~'dg, and note that if j¥¢ is linear
for each g € G, then j*¢ is identity. O

We return to the proof of Theorem 50, and to the maximal compact subgroup G
of %”fk

Denote Gy = ¢G¢~* < | |, GLy x GLp. By abuse of notation, we will also denote
by Gy the corresponding linear subgroup of . Let ¢ € S such that j*¢ = ¢.
Then if fo = ¢ - f, its jet j*fy is Go-invariant, and Gy is maximal compact in %’3];

Let H be any compact subgroup of #},. By classical Lie group theory j*H is
conjugate in ,%’?’g to a subgroup of Gy, say by a family of jets of diffeomorphisms
WP = (... ¢F). Let ) be a family of diffeomorphisms (¢, . .., v,) with jet "
Then the k-jet of ¢y Hyp~! is linear.

By Lemma 54, we can find ¢ = (¢1,...,1,) with the same k-jet as ¥, such that
YHy ! is linear. Hence f = 1 - fy is (¢ H1~")-invariant, just like fy (because
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YHY™' < Gy). Since jFip = jFp = ¢ € 7, we have 75 F = j* fo. Recall that fo is
k — (v Hvy~')-determined, so by Lemma 52 there exists some (1 H1)~!)-equivariant
family of diffeomorphisms o = (aq,...,as) € # such that fo = a - f. Hence
fo= (o) - fo, and so ap preserves fy and conjugates H to

avHY tat =yHy ™ < Gy
——
<Gy
where the last equality holds because « is Gy-equivariant.
We have seen that Gy can be viewed as a compact subgroup of Z,, and that any

other compact subgroup H of J¢}, is conjugate to a subgroup of G, so conjugating
back to ¢}, we see that Theorem 50 holds. 0

3.2. The quotient «7;/MC(</;) is contractible. Following Jénich [Jan78|, we
define what it means for o7y /M C(a/) to be contractible. Note that we have not
specified a topology on @7y /M C' (<), and in fact we shall define contractibility not
in terms of the topology of @7;/MC(</;) as a space of its own, but through the
topological properties of its action on the source and target of f.

Before defining contractibility, we need to decide what it means for a map into
a quotient o7;/G to be smooth. Let G be a subgroup of «/. Given a smooth
manifold M, possibly with boundary, we say that a map ¢: M — &/ /G is smooth
if there exists an open covering {U;} of M such that ¢ is represented by fibered
(over U;) maps ¢;: U; x | |, R" — U; x | |,R™ and v;: U; x R? — U; x R? which are
diffeomorphisms.

Equivalently, a map a: M — &7 /G is smooth if there exists an open covering
{Ui}ier of M such that « admits a local lift &;: U; — <7, such that the corresponding
fibered map-germs ¢; and 1; are smooth.

Definition 55. Let G be a subgroup of «7;. The quotient «7;/G is contractible if
for every smooth manifold M with boundary, any smooth map OM — <7;/G can
be extended to a smooth map M — @7 /G.

We proceed to state and prove the main result of the section:

Theorem 56. Suppose given a finitely <f -determined multigerm

s

f=1s L®Y.0 = ®",0)

i=1
Then the quotient o7y /M C(<y) is contractible.
This proof follows that of Rimanyi [Rim96] for the monogerm case.

Proof. The following proposition is crucial to the proof:

Proposition 57. There exists an l € N such that the following holds:
If M is an r-dimensional manifold with boundary (possibly empty) and

g.h: (M x | |RN, M x| J{0}) = (M x R", M x {0})
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are fibered (over M) germs at M x | | {0} satisfying the following properties:
gloM x| |(RN,0) = hloM x | |(RY,0), and

F(glu x RY) = jY(hJu x RY) = j'f  Vu € M,
then there exist Y* € Diff(M x RY), k=1,...,s, and ¢ € Diff(M x R?) such that
g=d¢ohol] (W) and
YFlOM x RY =id, P|OM x RY =id,
P ux RYY =id,  jY(slu x RY) =id,
forallue M, k=1,...,s.
Remark 58. Paraphrased, Proposition 57 says that there exists a smooth map
¢©: M — o such that p|OM =id, jl¢ =id and g = ¢ - h.

Proof. We find the 9% and ¢ by using the flows of suitably chosen vector fields in
the source components and in target.
Let

F: (MXURNXR,MXU{O}XR)H(MXRPXR,MX{O}XR)

be the map germ defined by

From now on we denote by

U = (uz>7 xk = (l’f), Y= (%)7 t

the coordinates of M, the k™ source component RY, R” and R. We write F' =
|l;_, F*, and the notation F, will denote the composition prgr o F' and so on.
3.2.1. Constructing the diffeomorphisms. We want to construct flows ¥ and & in

source and target such that

U): (M x | ,RY xR) x [0,1] — M x | |,RY xR, ¥ =|]_, ¥
Ol: (M xRP xR) x [0,1] - M xR xR

with
Uk ((u,2%,0),s) € M x RN x {s},
©((u,9,0),5) € M x RY x {s},
for all s € [0,1], and
F(U((u,2,0),5)) = ®((g(u, 2),0),5) = ®(F(u, z,0),5),
which holds if
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Suppose that we have found such flows ¥ and ®, and define maps

U: M x || ,RY x [0,1] — M x | |,RY
O: M xRP x[0,1] = M x RP

by setting
U(u,z,s) = PIars| |, RN o ¥((u,,0),s)
®(u,y,5) = Prapcrr © P((u,y,0), 5),
and define
h: M><|_|RN 0,1 - M x R
by setting

ﬁ(u,z, s) = <<:I?8_1 oho @) (u,z,s),

where ®,(u,y) = ®(u,y,s). Note, in particular, that ®o(u,y) = (u,y), and that
U(u,z,0) = (u,z).

Lemma 60. Then ho h and h1 =g.

Proof. Tt is easy to see that hg = h:
ho(u,z) = h(u,z,0)

For the second identity we note that

hy(u, 2) = h(u,z,1) = 7 (A(T(u, z,1))),
so hy = ¢ if and only if (®; 0 ¢)(u,z) = (h o U)(u,z,1) for all u,z, which holds if
and only if
(61) d(g(u, x),1) = h(¥(u,x,1)) for all u, z,
where h(U(u,z,1)) = h(Pr sy g re (Y ((u, 2,0),1))). But
F (¥ ((u,2,0),1)) = ® (F(u,x,0),1)

by (59), and ® (F(u,z,0),1) = ®(g(u,x),0,1) by the definition of F', while
F (W (,2,0),1)) = (h (prapuqy e (W((w2,0),1))) 1)

also by the definition of F', so

and (61) holds. O
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In particular, <:D1_1 ohoW, = hy = g, and thus ¥; and ®; are the wanted
conjugating diffeomorphisms | |* and ¢.
Suppose that we are given map germs
XF: (M xRY xR, M x0xR)— (RY,0) (k=1,...,s)
YV:(MxRP xR, M x0xR)— (R 0)

such that the following conditions (62) — (65) hold:

n

aij k k k aij k k
(62) ; Fa. (0 OXF (b, 6) + =52 (w28, 0) = ¥ (F(u,a*, 1))

forallj=1,...,P,and k=1,...,s;

(63) XM x0xR=0(k=1,...,8); Y|Mx0xR=0;

2 (u,0,t) =0foralli=1,....N, (k=1,...,s);

(64)
g—;(u,o,t) =0forall j=1,...,P;
(65) XFloM x RY xR = 0; Y|OM x R x R = 0.

Consider the flows of the following vector fields:

X M xRV xR —TM x TRN x TR, (u,z*,t) — (0, X (u,z*,t),1),
Y: M xR xR TM x TRY x TR, (u,y,t) — (0,Y (u,y,t),1).

By (63) these flows exist at least in a neighborhood of M x 0 x R. Furthermore,
we see that the condition (62) is just the condition of being a derivative of F-related
flows, namely satisfying (59).

The maps U, = Ly Uk and @, associated with the flows of X* and Y as
described above clearly satisfy

TElOM x RN =id ~ &,|0M x RP =id
FHTFux RY) =id  j1(D|u x RP) = id

by (64) and (65). Hence, if we can find such vector fields X* and Y, we are done.

3.2.2. It suffices to find local (in M ) vector fields X* and Y satisfying (62) — (65).
It is enough to find the vector fields locally because the conditions are convex on
fibers, and we can piece local solutions together using a partition of unity.

We divide the problem into two parts:

Case I Find the local solution near (u,t) € intM x [0, 1], and
Case II Find the local solution near (u,t) € OM x [0, 1].
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3.2.3. Case I. Here (65) is meaningless, and (62) — (64) can be summarized in the
condition that

belongs to

i OF* OFF
N 2 Y1 o yp
Doy { (G5 )
k=1
Note that we identify the module of map-germs | |;_, (R",0) — R? with the direct

sum @;_, &(n,p) = D;_, (@pé"(p)>, and so on.
Any coordinate of the left is of the form

OF,. N ° OF,.
( Y (u, xk,t)> ~ |_| 8;’ (u, 2%, t) = hy, (u, ) — gy, (u, )

ot o -

1§i§N> 4 P (m(P)E(r + P+ 1),
&(r+N+1)

and lies in @;_, m(N)"™&(r+ N +1)", since g and h have the same [-jets in each
fiber.
Thus it suffices to show
@,_, m(N)FEr+ N+ 1)F
CtF(@,_, m(N)*E(r+ N+ 1)N)+wF(m(P)?&(r+ P +1)7),
where tF' and wF' are defined as on p. 12.
Since f is finitely 7-determined, we know that

(67 @Pm)1EN)" C tf(E@mN)?EN)Y) +wf(m(P)E(P)")
k=1 k=1

(66)

for some ¢ € N [Mat68a, Chapter 6, Lemma 2.

3.2.4. (67) implies (66). First, we compare the right hand sides of (66) and (67).
The following diagram, where the vertical maps are induced by inclusions, does not
commute:

®5<N>N v E(N)P Y &(P)P
k=1

N

=1

but we can say something about how far from commuting it really is.

Lemma 68. If o € &(P)F, then wF (o) —wf(p) € @i, m(N)E(r+ N + 1),
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Proof. Since wF(¢) = | [;_, ¢ o F* and similarly for f, it suffices to show that
the corresponding monogerm claim holds separately for each F*. This goes as in
[Rim02, Lemma 2.3]. O

Lemma 69. If ¢ = (pi)i_; € By, E(N)Y then tF(p) — tf(p) € Py m(N)'
E(r+ N+ 1)F.

Proof. Since tF((pr)i_y) = |li—, TF* o ¢, = ||;_, tF*(px) and similarly for f, it
suffices to show that the claim holds separately for each F*. This goes as in [Rim02,
Lemma 2.4]. O

Denote by U the intersection

- (t i (@m(N)Qé"(N)N> + @m(N)qé"(N)P) Nm(P)?&(P)F,
k=1 k=1

where ¢ is the number from (67). This is an & (P)-submodule of &(P)¥. Denote by
V the &(r + P+ 1)-submodule of &(r + P +1)f generated by the image of U under
the natural inclusion &(P)F — &(r + P+ 1)F.

3.2.5. We claim that:
wF (V) +tF(@;_, m(N)?E(r + N+ 1)N)
(70) + @;_, m(N)m(r+ N +1)79&(r + N + 1)
= tF(@h=y m(N)*E(r + N+ DN) + @iy m(N)1E(r + N +1)".

Note that in order to show ”C”, it is enough to show
F(U) C RHS,

since RHS is an &(r + P + 1)-submodule of 0.
Let v € U; then v = wf~ ' (tf(&) + ¢) for some & € @,_, m(N)?E(N)Y, ¢ €
Di— m(N)IE(N)”.
Then
(*) (%)

wk(v) = (wF(v) —wf(v)) + {Ef(€) = tF () +C + LF(E).
By Lemmas 68 and 69, the element (x) lies in @;_, m(N)"™&(r + N +1)F, and
the element (xx) lies in @;_, m(N)'€(r+N+1)F. Choosing | > ¢ in the statement
of the proposition, we have

@m NYE(r + N+ 1) +tF( @ m(N)2E(r + N +1)N),
k=1
giving LHS C RHS in (70).
In order to prove RHS C LHS in (70), it is enough to prove

@m Y1&(r+ N+1)F c LHS.
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Let p = (pr)i_s € Bjy m(N)IE(r + N + 1)F — then for each k =1,...,s,

pe(u,z,t) = 29 (h’g(x) + sh(t,u)hl(x) + ... + sfqul(t, u)hfqul(x)
+ st (tw)hp (u, 1))

where s¥(t,u) is a homogeneous polynomial in ¢, uy, . . ., u, of degree i, and the h¥ are

smooth maps RN — R” for i < I —g¢, and the hj_, are smooth maps R™*"*' — R”.
The last term sf_(t, u)hi_,(u,z,t) is in m(N)9m(r+ N +1)"€(r + N +1)" as

in the LHS of (70) by definition. Furthermore, LH S is closed under multiplication

by t and u; hence it is enough to show that (zfhé(z));_, € LHS for any given hf.
By (67) we can write (zfhk(z))i_, = tf(€) + wf(C) for some elements

¢e @PmN)EWN)Y, ¢ e m(P)*E(P)”.

Thus
(*) (+%)

A

| | 2b(x) = T ©) = tF () + wF (©) = wF(Q) + tF(E) + wF(C).

k=1

Now, (x) and (x*) lie in @;_, m(N)'E(r+N+1)" and @;_, m(N)"E(r+N+1)7,
respectively, by Lemmas 68 and 69. It follows that (x), (xx) C LHS of (70), since
m(N)! and m(N)"*! both sit inside m(N)%m(r + N + 1)1

The last two terms lie in LHS by definition. Hence, (70) holds.

Next, we prove (66) using (70) and a Nakayama-type of argument. We will use
the following lemma by Mather:

s

Lemma 71. [Mat68a, Theorem 1.13] Let G: | |;_,(R",0) — (R?,0) be a smooth
multigerm. Let A be a finitely generated &(p)-module; let B and C' be @, _, &(n)-
modules (with C' finitely generated), 3: B — C an @,_, &(n)-module homomor-
phism; a: A — C' a homomorphism over G*: & (p) — @;_, &(n). Denote by a the
integer dimg A/m(p)A.

Then a(A)+B(B)+(G*(m(p))+Bi_, m(n)*HC = C implies a(A)+3(B) = C.

Remark 72. Suppose that D C C such that

(73) a(A)+3(B)+D=C

and

(74) D C (G*(m(p)) + @ m(n)*)C.
Then

(75) a(A) + B(B) = C.
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We are going to use Lemma 71 with the substitutions:

A=V

B:=@,_ m(N)?&(r+N+1)V
C:=tF(@,_,m(N?*Er+N+1)N)+H,_,m(N)Er+N+1)F
D:=@,_,m(N)m(r+ N+ 1)"1&(r+ N+ 1)F

G.=F
o= wkF
B :=tF

We check (73) and (74) — we see that (73) is exactly (70), and (74) is

@,_,m(N)im(r+ N+ 1)"1&(r+ N + 1)
(76) C (F*(m(r+P+1))+@,_,m(r+ N +1)+).
(tF (@i, m(N)2E(r+ N+ 1)N) + @;_, m(N)1&E(r + N + 1)F).

If we choose | > a + ¢+ 1, then (76) must hold. Thus (75) holds, which with our
substitutions is exactly (66).

3.2.6. Case II. We solve the problem locally near a point in M x [0, 1], by reducing
to the Case I.

Extend the map F: | |,R} xRY xR — R} x R xR toamap F: | J,R" xRV x
R — R" x R” x R still satisfying the conditions on F in the theorem. We need to

show that
OFk oF, \
ot T ot
k=1
[k ik
(77) EnﬂNVmﬂ)(BLﬂ<(%%rn,ﬁf)U:ﬂw.wN>
' ' E(r+N+1)

+ F* (m(P)?m(D)Er + P+ 1),

where m(1) refers to the ideal generated by the 1% local coordinate u; of M (and
where OM is defined by u; = 0).
By (65), and because g and h have the same [-jets, LHS of (77) is contained in

ém(l)m(]\f)l*l(f(r + N +1)F.

J/

-~

(%)

Hence it is enough to show that (x) C RHS. Multiply (66), which we proved to be
true in Case I, by m(1), and we see that

ém(l)m(N)lHé"(r +N+1F
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is contained in
s 8F§1 OFF .
i m(NPm()((F2 . G ) 1< i < N)
+m(1)F* (m(P)2E(r+ P +1)".

Hence it is enough to prove that

E(r+N+1)

m(1)F* (m(P)2E(r + P+ 1)) € F*(m(P)*m(1)&(r + P + 1))
This is clearly true, since a coordinate of the left hand side can be written in the
form

up-(nokF)
for some n € (m(P)?&(r + P + 1)), while a coordinate on the right hand side can
be written in the form
(ug -m) o F.
Hence the two sets are equal, and the proof of Proposition 57 is finished. 0

We may now return to the proof of Theorem 56.
Denote by 2! the Lie group of I-jets of elements of .7 and set

,fol:{(zl,...,zs,zt)Edl|ztojlfo(zll_l...l_lzs)_1:jlf}.

For a sufficiently large [ € N, the image of a maximal compact subgroup of <7}
under j! is a maximal compact subgroup of 437} Let G be a maximal compact
subgroup of @7;. By replacing f by a suitably chosen representative of its .7-
equivalence class, we may assume that G acts linearly.

Given a manifold with boundary M, we must show that any smooth map

a: OM — /G
extends to a smooth map

a: M — o /G.

Lemma 78. Suppose given a smooth map a: OM — </;/G. Then there exists a
smooth lift &: OM — <;:

Ay

OM —— /G

Proof. By the definition of a smooth map into o7;/G, there exist a covering {U, }ies
of OM and smooth local lifts a;: U; — @7 such that m o a; = a|U; for each i € I.
We need the lemma:

Lemma 79. There is a G-equivariant map h: mffl — G.
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Proof. Since Jaf} is a Lie group, the quotient map ,Q%fl — ,@7; /G is a principal G-
bundle projection, and since G is a maximal compact subgroup of #7}, the quotient
Qf} /G is contractible. Hence the total space sz; is G-equivariantly equivalent to
G x @/} /G via a G-equivariant diffeomorphism ¢: @/} — G x @/}/G. We set h to
be the projection prg o . 0

We continue the proof of Lemma 78. Using Lemma 79, we can form a map
. 7
glUl&?JZ{fJ—)JyfllG

for each i € I, and we define &: OM — &} by setting &(z) = g;(x) -, (x) whenever
x € U;. We show that « is well-defined:

Suppose that © € U;NU;. There exists a unique g € G such that a;(z) = g-«a;(z).
Then

gi() = h(5'(ei(2))) = h(j'(g - a;(x))) = g M5 (e;(x))) = g - g;(x),

gi(x) i) = (9-g5(2)) " g oy(a) = gj(x) g7t g ay(x) = gi(a) - ay(a),

and it follows that & is well-defined. Furthermore, since & is locally smooth, it is
smooth. This concludes the proof of Lemma 78. O

Corollary 80. The proof of Lemma 78 holds also when /; is replaced by all of
o/, and if OM is replaced with any manifold (possibly with boundary) M. Hence,
when G is a mazimal compact subgroup of <7, any smooth map M — <7 /G admits
a smooth global lift M — of . O

Remark 81. Janich [Jdn78] and Rimanyi [Rim02] construct a lift & by using a
section o: o7y /G — oy lifted from the section o' : @7} /G — </}, which exists because

2/} /G is contractible. See the diagram (82) below. However, neither of them explain
why it is possible to construct such a section o, and we have not been able to come
up with a proof.

)
R —
A

A |G —a A5 |G T W;/G A ﬂf;/G
Consider the composition
B=joa: 0M—>42ff/G—>427fl/G.
Since %} /G is contractible, we can construct an extension

B: M—>;2ffl/G,
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l

and composing with the section ¢’ we obtain a map

v: M — %}/G — ﬂffl

Lemma 83. There exists a smooth map 6: OM — G such that
jlo(6-a): OM — o]

coincides with ~y|OM .

Proof. Construct smooth maps
d1: OM — G, 6, = ho~v|OM,
09: OM — G, 03 =hoa,
and set § = d; - 5, '. Then
jo (6-6) = 1loM
if and only if
(84) pojlo(d-a)=ypoyldM,
and it is clear from the commutative diagram below that
pr%;/coépojlo (0-a) =nlojlo(s-a)
— 7Il Ojl o0&
— Bloi
= DLy 0@ 07O,

df ——— 3

e

— A} |G — Gx d}/G

OM ———— /G

|

M
while
prgopojlo(d-a) =hojlo(d-a)

=6-(hojloa)
= (hoy|OM)-(hojloa)™ (hojloa)
= ho~y|OM
= prg o p o y|IM.

Thus (84) is true, and this concludes the proof of Lemma 83. O

By Lemma 83 we see that replacing the old map & by ¢ - &, we may assume that
jloa = |0M. This will enable us to construct a map a: M — &/ which extends
&. Without the assumption j' o & = y|0M we risk — for instance, if M = [0,1] —
that j'(@(0)) and j'(@(1)) end up in different components of @7f, in which case an
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extension of & is impossible. This, however, is not crucial in order to get the map
into 27y /G.
As a first step, we construct a map

o M — ey = {p € d|j'o € o},
extending &, and in particular such that Te/y, © o' extends our map
8M ﬁ) ,;z{f/G — ,!y]lf/G,

where the second map is induced by the inclusion, and such that j'o/ = .
In order to do this we must construct diffeomorphism germs at M x {0}:

Fy=l_ Ff: (UM xRN ||, M x0)— (L], M xR,[ |, M x0)
Fy: (M xRP,M x0) — (M xRP, M x 0)

from given germs in M x | | RN and M x RP, and where the [-jets are given
everywhere.

We go through the construction for one of the F¥; the proof for F} is similar. If
we can find FF locally, then we get a global solution by using a partition of unity
to add the solutions together fiberwise. This gives a diffeomorphism germ since the
l-jet, and thus in particular the differential DFF, is fixed everywhere.

At points in the interior of M, we can just define the local FF by taking the [
degree polynomial representative of the given jet. Near points in M, we construct
the component functions of the local F¥ in the following way:

Given a polynomial P of degree [ in the variables xy,..., x5y with coefficients
from the ring &(r) of smooth functions in r variables, and a smooth function

po: RT1*Y — R such that
jglcp(] = P(O,Ug, ey Upy Ty - e 7ZL'N)7

(here the coordinates of RY are denoted by x; and the local coordinates of M are
denoted by u;, where OM is given by u; = 0) we construct a smooth function
p: R™*N — R such that

p|{U1 = 0} = Do,
and
itp = P(uy, ... up, 1, ..., 2N).
One function which satisfies all of the above, is the following:
p(u,x) = po(ug, ..., ur,x) — P(0,us, ..., up,x) + Plug,...,u,x).

It follows that the map o': M — 7, exists, and it is represented by F =
(F},...F}, Fy). We use it to construct the wanted extension a: M — o/;/G:
We compare the maps

¢ M x| |R" > M xR v=1,2
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given by
G1: (u, ) = (u, (' (u) - f)(x)),
G2 (u,z) = (u, f(z)).
These two maps coincide on M x | |, R", and their I-jets coincide at each M-level,
thus we can apply Proposition 57 to find a smooth map ©: M — & such that
V- 1 = @9, j'p = id and such that |0M = id. Now the map
a:M—dy, a=1iy- o,

is an extension of & and j'& = v (because j'v = id). Most importantly, it defines
an extension @ = moa: M — 4/ /G of a. O

From the proof of Theorem 56, we see that the following corollary also holds:

Corollary 85. Suppose that G' is a mazimal compact subgroup of </y. Given a
smooth map a: OM — <y, we can find a smooth map v: OM — G and a smooth
map &: M — o/ such that &|OM =~ - «. O

3.3. Factorization of M (C/(47) for multigerms. The main goal of this section is
to prove that maximal compact subgroups of 7; for multigerms f decompose into
products of maximal compact subgroups of <7, for minimal representatives g; of
their associated monogerms:

Theorem 86. We are given a ministable multigerm
f=fAU...Uf;:@®RY0)uU...u®RY 0 — (R 0),

where

(87) fi=oio(gxid): R" x J[ R “5 R x [ RY 2 [[R”,
=L =L =1
where g; is a ministable unfolding of a rank O representative h;: R™ — RPi of f;,
and where N =n; + >, ,;pj and P =377 p;.
Then the maximal compact subgroup factors as

MCO(ay) = [ MC(e,) = [ [ MC(A,).

j=1
Remark 88. When s = 1, this is [Wal80, Proposition 3.2].

Before proving this theorem, we need to study relations between maximal compact
subgroups of J#- and .@/-equivalences, the monogerm versions of which are well
known. The following lemma is analogous to [Rim02, Theorem 1.1].

Lemma 89. Let f: | [,(R",0) — (RF,0) have rank 0 and let F: || (RY,0) —
(R¥,0) be a ministable unfolding of f. Suppose that G < o is a compact subgroup.

Then there exists a compact subgroup of K&} which is isomorphic to G. In particular,
MC(elp) < MC(H#5).
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Proof. Since G is compact, there exists h € & such that Gy = hGh™! is linear.
If Fo = h-F, then Gy < o,. We construct a map fy ~ f such that Fp is a
ministable unfolding of f.

Denote by I'(Fp) the graph of Fy. If we write Fy = | |,_, F¥, then

s

L(Fy) = | r#E) = | {(@ Fy(@))le € RV}
k=1

k=1
Since Gy is linear and I'(Fp) is Gp-invariant, the tangent space
Tol(Fy) € RV U...URY) x RP

is also Gp-invariant.
Define subspaces
AP = To(D(EF) N (RN x {0}),
C* = prge (To(T(£y))),
which are also Gy-invariant. Choose Gy-invariant complements B* and DF of A*
and C* in RY and R’ respectively. Then A* = R" B* =~ R", C* =2 R" and
DF > Rp.
Denote by fy the map germ
|_| fe. |_|(per o F¥)|A*: |_|R” — RP.
k=1 s

k=1

We shall prove next that through its action on | J;_; RN x R”, Gy is a subgroup of
Ky = Hp X oo X Hps

3.3.1. Fy is a ministable unfolding of fy. It follows from the definition of C* that
prow o Fy is a submersion for each k, so in particular the inclusion of D¥ in RY is
transverse to the germ F¥. Furthermore, the diagram

k s k
A D R?

]

A’“xB’“TD’“xC’“%R”xRT
0

is trivially Cartesian for each k, and it follows that F{ unfolds fy,. The unfolding Fy
is ministable because it is .&7-equivalent to the ministable map F'.

Note moreover that since Fy and F are o/-equivalent, the maps f and f; must
be J# -equivalent.

Project the group

Go < f[GL(Ak) x GL(B*) x GL(C*) x GL(D")

k=1
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onto
(90) [ GL(A") x GL(DY);
k=1

then the resulting group lies in 42401 X+« X s, 0 in particular it must lie in 7.

3.3.2. The projection restricts to an injection on Go. Equivalently, the action of G
on the A* and on DF determines the action on the B* and C*. The actions on
A* C% and D* determines that on B* (being a germ, Fy is level-preserving if the
coordinates on B* are appropriately chosen), thus it is enough to show that the
action on C* is determined by that on the A* and DF.

Recall from Chapter 1 that for a general ministable multigerm

n= |_| Mk - |_|(RN70> - (RP,O),
k=1 k=1

we define

Ny = 977/”7(@ O(RN,O)) + " (m(P))6y.

Each n;, is o7-equivalent to a germ
’ﬁk X idekJ

so that 7 : (R™,0) — (RP*,0) is ministable and has an isolated singularity.
We can decompose

97] = @Z:l an
tn(ED Own0)) = By t(O(rr 0))
n*(m(p)fy = {fonlf: (R?,0) — (R,0)} -6, = @;_, ni(m(p))oy,

and see that

My Z Dy O/ Dy (t1(Omn 0)) + 1 (m(p))0y)
% @gﬂ enk/ (tnk(e(R",O)) + nZ(m(p>)90k)

In our situation, we write Fy = | |;_, F¥ with Ff = o4 0 (Fok X idRpfpk> and

Z:—'é“: R™ — RPx,
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In the diagram

S S

RF = @RP’“ = @ (Q(Rpk,o)/m(pk)e(RPk ,0))

k=1 k=1

‘wF():@ wky

S S
ary, fo
Ny = P A 2 P N = N,
k=1 k=1

there is a naturally defined Gy-action on each of the spaces, and both maps wFj
and g, f, are Go-equivariant. Hence the action on .4}, determines that on R”, and
in particular that on the C*. It follows that the projection (90) is injective on Gj.

Hence Gy can be viewed as a compact subgroup of #%,. Since the germs f and fj
are J£ -equivalent, the compact subgroups of %% and %%, are conjugate in 2. There
is thus a compact subgroup of %} which is conjugate in £, and hence isomorphic,
to G, which again is isomorphic to G. This concludes the proof of Lemma 89. [J

Proof of Theorem 86. Denote by h the rank 0 multigerm | |7_, h;. Now we merely
put the pieces together:

Lemma 89
MC(ay) T Mo(n)
Proposition 45 s
= [Ii-s MC(Ar,)
Remregk 88 s
= Hi:l M C(%i)
< MC(Wf),

where the last inequality is most easily seen to hold by considering the form (87)
and taking each ((¢;, ¢;)i_,) € [[;_; MC(<,) to the element

i

<|_|gb1><...x¢,~><...><gbs,¢1><...><¢s>.
i=1

But then the theorem holds. O

3.4. Computing maximal compact subgroups. We give some results facilitat-
ing computation of maximal compact subgroups of ¢} for finitely determined rank
0 germs. Since we have shown that maximal compact subgroups of J; for multi-
germs f can be decomposed as a product of maximal compact subgroups for the
corresponding monogerms, it is enough to prove these results for monogerms.

Theorem 91. Let f: (R",0) — (RP,0) be finitely £ -determined, with p < n and
Tof =0. Ifp>1, orif p=1 and j*f =0, then MC(%}) is < 1-dimensional, and
if p=1 then it is 0-dimensional.

For p = 1, this is related to a theorem by P. Slodowy:
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Theorem 92. [Slo78, Satz p. 169] Let f: (R™,0) — (R,0) be a germ such that
72f = 0 and f is finitely Z-determined. If a compact group G acts faithfully and
linearly on R™, leaving f invariant, then G is zero-dimensional. U

Remark 93. By [Wal81, Theorem 4.6.1], any # -finitely determined function germ
is Z-finitely determined.

Corollary 94. Let f be as in Theorem 91 with p = 1, and let G < %y be a compact
subgroup. Then G is zero-dimensional. 0

Theorem 95. Let f be as in Theorem 91 with p = 1, and let G < J; be a compact
subgroup. Then G is zero-dimensional.

Proof. Changing f by a . -equivalence, we may assume that G acts linearly by
Lemma 48. Note furthermore that changing f by a £ -equivalence will not change
the fact that j2f = 0.

Linear subgroups of % lie in &/ by Lemma 46; hence we can assume G <
GL, x GLy = GL, x R*. The projections from GL, x R* onto GL,, and R* are con-
tinuous homomorphisms, and take G to compact subgroups G < GL, and Gg < R*,
respectively. Since Gy is a compact subgroup of R*, we must have Gg < {£1}.

Having this in mind, we see that G splits into two parts, namely

éﬂ%’f andH:{g€é|g-f:—f}.
The group G N K is finite by Theorem 92, but what about H?

Since G is a Lie group, we must either have G discrete, or G N Z ¢+ C OgH with
dim H > 1. Suppose the latter. Then we can form a continuous path : I — G such
that v(0) € Z; N OzH and () € H for t # 0. Then we have () = v(0), and for
any given x € (R",0) we have f(v(t)(z)) =) f(v(0)(x)), since G is a matrix group.
But by the definitions of H and %y, we have f(vy(t)(x)) = —f(z) when ¢ # 0, while
f(v(0)(x)) = f(x), so unless f(x) = 0, this must be false. We have f(z) # 0 for z

arbitrarily close to 0 € R", and hence we cannot find such a path v. But then G
must be discrete. Being a compact discrete set, G is finite. 0

For p > 2, C.T.C. Wall has proven an analogous result over the complex numbers:
Theorem 96. [Wal80, Theorem 3.3] Let f: (C™,0) — (CP,0) have finite singularity
type, 1 <p <n, and Tyf =0. Then

dimGy <1,
where Gy is a maximal complex reductive subgroup of H5. O

We shall pass from Wall’s result to the corresponding claim over the real numbers
from Theorem 91.

Proof of Theorem 91. Denote G = MC(#}) for short. By Lemma 48, we may
assume, up to a change of coordinates, that f is a polynomial and that G is linear.
In particular,

G < ;N (GL, x GL,) <
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by Lemma 46.
There is a corresponding complex polynomial

fc: (C*0) — (CP,0)

with the same (real) coefficients as f. Then f¢ is finitely J# -determined as well
[Wal81, Proposition 1.7], hence has FST.
Viewing G as a subgroup of

GL(n,R) x GL(p,R) < GL(n,C) x GL(p,C),

we denote by G¢ the Zariski closure of G in GL(n, C)xGL(p, C). By Schwarz [Sch89,
2.2-2.6], the set G¢ is a reductive complex algebraic subgroup of the algebraic group
GL(n,C) x GL(p,C), and if we write g and g¢ for the Lie algebras of G and Gg,
respectively, then gec = g + 1g.

We argue that G¢ < 7., which will prove that dim¢ G¢ < 1 by Wall’s theorem
(that is, Theorem 96).

The action of G¢ on (C",0) x (CP,0) is algebraic, and hence Zariski continuous.
Viewing G as a subset of G¢ with the induced Zariski topology, the maps

d:G—-C, g (g9-fclz)
Pc: Ge — CP, ge — (gc - fo)(2)

are Zariski continuous for any fixed z € C”, and ®¢ is a continuous extension of ®.
The map ® is constant, because G < &7y and hence g - f = f for all g € G. But
G is Zariski dense in G¢ by [Sch89], and points are closed in the Zariski topology
on CP; hence ®¢ must be constant as well. Since this holds for all z € C", it follows
that G¢ < @7}, and dim G¢ < 1 by Theorem 96.
Then dime ge < 1, and since gc = g + ig, we must have dimgg < 1, and in
particular dimg G < 1. O

3.4.1. Computation of maximal compact subgroups. Using the results above, we are
able to perform some actual computations.

Theorem 97. Let f: (R?0) — (R,0) be one of the map germs

a) (x,y) — y* + dya® + ™,

(%8) D) (o) — 2l + Aga® + ),

with p > 1 and X # 0 (that is, f is a normal form up to J -equivalence for the
E,o(N)- or Z,o(N)-singularity, both of which we shall meet in the next chapter).

These are weighted homogeneous polynomials as defined in Chapter 2.4, and f is
R*-equivariant. But then R* < oy < ;. We claim that {£1} < R* is a mazimal
compact subgroup of .

In order to simplify calculations, we decide to work not with f, but with the
Z-equivalent function germs f: (R? 0) — (R,0) given by

flz,y) = f(y.z): R > R,
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that is
a) (z,y) = 2° + Aay® +yF,
b) (z,y) — y(@® + Azy® + yP).
The maximal compact subgroups of J£; and e%/f are conjugate in %, so they are
isomorphic.
Let G < #; be a maximal compact subgroup. Suppose that (I, (hy,hs)) € G,
which acts on f by

<l7 (hla h2)) ' f(xay) = Z(Q},y) ’ f(h1($,y),h2(l’,y)).

We note that [ is completely determined by (hy, ho); in other words G is determined
by its action on the source space, and the projection

p:%:(gN%—)%, (l,(hl,hg))'—)(hl,hz),

restricts to an injection on J£y. We start out by investigating the 1-jet of h =
(h1, ha), denoted

1, _|a B
Jh= [ v 5 } .
Proposition 99. In this situation,
a) f=0,
b) a,d € {£1},
c) jlth = i L | can only hold if v =0,
[ —1 0
1y
d) jth = KR } never holds,
1 [ -1 0 L
e) jth = v -1 can only hold if p is odd,
L [1 0 L
f) j'h = v -1 can only hold if p is even.
Proof.

a) Consider

. a) U(h3 + Mhoh® + hP)(2,y),
o) Tt hafa) = { ) A R

There is a term of weight < 3p if and only if h; has a term of weight < p,
but even then the terms A3 and Ahih5” cannot add up to the same weight.
Thus, h; has no term of weight < p; and its 1-jet j'h; is just ax for some
a € R, and hence, g = 0.

b) By Theorem 91, G is finite, so j'G is finite, and (j*h)" = 1 for some n € N,

But
1\n a” 0
g =]

so we must have a, 0 € {£1}.
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c) Asin b), we use the fact that (j'h)" =1 for some n, and note that

R

ny 1

so we must have v = 0.

Suppose that we have jlh = [ _71 (1) ]; then

hi(z,y) = —x + ay? + ﬁl(x, ), jlle =0,a € R and jple
) is a function of z.
hg(x,y)=7$+y+h2(9§,y), j1h2:0~

Then f(z,1y) equals, up to multiplication with I(z,y) "

9

f(hl(x7 y), h2<x’ y))
(Y + Ahah3” + h3') (2, y)
ha(h3 + Ahih3? + hy)(z,y)
(—z + ay?)® + M~z + ayP)y*? + y*» + HO.T
y (=2 +ay?)’ + M~z + ay?)y* + y* + HO.T)
a) (=)’ +3(-2)%ay” + 3(—x)(ay”)* + (ay")* — Azy®
+ a\y* + y* + HO.T
TN 0 v (—2) + 3(—2)2ay? + 3(—x)(ay?)? + (ay?)? — Aay?
+ a\y* +y* + HO.T)
a) —z®+ 3azx’y? — 3a’zy*? + APy — Ary® + a\y®? + y*P
+ H.O.T
b) y(—2%+ 3ax?y? — 3a’xy® + Py — \xy® + a\y>P + P
Y HOT)
a) —z®+ 3azx’y? — (3a + N)zy*? + (a® + a\ + 1)y*’ + HO.T
=< b y(—2®+3ar*y? — (3a+ N)zy* + (a® + a\ + 1)y’
Y HOT)

|
~—" "
S Q
— Y

which implies 3a = 0, 3a+ A = A and a® + A\a+1 = —1, which is impossible.

-1 0

Suppose that we have j'h = { S } . Then we can write

hi(z,y) = —x + ay? + hi(z,y) j'hy = 0 and j2h, is a function
of x,a € R.
hg(l’,y) :737_ZJ+]12(3773J)7 j1h2:0-
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We write the progf for the case a); the proof b) follows the same recipe just
like in d). Then f(x,y) equals, up to multiplication with I(z,y)™,

f(ha(,y), ha(x, y))
= (hf + Ahah” + h3") (. y)
= (=2 +ay?)’ + M~z + ay”)(~y)* + (—y)* + HO.T
= —23 + 3az?y? — 3a’zy® + aPy*P — Axy®? + a\y®P + (—1)%Py*P
+ HOT.
= —2% + (3a)z?y? — (3a® + Nzy®? + (@ + a\ + (—1)*?)y*’ + H.O.T.

which implies 3a = 0, 3a®> + A = A and a® + a)\ + (—1)% = —1, which only
holds if @ = 0 and p is odd.

f) Suppose that we have jlh = [ i _01 } . Then we can write
h(z,y) = x4+ ay? + hy(z,y) j'hy = 0 and jPhy is a function
) ofo, a € R.

hao(z,y) = v —y + ha(z,y), j'he =0.
Again, we write out the calculation for the germ a). As in d), the calcu-
lation for the germ b) is completely the same. Then f(z,y) equals, up to
multiplication with I(x,y)™?,
f‘(hl(xa y)a h?(x7 y))
= (h{ + A b’ + hy") (x, y)
= (z +ay”)’ + Az + ay”)(=y)* + (—y)* + HO.T.
= 23 + 3ax?y? + 3a’xy® + aPy*P + Azy®? + a\y®P + (—1)%Py*P

+ HO.T.
=23 + (3a)z*y? + (3a® + N)zy® + (a® + aX + (—1)*)y*’ + H.O.T.
which implies 3a = 0, 3a> + A = X\ and a® + a)\ + (—1)% = 1, which only
holds if @ = 0 and p is even.

And this ends the proof of the proposition. O

We have now showed that G consists of the identity and

i)
ii)

elements (I, (hy, hy)) such that j'h = { —71 _01 } if p is odd, or

elements (I, (hy, hy)) such that j'h = { ’1y _01 ] if p is even.

Proposition 100. Let G be a mazimal compact subgroup of A%, and let the triple
(I, (h1, ho)) be an element of G such that

i)
if)

. -1 0
1l

. 1 0 o
1
jh—[7 1]zfpzseven,

], if p is odd, and
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for a fixed number v € R. Then

i) y=0, or
ii) there is no other ' € R such that G also contains an element (I', (h}, h}))

o 1 0

11,7
with j*h' = {’y’ _1].
As a consequence, G = 7.
Proof.

i) Now j!G is finite and contains

R | PR R

I 1 0 -
and hence also [ DV } = { “ony 1 1 for all n € N. This is only

possible of v = 0.
ii) If (I, h) and (I, b’) are both in G, then the 1-jets of h and ' are both in j'G.
But then again, so is their product:

[1 0 ][1 0 '_[1 0}
vy —=1] |9 -1 y=7" 1

Set 6 =y —+'; now also
rol” [1 0
6 1| [ né 1

is contained in j'G for each n € N. Thus the only way that j'!G can be

finite is if 6 = 0; that is v = ~/.
This proves the proposition. U

Corollary 101. We return to the original polynomial f; from the previous propo-
sition we can conclude that MC(#}) = Zs.

Proof. We know that f and f are ¥ -equivalent, hence MC (A7) and MC(5) are
isomorphic, hence MC/(#%) is isomorphic to Zs. O

Proof of Theorem 97. We have noted that R* is a subgroup of J#}; hence the maxi-
mal compact subgroup of R* will be a compact subgroup of %}, and it will be con-
tained in a maximal compact subgroup of J#;. But the maximal compact subgroup

of R* is {£1}, which is isomorphic to Z,. Hence the maximal compact subgroup of
H containing {£1} is just {£1} itself. O

3.4.2. Consequences for @/p for a stable multigerm F. The previous results allow
us to really compute maximal compact subgroups of @7, for stable multigerms F’,
and we can deduce some very nice properties of @7 itself.
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Corollary 102. Suppose that F': |_|S(]RN, 0) — (R¥,0) is a ministable multigerm,
unfolding the rank 0 multigerm
F=1r L ®e0)— (R, 0),
i=1 i=1

where the f; are of the form (98). By Theorem 86 and Theorem 91, we have

MO(etp) = f[Mo(%) >~ {41} x ... x {£1),

-—
s times

and in particular, MC (<) is finite. O

4. CONSTRUCTION OF E-TAME RETRACTIONS IN EXAMPLES

4.1. E-singularities. We study the singularities £, with normal forms

(103) (7,9) = y* + ya®W,_(z) + 2%
and

(104) (2, y) =y + ya™ + 2 W, . (x)
where

W, 1(z) = wo +wiz + ... + wy_o2P 2.
We require that 4w3 + 27 # 0 or 4+ 27w? # 0, respectively, in order to have finitely
H -determined germs.
Different values of wgy or 7 = min{i > 0|w; # 0} in the maps (103) and (104) give
J -distinct germs, and the . -equivalence classes of singularities of type E, o are
parametrized by wyg € R and » = 1,...,p — 1 through the representatives

(105) y® + yr?? (wy + ") + 2%,
and
y® 4+ yr® 4+ 2% (wy + 7).

These representatives do not only describe a subset of the set of maps, but descend
to representatives of classes in the set of germs (R™,0) — (R™~!,0), and jet space
J¥(m,m — 1) modulo &.# -equivalence, where & -equivalence refers to extended
J -equivalence, as defined in Chapter 1. Taking .# -saturations, we obtain JZ -
invariant subsets of the space of germs, and of jet space.

In fact, the cases of (103) and (104) where r = p — 1 are equivalent to the cases
with W,_1(x) = wy, and we obtain the weighted homogeneous normal forms

(106) y* + woyz® + x*
and

(107) y* + yr® + wox™
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They admit standard ministable weighted homogeneous unfoldings Fi,g): R? X
R%=3 — R x R%~3 given by

3p—2 3p—2

(108)  (z,y,1,0) = (° +woya™ + 2% + Y wa' +y Y vjal,u,v),
i=1 §=0

and
3p—2 3p—2

(109) (ZE, Y, u, Q) = (y3 + yx2p + w0x3p + Z uixi + Yy Z vjxj7ﬂv Q);
i=1 §=0

where the weighted homogeneity is obtained by assigning appropriate weights to the
u; and v; variables. Note that all the normal forms given in (103) and (104) appear
as germs at appropriately chosen points, on appropriately chosen submanifolds of
source and target, in (108) and (109).

We can prove that all the cases of (107) with wy # 0 are @7-equivalent to some
case of (106) with another wy # 0; more precisely, we show that a germ of the form

(110) y® 4 ayz® + ba’P,

with a,b # 0, can be taken to the form (106) by a smooth change of variables.
Transform z ~» —x; then (110) becomes
b3p

7+ ay(il)m’x% + b(il)?’px?’p = y® + ab 3yz® + 2%,
E7 b3r
and it follows that (110), and in particular (107), is «/-equivalent to a germ of the
type (106).

In a moment, we shall justify treating only the cases with wy # 0; for now we
just accept the decision to leave the wy = 0 germs out, and conclude that then we
only need to work with the case (106). Upon simplifying our normal form to (106),
we simplify the writing a little more by renaming wg ~~ A, giving the normal form

(111) fwo N (@, y) = y° + Ayz™ + 2.

It turns out that the weights assigned to the u; are always positive, while p — 1 of
the weights assigned to the v; will be non-positive, and we consider the restriction

F(;[)) = Fpol{(z,y,u,v)v; = 0 if wt(v;) < 0}: R — R»,
We know that F7 . is not smoothly stable, but by constructing a retraction

(p,0)
(r,8): Fipoy — F (;0) which is E-tame, we can show that F’ (J;’O) is topologically stable
(in fact, it is topologically ministable), and that the topological type of smoothly
stable £, () germs is constant for A # 0. It has been shown [dPW04, Theorem 2.3]
that the germs corresponding to wy = 0 in (106) and (107) admit some deformations
which are different from those which we find for wg # 0; hence we cannot find our
retraction unless we also require that wy # 0 — and our decision to leave the wy = 0
case out is thus justified and necessary.



71

We shall see that by finding E-tame retraction germs for the weighted homoge-
neous case (111), we actually obtain E-tame retraction germs for all the cases (103)
and (104) with wy # 0 by using the R-action, see Section 4.3.

Topological triviality of a weighed homogeneous, smoothly stable unfolding over
its positively weighted part was shown for E5,(A) (A # 0) by Damon and Galligo
[DGI3]; however, their trivialization does not prove topological stability. Topolog-
ical triviality and stability for Eyo(A) (A # 0) was shown by Looijenga [Loo77] a
long time ago. Tame retractions for Eo(\) and Eso(\) are constructed in the book
by du Plessis and Wall [dPW95], and we will construct E-tame retractions for these
as part of our construction for Fyo(\) (A # 0).

4.1.1. Presentation of E-singularities in jet space, source and target. We start by
investigating the subset of jet space defined by E,,. Let p € Nand m € N, m > 2;
by abuse of notation we denote by E, ¢ the set of jets in J*(m,m — 1) which are
& # " -equivalent to some jet of the form (103) or (104) with 4w2 + 27 # 0 or
4 + 27wy # 0. We denote by E,o(*) the subset of E,, consisting of jets with
wo # 0; i.e. defined by (111) with A # 0.

Proposition 112. For sufficiently large k € N, the subset E,o(x) [E, o] is a smooth
submanifold of J*(m,m — 1).

Proof. We prove the proposition utilizing techniques from [dP99], using a stable
unfolding with unfolding variables from jet space. Our proof will be for E, o(x), but
the same proof applies to £, as well.

It is enough to prove that the space-germ (E, (%), w) is a smooth submanifold
for any w € Epo(*).

Define W¥(n,p) = {z € J*(n,p)|d.(z,#) > k}. Then every jet in J*(n,p) \
W¥(n,p) is ¢ -sufficient by the determinacy theorem; see Proposition 6.

For simplicity we denote A = J*(m,m — 1) \ W*(m,m — 1), and define a map

P:R"xA—-R™" 1 xA
by setting
(I)(x> Z) = (5(1’), Z),
where Z is the deg < k£ polynomial representing z.

Lemma 113. The map ® is smooth.

Proof. Identify J*(m,m — 1) with the (m — 1)™ power of the space of coefficients
of monomials of degree < k in m variables; now J*(m,m — 1) has the Euclidean

topology. In these coordinates, @ is just a polynomial map and it must be smooth.
O

Lemma 114. Write &, for the germ of ® at (0,2). Then &, is a stable unfolding
of Z, so in particular, ®, is a stable germ which is & % -equivalent to Z.

Proof. See [dP99, p. 3]. O
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By Lemma 114, the jet of ®, belongs to E, o(*) if and only if z belongs to E, o(*).

Return to our w € E,o(*); form the standard ministable unfolding F{, ¢y of w,
and note that ®,, is o/ -equivalent to F(p,O) X id(ga gy for some d € Ny. Using the
/-equivalence, we see that the germ of {0} x E,o(*) at (0,w) in R™' x A is
diffeomorphic to the space-germ

"Presentation of E,q(*) by F,0)" x (R%0) ﬂ{Om_l} x JE(m,m —1)
®
at (0,0). The set (x) is just Ogsp x RP~!xR9, hence is a smooth submanifold. Arguing
as in [dP99, Proposition 1.1], we shall show that (x) is transverse to {0,,_1} X
J¥(m,m — 1), which is enough to prove the proposition.
The set (x) corresponds to the subset of R™ x A where E,, o(*)-singularities are
presented by ®. For any polynomial map

p: (R",0) — (R”,0)

of degree [ we see that for all y € R", the map
py: (R",0) = (R?,0), py(z) =plz—y)—p(-y)

is a polynomial of degree < [ whose germ at y is @/-equivalent to the germ of p at
0.

Consider the map
xR A S o mm = 1),y e j5(,).

Its graph I'() is a subset of R™~1 x J*(m,m — 1). The germ of ® at a point
(y, j*(w),) equals the germ of ®(z,z) = (2(x),2) at the point (y,j*(w),), and as
with p above, the germ of (j*w), = w, at y is &7-equivalent to the germ of w at 0. We
see that along the germ of I'(x) at (0, w), the o/-type represented by ® is constant,
hence the space-germ is contained in (). Furthermore, the graph of a smooth
function RY — R will always be transverse to {0} x R” in RY x R”. Tt follows that
the set (x) containing the graph of y must be transverse to {0,,_1} x J*(m,m — 1),
which proves the proposition. 0

A ¢ *-invariant submanifold A of J*(n,p) satisfies the immersion condition if
for any stable map F': X" — YP+4 the restriction F|Agpurce(F) is an immersion,
where Agouee(F) is the subset (j*F)~'A consisting of points in source where the
germ of F has k-jet in A.

Proposition 115. The germ classes E,o and E,o(*) in J*(m,m — 1) satsify the
immersion condition, provided that k is sufficiently large.

Proof. As we see in Proposition 112, E, o and E,((*) are smooth submanifolds of
jet space J*(m,m — 1). If F is stable then j*F is transverse to J#*-orbits when k
is large, and in particular to E, and E,o(*), which pull back to submanifolds of
source — and thus, the statement makes sense.
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Throughout the proof we use A to denote E, o or E,o(*), as the same argument
will work in both cases.
We claim that it suffices to show that there exists one stable map

F- X2+d N Yl+d

with Agource(F) # 0 such that the restriction F|: Agouree(F) — Y is an immer-
sion:

Assume that F' is such a map, that z € Agource(F') and let F(z) = y. Let
F: X*d4 — Y1+ he another smooth, stable map with Agouee(F) # 0. Let 7 €

Agsource(F') and let g = F(Z). The germ
Fy: (XM x) — (Y y)
is stable and & . -equivalent to the stable germ

Fy: (X7 5) — (Y1, 9),
so for an appropriate choice of dy,dy € Ny (at least one of which can be taken as 0),
the germs

Fy x idgar gy (X2 2) x (R™,0) — (Y, y) x (R™,0)

and
Fy x idgga g1 (X279, 2) x (R™,0) — (Y, §) x (R™,0)

are &/-equivalent. Furthermore, Asource(ﬁ X id(Rdz,D)) and Agource(F' X id(Rd170))

are diffeomorphic, and we see that Fx\(Asource(F ),x) is immersive if and only if
F; | (Asource(]*:’ ), ) is immersive.

Since being an immersion is a local property, this is enough.

But the ministable unfolding F{, ) is an example of such a stable map F. Hence
we are done. 0

Now we look at the consequences of these results for the geometry of a stable
map F'.

Corollary 116. Suppose that A is a germ class with the immersion condition — for
example E,o or E,o(*). Given any stable map F: N — P, the subsets A(F) are
immersed submanifolds of t(F). O

Corollary 117. Suppose that A is a germ class which contains at least one sin-
gularity with the immersion condition, such as E,o or E,o(x), and where all the
contained germ classes define submanifolds of jet space. Given any stable map
F: N — P, the subsets Agyict(F) are embedded submanifolds of t(F), and the
restriction F|: F7Y(Agriet(F)) N XF — Agiet(F) restricts to a diffeomorphism on
components.

Proof. The subset Agyict(F) is an immersed submanifold of ¢(F'), by Corollary 116,
and it cannot have any self intersections, as this would change the singularity type
strictly presented. Hence it is embedded. 0
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One of the properties of the E-series singularities is that their positive instability
locus is stratified by presentations of multigerms made up from FE,(-singularities
with ¢ < p. We introduce a standard choice of coordinates for stable presentations
of such multigerms (see also Lemma 11).

Given singularities E,, o(\1),..., E, o(\.) we can construct a ministable multi-
germ F{,, 0)....(p.,0) Such that the germ of F, o)...(p,0) at 0 in the target belongs to
the & -class E,, o(A1).-- - .Ep 0(A).

We know from (108) that the standard ministable unfolding of E, o is a map
o0y RO — ROPI=2,

Define the map F,, o).....(p,,0) to be the disjoint union

=1 =1 j=1,...,

=Lt

Ey

where F(lpl,U)."-.(pr,O)(a’ bi,.. . biy. o bp) = (b1, Flp, (@), ..., by).

Now Fip, 0).- .(p,,0) 18 stable and its germ at 0 € H?Zl ROPi=2 is & ¢ -equivalent to
E, o(A1). -+ Ep 0(Ar). Indeed, the map F{,, o).... (p,,0) is a ministable unfolding for
the singularity E,, o(A1). - Ep, 0(Ar)-

4.1.2. Topology of the positive instability locus. The positive instability locus of a
weighted homogeneous map F', denoted I(F™), is the set of points y € t(FT) where
the germ of F™ at XF* N (FT)~!(y) is unstable. These are the points where a local
smooth retraction F,) — (FT), cannot be found, and we have to resort to (E-)tame
retractions to obtain our trivializations. For E,, the positive instability locus has
been parametrized by T. Wall and A. du Plessis through the following theorem.

Theorem 119. [dPW04, Theorem 3.2] The instability locus of F}, is the union
of the images of the following deformations, for different choices of the s < k and

(120) * + My H(x —&)* + H(aﬁ —&)*, where Z ¢; = p, and Z ci& = 0.
i=1 i=1 i=1 i=1

0

Here F (’;70) is the map obtained by removing the k£ lowest-weight unfolding pa-

rameters from £, ), and we note that F (;0) =F (I; Tol)-

Unfortunately, the parametrization found in this theorem is not generally an em-
bedding; in fact it is not even injective, and its differential at the origin is 0. However,
we can show that its image is stratified smooth, and this is enough for our purposes.

Parametrization of the positive instability locus

Consider the instability locus of F(;; 0) ie with k=p—1.



75
We see that all of the deformations (120) are embedded in the deformation

Dt (z,y, &1, ..., &pa) —
(121) v+ Il e -6 o+ 1006
+ I -6 (e +30706)"
The different constellations (¢;) appearing in (120) correspond to subsets of type
{& = &;} from the parameter space

(122) P = {(51,...7517_1”& = 51 for 1 <p-— 1, ép—l = _pL Z&}

in the deformation (121). Each (&;) € RP~2 has a corresponding constellation (¢;) €
{0,1,...,p}* with s <p— 1.

We will see that the positive instability locus [ (F(;O

ifolds Ia, which are connected components of the presentation Astrict(F(;O)) for
A = [[E.0()), where > ¢; = p and at least one of the ¢; is > 2. By Corol-
lary 117, the presentations Agyict(Fip,0)) are embedded submanifolds of ¢(F, 0 ); the
Agtrict (Fp,0)) define a stratification of ¢(F(,0)), and we note, furthermore, that the
strata Agrict(Fip,0)) are ST-invariant.

When Theorem 119 states that the instability locus consists of the union of the
images of the deformation given, it means that we can define a parametrization
p: RP2 — ¢(F ) by setting

p(&) = (2(&), u(&), v(&)) -
Here the z, u and v are obtained through solving the equation
D+($, y7§17 cee 75])—2) =pr;o F+(ZE, y,ﬂ,y)

by equating the coefficients of the two expressions viewed as polynomials in = and
y, hence z(§;) = constant term, u;(§;) = coef(z') and v; (&) = coef(yz?).

)) is stratified by subman-

Lemma 123. Denote by (¢;)i_, the constellation of ¢; associated to a fized point
(&1, ..., &—2) of the parameter space. At p(&;) we find presented an

Eecio(A). - .Ee,0(\)
-singularity (modulo &% ).

Proof. First we investigate the germ of ngk), given by

Dék)(l‘, y) = D+(ZL‘, Y, (gk))
at (z,y) = (&,0) for i € {1,...,p—1} by performing a change of variables (z, ) ~»
(Z,7) where
y=4y



76

and considering the resulting germ at (0,0). Here é = & when ¢ < p—1 and
~ . Y
§p-1 = — 575 2im &iv

From the deformation (121) we see that D(Ek)(x, y) is just

P4 NI (@ — & + &3 + (T — & + 6%

= ™ M6 — &)*9ga*a + 1.6 — &2’ + HO.T.

T 4 M — 6 (T — §)%) Fg + #% + HOT.

= 7° + \gz* + &* + H.O.T.

o —equiv. P4 A2+ 5
where H.O.T. denotes the sum of terms of weight > 3c;. We see that the germ of
ngi) at (z,y) = (&,0) belongs to the class E, o(\).

Next, we link this result to the parametrization p. For any fixed point (§;) € RP~2
we get a fixed point (€;,...,& 1) = (&1,...,& 2, -1 SP2¢) € R and the point
p(&) € L(F; ) denotes a point

(u,v) = (uq, ..., Usp—2,V0, ..., V2p—1)(&)
in the parameter space U such that the map

F(;,o)‘(u,v) (z,y) =pry o F(p70)<x> Y, U, )
is exactly the same as the map D(Ek)(x, y), and in particular, the germ of D(Ek)(x, Y)
at (&,0) is the same as the germ of I, | (2,y) at (&,0), and this, again, is

& -equivalent to the germ of F, oy at (&;,0, u,v), since F{; ) is the standard stable
unfolding.
But then the germ presented by Fi, ) at p(§;) is &% -equivalent to

and we are done. O
For each A = E., o(\).- -+ .E., 0(\) we denote by P the subset
{(&, ..., & 2) € RP7?| the constellation (¢;) is associated to (&i,...,& 2)}

Then we see that p| Py parametrizes a set [ in t(F(; o)) where we find A-singularities

presented. We can also parametrize the corresponding subset Hx = (F&: 0))_11 AN

+
YF, (0

) of s(F, (;,0)). For any E,, occurring in A, there is a map
pbi: PA - HAJ
i) = (£, 0,ua (&), - - ,U3p7~2(§j)a?}0(§j)7 -;-27U2p71(€j>),
gi:€i1f2<p_17 fp—lz_ﬁ Zle )

parametrizing the component of Hx where the E, o-singularity is found.
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Symmetries of the parametrization

Note that D%, as a polynomial in the variables x and y as it is given in (121), is
invariant under permutations of the &, ¢ = 1,...,p — 2. Thus, the same must hold
for the parametrization p, and p is a symmetric map. It follows that the whole image
of p is reached by the restriction of p to the subset {(&1,...&,—2)[& < ... < &2}

Note furthermore that S,_os-invariance is not the only symmetry making a differ-
ence in (121). Consider subspaces of the parameter space P as defined in (122) of
the form {& = £} where i # j and i,j < p— 1. In connection with these subspaces
there will be another symmetry permuting & = fj and ép_l. This symmetry only
comes into play on some of the components of strata of dimension < p — 2. Geo-
metrically, this means that the instability locus will have self-intersections on some
of the lower-dimensional strata.

The parametrization p cannot be an embedding since, due to its symmetries, it is
not injective. It is not even immersive — for instance, in the case p = 4, immersivity
fails along the stratum P )2, and for general p, immersivity certainly fails at 0 € P,
as p does not have a linear part in either coordinate. However, we shall see that p
restricts to a homeomorphism on components of Py and that its image is stratified
smooth with respect to the partition by strictly presented singularity types.

Stratification of the positive instability locus
By Corollary 117 the strict presentations by Fi, o) of [] £, o(*)-singularities ap-

pearing in the instability locus are smooth. In fact, they can be parametrized in
similar ways as the strata of the instability locus: The deformation

p—1 p—1
y® + y(wo+wiw+ ...+ wp,zxp’QlH(x —&)%% + H(x — &)
~~ i=1 i=1

W (z)
gives rise to a parametrization

]3: RP—2 x RP-1 t(F(p’O)),

(517 s 5[)727 Wos, - - - prf2) = (ﬂ; y)(gb s gp727 Wo, - - - 7wp72)'
where ‘
Wi, Epa, Wo, . .., Wy_2) = coef(xz),
0 (&1, Epa2, Wo, . . ., Wy—g) = coef(yz?).

We can imitate the proof of Lemma 123 to see that [] E., ¢-singularities are pre-
sented by F(,0) at the corresponding points p(&;, w;) in the image, and by setting
wog = A and w; = 0 for ¢ > 0 we see that the image of p contains the positive
instability locus of F{, ). Following the proof by du Plessis and Wall [dPWO04, The-
orem 4.1] we see that in fact, the image of p is transverse to the target of ¢(F, (;0))
in t(Fp0)), which again we shall use to see that components of [[ Ee, o(*)(F(p0))

intersect t(F’

A 0)) in components of Iy B o(M)-
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Lemma 124. Let [[ E., o(\) be a singularity appearing in the positive stability locus
[(F(;,o)>' Now, for A =[] E.,0(*), the components of Ya passing through [(F(;o))
project submersively onto the non-positively weighted subspace of t(Fy0)).

Remark 125. This result, along with the smoothness of the strata YA for A =
[T E., 0(x) can already be found stated in the article by du Plessis and Wall [dPW04,
Theorem 4.1]. However, there is a problem with the proof of smoothness of strata,
which uses as a fact that the parametrization p is an embedding — and we have seen
that it is not.

Proof. We see that the coefficients v; for 2p < j < 3p — 2, which correspond to the
non-positively weighted subspace of ¢(F{;)), are linear in the variables w;, and for

any fixed (&) € RP72, the map RP~! — RP~! given by (wi)f;(? — (v;((&), (wi)))?’p_2

J=2p
is linear with unitriangular matrix; hence it is a diffeomorphism. But then the map
Prry-1 © P is a submersion. u

Lemma 126. The unstable source and target strata Ha and I are smooth, and
have contractible components.

Proof. Recall that we may assume that the components of Px are subsets of

{0 2)[6 <& < <6t
and that they are defined by relations of the type

(& =&)or (& = —% Z_:&)-

i=1

Hence all relations of the type

p—2
(127) GSE) oGS5 6)
=1

will remain true throughout the component.
Note furthermore that Ha is a disjoint union

|| Plouree(comp(Pa)),

where comp(Pa) goes through the components of P, and i = 1,...,p — 1. That
i8, P’yee(cOomp(Pa)) and pl ..(comp’(Pa)) will either coincide or be disjoint, as
crossings will lead to strict presentation of other singularities than A.

We prove that p ..|comp(Pa) is injective, which will give smoothness and con-
tractibility of components of Ha because the facts

a) Xan source(F(;O)) is smooth (to see this, note that prg,—1(Xa) = prge-1 o
Fipo)(Xa) = prgp-1(Ya) and use Lemma 124), and

b) dim(Xa N source(F(;O))) = dim Pa
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imply that pi ..|comp(Pa) is an open topological embedding by invariance of do-
main.

It follows that the components of Ix are smooth and contractible by Corollary 117,
since A has the immersion condition and Ha sits inside the source of the stable map
Flp)- ,

To prove that p ...jcomp(Pa) is injective, we assume the opposite; then there
exist

<128) (517 et ’§P—2> 7£ (517 e ’gp—2) e COHIp(PA) S't' péource(é'j) - péource(gj)'
Note that by (128), in particular,

p(&) =p(§) =
and

{péource<§J)|i - 1 P 1}
= {psource(gj)‘Z - 1 P 1}

= (Fio) 'y )QE(FJ;O))

Since (&;) # (&;), we must have &, # &, for some k € {1,...,p — 2}, and the only
possibility is
{ §k - Z 1 9
gk - 3 Zz—l i

We may assume that &, < &, which gives

{§k<__z 1 9
§k>_ 1517

but this breaks the relations (127), hence (¢;) and (;) belong to different compo-
nents of Pa, which gives a contradiction. It follows that p’_  ..|comp(Pa) is injective,
as wanted, and we are done. [l

Corollary 129. F{, restricts to an injection on components of Ha, and hence the
restriction p|: comp(Pa) — Ia is injective.

Proof. To see that the injectivity of F{, ) holds, just note that if the restriction
Fipoy|comp(Ha) were to have double points, then the presented singularity would
change, which is impossible inside the stratum /5. The corollary must hold since
Deource|cOMP(Pa) is injective for each i by the proof of the previous lemma, and Fi, o
restricts to an injection on components of Hx.

Lemma 130. Let A € {[[_; Ec;,o(N)| D>, ¢i = p,s < p}. Then the stratum
IA = I(F( ) NYa is a union of components of Ya N t(F(p 0)-

Remark 131. Note that here, YA denotes the strict presentation of [ £, o(\), not
of [T Ee0(*), and thus Ya is a . -class.
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Proof. We can write

t(F,0) NYa=TUU,
where T" denotes the points of ¢(F{;y) where the submanifolds ¢(F (JI: o)) and Y have

nonempty, transverse intersection, and where U denotes the points of ¢(F{, ) where
the two submanifolds have non-transverse intersection.

Now by [Mat69a, Proposition 1.6], the subset U must coincide with the subset
I(F (;0)) N Ya of the positive instability locus. Since transverse intersection is an
open property, 7' must be an open subset of T'U U. Furthermore, the restriction

p|: comp(Pa) — t(F(;())) N YT E., o)

is an injective map by Corollary 129, and the dimensions of source and target are
equal.

Hence p|comp(Pa) is an open embedding by invariance of domain. Thus U =
In = p(Pa) has dimension dim P = s — 1. Now, as a consequence of [Mat69a,
Proposition 1.6], the singularity A cannot be presented stably and strictly by Fi, o
on a manifold of dimension other than (6p —2) — 7 (6¢; —2) = 2s — 2. We
saw in Lemma 124 that the component of the presentation which intersects the
instability locus must submerse onto the non-positively weighted subspace RP~1, so
the presentation in t(F(’;’O)) must have dimension (2s —2) — (p—1) =2s —p — 1,
which in particular is less than s — 1, the dimension of U. Hence the only way that
T can be open in T"UU is if T is a union of components of T"U U. But then U is a
union of components of TUU as well; in fact it is the union of maximal-dimensional

components of ¢(F, (;70)) NYa. O

We conclude:

Theorem 132. The positive instability locus [ (F(; 0)) and its singular preimage

YFpoN F(;}O)I(F(;O)) admit stratifications {Ia} and {Ha} into presentations, with
smooth and contractible strata. These strata are components of the intersection of
the presentations Ya and Xa with the source and target of the positively weighted
unfolding F(J;;,o)-

The parametrizations ... and p restrict to homeomorphisms on components of
strata, as does F{; ). [l

4.1.3. E-tame retractions for E, . The stable unfolding for £ o does not have any
non-positively weighted unfolding variables, hence the retraction

(ra,0),80,0) Fro) = Fiig

is just the identities in source and target. We mention this because we will use these
"retractions” in our later constructions.

4.1.4. Construction of E-tame retractions for Eso(x). The weighted homogeneous

ministable unfolding Fs0): R — R of E5((\) has one non-positively weighted

unfolding variable vs. The instability locus of F, (Jg 0) R — RY is just the origin
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by Theorem 119. Define the weighted homogeneous distance function p: R® — R
and use the level set restriction (F(20))e: F(glo) p~t(e) — p~(e) for some € > 0; now

(F} \)e is stable by [dPW95, Lemma 9.6.2]. Hence we can find a smooth retraction

(2,0)
(’I“e, Se): (F(Q,O))6 - (F(—;’o)%:
and we can extend it to an E-tame retraction
(re0), Se0): Fao) = Fiay)
using Lemma 36. Note, moreover, that the level set retractions were smooth; hence
(7(2,0)» 5(2,0)) Will be stratified smooth — and we can find continuous, stratified smooth
vector fields (£,7) in source and target that induce (7(2,0), 5(2,0)) as on p. 25.

The retraction we just constructed is RT-equivariant, but it does not necessarily
have to be R*-equivariant since it is not necessarily {£1}-equivariant. We can,
however, do something about this:

The retraction (r(20), S(2,0)), being smooth, is induced by the two vector fields £
and n on R'" and R0, respectively, where n lifts 2 over pry and ¢ lifts 5 over Fia )
as described on p. 25. We form two new vector fields £ and 7 by setting

§=3(E+(=1)-9),

=35+ (=1)-n)
In fact, this average is just the Haar integral of £ and n over the compact group
{£1}. Moreover, ¢ and 7] are {+1}-invariant, 7 lifts 2 over pr because the R*-action

on R is trivial (it has weight 0), and ¢ lifts n over F. The vector fields € and 7 are

continuous and stratified smooth; hence they are integrable. Thus we obtain a new

E-tame retraction (7(,0), 5(2,0)) induced by £ and 7. The oddly weighted components

of € and 7 are zero, and thus the new retraction is identity on the oddly weighted

coordinates, and R*-invariant on the evenly weighted ones; i.e. it is R*-equivariant.
We have proven:

Theorem 133. There exists an R*-equivariant, stratified smooth, E-tame retraction
(72,005 52,0)) + Fl2,0) — F(;O), and F(er,o) is topologically ministable. O

Note that the retraction (r(20),5(2,0)) and its foliation are not uniquely defined,
as we have made a choice as to which smooth retraction to use on the level set.

4.1.5. Construction of E-tame retractions for Es3o(*). The weighted homogeneous
ministable unfolding F30): R'" — R of Ej30(\) has two non-positively weighted

unfolding variables, v; and vg. By Theorem 119 the instability locus of F(;O) =

F (2370): R — R is 1-dimensional and has two types of singularities presented in
it; namely an E3,(\) singularity at the origin and Eso(A).E; o singularities along a
1-dimensional, R*-invariant submanifold of R'.

Let p be the weighted distance function in ¢(F(3)), let € > 0 and denote by (F(3,0)).
the restriction to the level sets (F(gi))p’l(e),p’l(e)). By [dPW95, Lemma 9.6.2],
(Fi50))e is stable and the instability locus of (F{ ) is p~'(e) N I(F), which
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consists of two points yy, y» where an Es (). Ey o-singularity is presented, and the
germ of (F(13 0))E at y; is &7-equivalent to the multigerm Fo ) (1,0): R> — R™.
Choose weighted homogeneous coordinates (,,, ¢,,) at y; such that:

_ (Fa,0))e
(8((F(13,0))6>7 F(gylo) (yz) N EF’(3,0)> ? (t<<F(13,0))e)a yz)

by, by,

(5(F(2,0).(1,0))7 |_| 0) —— (t(F20).010)):0)

F
5 (2,0).(1,0)

By Lemma 29 and the previous case there exists an E-tame retraction
(r2,0).(10) 520.10)) * F120.00) = Fibo (1.0)-

The fiber ¢;i1(s(_2}0).(1’0)(0)) coincides with the presentation of Ej o(*).E} o; hence the

fiber of the total induced retraction t((Fs0))c) — ¢, (t(F(er,o).(Lo
t((F(?;,O))g) by Lemma 124. By Proposition 26 this retraction induces an E-tame
retraction (Fso))e — (F(Jg 0))e near y;, which has the same fibers.

On the other hand, away from y; we can find smooth retractions (Fiz30))c —

(F (Jg 0)); Using Lemma 32 we may combine the two retractions to obtain an E-tame

))) is transverse to

retraction (Fsp))e — (F(J:;O))6 and by Lemma 36 we obtain an E-tame retraction

(r.0):530): Flzo) = Fil -

Note again that, in spite of our notation, our method does not define the retraction
(7(3,0), S(3,0)) uniquely, as we have made choices regarding which smooth retractions
to use in the very beginning.

We have proven:

Theorem 134. There exists an E-tame retraction
(7“(3,0), 5(3,0))3 Fizo) — F(§70)7

and F(Jg 0) 15 topologically ministable. U

4.1.6. Construction of E-tame retractions for Eyo(*). The weighted homogeneous
ministable unfolding Fi40): R** — R*? has three non-positively weighted unfolding
variables vg, vg, V19, and the instability locus is the stratified set which we analyzed
in Chapter 4.1.2. We will construct the retraction Fiy g — F| (10) by first restricting
to a level set of the weighted homogeneous distance function p, on which we find
presented combinations of E-singularities, all with p < 4, suggesting an inductive
construction of the retraction. We can find local E-tame retractions using the pre-
vious results, but in order to combine them we need to control the geometry near

the instability locus.
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~"“Local retraction

1(3,0).(1,0) Fibered local retraction

"Local retraction

Fibered local retraction . |

Local retraction "~

Ioop, N

Fibered local retraction

FIGURE 5. Target situation for E4o(x). We choose a tubular neigh-
borhood about the 1-dimensional stratum, such that its fibers co-
incide with level sets of the weighted distance function about the
O-dimensional strata. We can find local retractions near the 0-
dimensional strata and in the tubular fibers, and we can create a
global retraction by forcing the local retractions to coincide.

We find a tubular neighborhood about the 1-dimensional stratum, whose fibers
extend the fibration near the 0-dimensional strata by level sets of local weighted
homogeneous distance functions. We can find local E-tame retractions in the fibers
of the tubular neighborhood as well as at the zero-dimensional strata. Rather than
glue the local retractions together, we can try to force them to coincide.

We choose coordinates in the fibers of the tubular neighborhood about the stra-
tum by using the contractibility of oy /MC/(a7) for the stable multigerm f =
Fl20).(1,02- In this way we ensure that the local retractions defined on the fibers
coincide with the local retractions defined near the O-dimensional strata, producing
an E-tame retraction in a neighborhood of the instability locus.

Finally, we combine this retraction with any smooth retraction off the instability
locus.

Let us look at the details:

Pass to a slice

Let prs0): R*? — R be the weighted distance function as defined in Chapter 2.4,
pick € > 0, and restrict to the level sets (F(;lo)p@fo)(e), p(jgo)(e)). We denote the
restricted map by (F(40)); similarly we denote by (F(:O))6 the restriction of F; (20)

to
-1 -1 —
(Fiabypiito)(©) 0 (o)) oy (€) N )

If we can find an E-tame retraction (r,s): (F(a,0))e — (F(Z o)) then we can find an
E-tame retraction (R, S): Fao) — F{j, by Lemma 36.
By [dPW95, Lemma 9.6.2], (]7(1470))6 is stable, and we can find a smooth retraction

(Fa0)e = (Fag)e By [dPWO5, Lemma 9.3.22], it suffices to find an E-tame
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E3.l](>\)'El.(J
Eyo(N).Efy

(B20(N))?

By o(N)-Ef

By o(N)-Ef

E30(N).Er
i B30(N)-Ero © Eyo(N)

L (BalV) [ a2,

FIGURE 6. Target situation. The stratified instability locus I (F(Z,o))

before and after intersection with the level set p@lo)(e).

retraction (F(1470))E — (F(ZO))6 in order to get an E-tame retraction (Fiyg))e —
(o

The instability locus I(F] ) of Fj, is R*-invariant, hence it is cut transversely
by pg(€). The instability locus I((F(j)e) equals T(Fj ) N p~'(e) [APWIS5,
Lemma 9.6.2], hence it is a 1-dimensional subset of p@lo)(e), and it is stratified
by smooth submanifolds I(20)2, I(2,0).(1,02 and I(3,0).(1,0) of p(_z:o)(e), which are com-
ponents of the strict presentations of

(EQ’O(A))Z, EQ,O()\)'EIQ,O and E370(>\>.E170

in t((F(Z 0))e), of dimension 0, 1 and 0, respectively, as seen in Figure 6.
For simplicity, we agree to denote (F(j ) by F, and (F’(Zr o))e by F'* through the
whole construction of E-tame retractions for Ey ().

Finding local tubular neighborhoods of (H ) (1,02, /(20).(1,0)) near the 0-
dimensional strata (H(270)2, [(2’0)2) and (H(&O).(Lo)’1(370).(170))

Recall the notation Hy = (FT)"}(Ipn) N SFT.

Let § € Ia, where A € {(3,0).(1,0), (2,0)*}. The germ of F at g is &/-equivalent
to the germ Fa, which is weighted homogeneous. Here FA is defined as in (118),
that is:

Fooz = Foo) X idir, ) Uider, ) X Feo:

s(Fla0)) X t{(F20) Ut(Fao) X s(Fan) — H(Feo) X H{Feo)
Fizo).00 = Fao) X idir, o) U ider o) X Floo):

s(Fz0)) x t(Fa0) Ut (Fz0) % s(Fan) — HFso) X HFae)
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_ Ws0.00

: ©(3,0).(1,0)

£(3,0).(1,0)

H(Fz.0))

t(Fa

FIGURE 7. Target situation. Choice of target coordinates near (s )2
and ](370),(170).

and, in particular,

s(Foz) = s(Flz) X UFe0) U t(Feo) X s(F20)
t(Fe02)  =tFeo) x t(Feo)
s(F3.0.01,00) = 8(Fz0)) x t(Fa,0) Ut(Fz0) x s(Fa0)
t(F(B,O).(LO)) = t(F(370)) X t(F(l,O))-

Fix local coordinates
oa: Wa —>~[]A C t(FA), and
Z/)A: Va — Un C S(FA),

such that Wy is a neighborhood of § and pa(7) = 0, and VA is a neighborhood of
F~1(g) N XF, with YA (F~ () NXF) = | ],{0}, and such that pa o F' = Fa 0 9a.
See Figure 7.

Define a distance function in ¢(F) as follows. Denote A = (p;,0).(p2,0) €
{(2,0)%,(3,0).(1,0)}. Define pa: t(Fa) — R, pa = pipr.0) © DIy, o) NOW

P (€) = P 0)(€) X H(Fipn0)) € H(Fipr0) X H(Fpy 0)) = H(Flp1,0).(02,0))-

These level sets are transverse in t(F) to any R*-invariant manifold not contained
in {0} X t(Fip,0)), so in particular to ¢a(f(20).(1,0)2). (We arrange our coordinates
so that ¢a(1(2,0).1,02) is contained in t(Fi,, ) x {0}.)

Taking these level sets as fibers and passing back to W using ¢!, we define a
tubular neighborhood (Ta, wa) of I12.0).1,02NWa in Wa. Using the preimages of the
fibers under F', we get a corresponding tubular neighborhood (T A, TTa) of Ha0).01,0)2
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N

Hez0).002 = s L20).002 Fao (Ffg)e N EFa0)

FIGURE 8. The source stratum H s g).(1,0)2 is diffeomorphic to Lz 0).(1,0)2-

in VAi
. F|
Th CVa TA C Wha

YA PA

S(Fa) — t(Fa)

pAOFA PA TA

3 id AT

That (Ta,7a) is a tubular neighborhood follows from the following lemma:

Lemma 135. Any tubular neighborhood of (an open subset A of) Ii0y.1,02 pulls
back to a tubular neighborhood of (F~'A C) H0). (1,02 over F, and they are both
trivial as bundles. The map F is trivial over the restriction to any fiber.

Proof. Assume that A is an open subset of I(5)(1,0), possibly all of it. Let (T )
be a tubular neighborhood of A. By Corollary 117, H¢).(1,0)> is diffeomorphic to
L5 Z(2,0).(1,02 and F restricts to a diffeomorphism F* on each component H (1'2 0).(1,0)?
of H30).(1,02- See Figure 8. On one of these components, F' restricts to a germ of
smgularlty type E5 (), while on the other two its singularity type is F .

The map 7: T := F~'T — F~'Adefined by # = | |_,(F")~'omoF is a retraction,
hence a submersion, near A. Hence, for a sufficiently small neighborhood W of A
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in 7', the fiber #—(x) N W is a smooth submanifold of W. Furthermore, the fibers
of m are the preimages over F' of the fibers of 7.

We may assume (by shrinking W) that each component of W contains one com-
ponent of A, and since all components of H )10 and I0).1,032 (and also of
F~'A and A since the H0).1,02 and I(20).(1,0)2 are 1-dimensional) are contractible
by Lemma 126, we know that (W,7) and (7, 7) are trivial bundles. The restric-
tion F|: W — T is an unfolding of each restriction F|: 7' F~1(y) N W — 771 (y),
each of which is stable [dP, Proposition 2.4]. But then, by [GWdPL76, Lemma 3.2],
F|: W — T is trivial over F|: 771 F~Y(y)NW — 7~ 1(y). Since F|: (7) "} (z)NW —
71 (F(z)) is submersive outside | |,{0} for each z € A, we may assume (by shrinking

T) that W =T 0

Schematically, this means that we can decompose F'| over I0).(1,02 N Wa as
follows (setting A = (2,0).(1,0)?):

F|
VA WA

(136) ul
UEX(]AQWA) %LX(]AQWA)

FLXidHAﬂWA

1R

where Fj, = F|: | |, L = (F|)"'L — L, and where L is the fiber of (T, ).
Find global tubular neighborhoods of (H (501,02, {(2,0).(1,02)

Again, assume § € Ia, with A € {(2,0)%,(3,0).(1,0)}.

We pick open neighborhoods Wa and Va of Ix and Ha, respectively, such that
cl(Wa) € Wa and cl(Va) C Va. We are going to construct global tubular neighbor-
hoods of (H2,0).1,02: L(2,0).1,02) which coincide with the local tubular neighborhoods

<(TA77~7A), (TA77TA>) in (Wa,Va).

Proposition 137. We can find a trivial tubular neighborhood (T, m) of the stratum
I2.0).(1,02 in t(F) which pulls back to a tubular neighborhood F~'T =: T of He2,0).(1,0)2
in s(F') with retraction 7, such that the fibers of (7, m) coincide with the fibers of
(Ta, ) near (Ha, In), where A € {(2,0)2,(3,0).(1,0)}.

Furthermore, the restriction of F to any fiber is stable, and F 1is trivial over
L(2.0).01,02-
Proof. We note that by finding suitable local sprays and combining them using a
partition of unity (see p. 20), we can find a trivial tubular neighborhood e: L X
Io0).0,02 = T of Ii90) (1,02 in t(F) such that near Ia, the fibers e(L x {z}) of the
tubular neighborhood coincide with ¢! (px'(€)). See Figure 9. By Lemma 135, this
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FIGURE 9. Inside p* !(€), we form a tubular neighborhood about the
stratum (Eso(N).E )smct( *), whose fibers near I(3)(1,0) coincide
with level sets of p(30).(1,0)-

tubular neighborhood pulls back to a trivial tubular neighborhood (7', 7), with the
required properties near the Ha.

The restrictions of F to fibers 7! F~!(y) are stable by [dP, Proposition 2.4], be-
cause they are transverse to I(s o).(1,0)2, which is just the presentation of EQ,O(A).EiO
by F. Let us denote the fiber map by F}, for now; it is &% -equivalent to Fs ) (1,02

As in (136), we can decompose Fp over I(5 ) (1,0)2 as follows:

E (Z,lo) (T)=T7 ——T

1%
1%

|_|LXIA4>L><]~

3 FLX1d|I
setting A = (2,0).(1,0)%, where F, = | |7, Fi: | |sL — L. O

By only restricting to (T ,T) and trivializing Frr over the source and target strata
(H(Z,O).(l,O)Qv [(2,0),(170)2), we are allowing one dimension too much to be able to really
control the geometry:

Since the dimension of L is 22 —1—1—1 = 19 and the dimension of ¢(F{2,0).(1,0)2)
is 10 + 4 4+ 4 = 18, we see that F, is o/-equivalent to

Fla,0).(1,002 X idg,
giving a fixed set of coordinates (¢, ¢) such that

(138) or(L) = t(Flo0) X t(Fu0) x t(Fa) x R
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and

Yo L) = <S(F(2,o)) X H(Flaoe) U] t(Fan) x s(Fag) x t(F(Lo))) x R,

such that

LIz i L
3

wL‘/ d)L

S(F(QVO).(LO)Q) X]lR e t(F(270).(1’0)2)) x R

(2,0).(1,0)2 X1dR
The extra R-component causes F7, not to be ministable as needed in order to apply
the results of Chapter 3 for interpolating between coordinate charts in the fibers. We
solve the problem by factoring the R-component out by restricting to codimension
1 submanifolds (M, M) chosen such that the restriction of F is still stable. Close
to the 0-dimensional strata In we want M to coincide with ¢(F}), and similarly in
source, as described in the statement of the next proposition.

Proposition 139. We can find a submanifold M of T which pulls back to a sub-
manifold F~*M =: M of T, both of codimension 1, such that

P02 (M N W) = t(Flz0) ¥ t(F(;o)) N @eoz2(T),
©3,0).1,0 (M N W(3,0).(1,0)) = t(F0) X t(F(lgp)) N ©3,0).1,0(T),
(140) ¢(2,0)2(M N ‘7(2,0)2) = <S(F(2,0))~X t<F(J2r,o)) L t(F2,0)) X 3<F(;0))>
NY2,002(T),
Ye0.00(M N Vg0 = (S(F(l,m) X t(Fz0)) Ut(Fli0)) X S(Fé,,m))
NY(3,0).(1,0) (T)>

and such that the restriction Fyy = F(4,0)|: M — M is stable.

Remark 141. We agree to write F(lz’o)2 for Flag) x idt(F&o)) LJidi(r 00 ¥ F&O).

Proof. Note that ¢;'({0} x R) C L as defined in (138) equals the presentation
Ey0(N).Ef o(Fr). Denote by
e: (S(F(g,o).(170)2) x R x 1(270).(170)2,t(F(270)_(1,0)2) X R x 1(270)_(170)2) — (T, T)

the tubular neighborhood embeddings. We denote the image ({0} X R X 1(20).(1,0)2)
by T(270).(1’0)2. Now

M3z = e(t(F2,0).1,002) X {0} X L(2,0).(1,002)

is a codimension 1 submanifold of 7. Still writing

A = (p1,0).(p2,0) € {(270)27 (3,0).(1,0)},
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we let Ma denote the codimension 1 submanifold of 7'M W, defined by

P (H(Fpr0) X tF(, ).

Note that both Mz N L, and Ma N L, are transverse to T(20).(1,02 N Ly.
Form smooth retractions sz, sa: T'N Wa — T{20).(1,02 N Wa such that

sit (L0 .002) = My, 0= A, A.

Using the non-relative version of Lemma 32 as described in Remark 33, we find a
new retraction Sa: T'N Wa — T(20y.(1,02 N Wa which agrees with sa in W, and
which agrees with sz away from Ia; obviously this is the restriction of a global
retraction

ST — T(2,0).(1,0)2'

The preimage M := S™'(I120).(1,0)2) is a smooth, codimension 1 submanifold of T
satisfying the conditions (140) of the proposition near /a.
M pulls back to FF~'M =: M as required because

3
R = U(F%’)il O S o FTZ T — T(270).(170)2 = F7:1<T(270).(1y0)2)
i=1

is a smooth retraction as well. Furthermore, supposing that 7" is sufficiently small,
Fyy is stable by [dP, Proposition 2.4] since M is transverse to the presentation

(EQ,O()\).EiO)Strict (Fr).
This construction concludes the proof of Proposition 137. 0

We note that the tubular neighborhood retraction 7" — I(5¢).1,0)2 restricts to a
retraction M — I50) (1,002, giving M a tubular neighborhood structure, and simi-
larly in source; furthermore we can trivialize Fi; over Ty, just like we trivialized Fr
in Lemma 135.

We conclude:

Corollary 142. The restriction Fyr can be trivialized over the tubular neighborhoods
(T, ) and (Tar, mar) of Hoo).1,02 and Loy (1,002 i M and M, and the fiber map
is stable; in particular it is o/ -equivalent to Fio0).1,032. More precisely (writing

A = (2,0).(1,0)2):

M Fyr M
TN
TAM
(143) s Hx = |_|I~ EE— IA et
3 |_|31d
/ \
ldXFA
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where

e = (es,eq): Ix X (s(Fa),t(F3)) — (M, M)
18 a tubular neighborhood embedding. U

Local retractions at the 0-dimensional strata

Yet again, we use A to denote either (2,0)? or (3,0).(1,0). As in Lemma 29 we
can define an E-tame retraction

(TA,SA): FA — FX,

which we can pull back to a retraction (7a,5a) in (Va, Wa) using (¢a, pa):

F
Va Wa

¥a Pa e N
s(Fy) B t(FX)
A 5
s(Fa) R t(Fa)

Let us take a closer look at the retraction near /. Its restriction to the neigh-
borhoods (Ya(T), pa(T)) factors as a composition

(7"1,81) (7"2,52) -+
For 00000 = Frr =" F ) a0y

More precisely, near (30 we get:

Fo02 = Fo0) % idyr,o) | |idi(rae) * Fao)

l(swl)

FM = F(Q,()) X idt(F(;O)) |_|idt(F(270)) X F(;O)

l(mSz)

+ ot : : +
F o2 = Fihoy X iyt |_|1dt(F(+270)) X Fbo)
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where
(s1,71) = (1du(r.0)) X S20) U idirye) X 72,0)s idi(Fae) X S20) )
(T‘Q, Sg) = |70 X idt(F(;O)) |_|S(2’0) X idt(F('g’ )) 5(2,0) X ld on)) s

and near I(30).(1,0) we get:

F.0).000 = Fz) X 1dyr, 0)) |_| idg( (Fis,0) < Fa o)
(s1,71)
FM = F(13’0) X idt(F(l,O)) |_| idt(F(l?%O)) X F(l,())

(s2,72)

F(JQ,O).(LO) = F(Jz’:,O) X 1dy(r o)) |_|idt(F(J§’0)) X F1,0)
where
(s1,71) = (r(30) ¥ e, 0) L $(5.0) X 1de(s,,00)5 S(3,0) ¥ 1deiF ) ) 5
(s2,72) = (7{5.0) X Mdery, ) L 85,0y X 1t )5 (5.0) X 1e(1.0))

In both cases, (r, s1) is the restriction of an E-tame retraction which is smooth
off the negatively weighted axes in the first factor of source and target. These
negatively weighted axes lie outside our tubular neighborhoods, so (71, s1) is smooth
in (a(T), oa(T)). Both second retractions (75, s5) are E-tame by Lemma 29.

We need to discuss the behavior of the restrictions of the retractions (ry,s1)
and (ra, s5) to the level sets (F~'px'(€), pa'(€)). As we have already noted, the
retraction (71, s1) is smooth, and furthermore it is tangent to the level sets, hence
its restriction is just a nice, smooth retraction.

The restriction of the second retraction (79, $2) is just

(70 Faby (Pl () X idrs LI saolog () X idye .
8(2,0)|P(_2}o (e) x id, (£ 0))>
in the A = (2,0)? case, and (ry, s9) restricts to
-1 . -1 .
( a0l (30 1(P.0)(€)) X idyr o) L 5%3,0)|P(3,0)(5) X idi(r )

8%3,0)|p(73%0)(6) X idt(F(l,o))> )

in the A = (3,0).(1,0) case. Recall the construction of (r(2,0), 5(2,0)) and (73,0, 5(3,0))-
The germs of their restrictions to (F, O)p(;}o)(e), p(_;o)(e)) and (F(g’lo)p(_g}o)(e), p(_;o)(e)),
combined with (r(20y,52,0)) and (r(1,0),501,0)) in source and target of Fip)2 and
F3,0).(1,0), respectively, at a point at which an E270.Ef70—singularity is presented,
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comes from a retraction (T(270).(1’0)2, . 170)2) in an appropriate set of coordinates
(with A = (3,0).(1,0) or (2,0)? and A = (2,0).(1,0)?):

(
(Uas ¢a)t (Fa'pa'(€), pa'(€)) N (s(Fa), t(FQ)) — (s(FR), t(FR))

as in

(144) %l l%

The retraction (r(2,0).(1,0)2; 5(2,0).(1,02) in the level set extends to

(a(T), @a(T) N (F5'p5'(0,¢], p5'(0,¢])
using the R*-action. This retraction pulls back by (¥a, pa) to a retraction (Fa, 3a)
in (M, M), leaving the fibers of (7, mps) invariant.

Lemma 145. The total local retraction (rg, s5): (Fao))e — F — Fx at § actually
induces a local E-tame retraction (Fiag))e — (F(Z o)e = Fatg.

Proof. The retraction (3, s) is E-tame, and hence leaves ST-invariant strata invari-
ant. The fibers of (ry, s;) are 3-dimensional, and we know that the strict presentation
(EA)strict ((Fla,0))e) is a 3-dimensional, ST-invariant stratum. Thus it must be a fiber
of s5. But by Lemma 124, the stratum (£a )suict (F4,0)) projects submersively onto
the non-positively weighted subspace U of ¢(F(4,)), and since

Pt €) = (Pl () NHF ) x U,

the manifold Ea((Fla,0))e) C t(Fa0)) projects submersively onto U as well. Hence it

is transverse to t<F(Z,0)) in t(F4,0)), and in particular to t(F*) in ¢((F(40))e). Since

transversality is an open property, this means that the fibers of s; are transverse to
t(F*) near g, and s; defines a local retraction onto F™ at . U

Local retractions near the 1-dimensional stratum

As in Lemma 29 we construct a retraction
(r2,0).0,02 52,0).(102) * Fl2.0).102 = Fl2,0).0102 = Fil.0 (1 0y2-
Using the trivialization
(146) e: (s(Fx) x I5,t(Fx) x I3) — (M, M)
where A = (2,0).(1,0)2, we may extend it to a retraction

(rars sa1): Far — Fle (S(Fg) x I3, t(FF) x IA> —: Fy,
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where A = (2,0).(1,0)2. In particular, this defines a retraction

(7L,,5L,):
WD p @ (F ) N SF), 7yt w)) — Fle(s(Fx) x {y},t(Fx) x {u}).

Lemma 148. Suppose that y € Ip0).1,002. We claim, as in the previous section,
that the total local retraction

(rarsm) 7
(ry, 8y): (Fa)e = Fur 5" Fap).a.0p
induces a local E-tame retraction (Fiao))e — <F(10))6 at y.

Proof. The retraction (ry, s,) is E-tame, hence leaves ST-invariant strata invariant.
The stratum made up by the presentation Es.E}((Fl40))c) is an ST-invariant
stratum, containing the fibers of s, and the germ at y of the set I3 .(1,0)2.

By E-tameness, the fiber s, (y) is transverse to

e(t(F0.0,02) X L20).002);
but it is also transverse to I(20).(1,02 in (Fao.F )smct((F ))e)- That is,
Ty (E2,0~E1,0((F(4,0))e)) = ( 2) ®Tys 1
and we know by Lemma 124 that
T, (H(Flu)d) = Ty ((Bao- B s (Fu)d) & Ty (H(Fig))0))

SO

T, (H(Fluo))) =Ty ) & T, (Toora02) @ Ty (H(F )0

J

v~

=T, (((F(; 0))))
so the fiber s, (y) is transverse to t(( ) ) in t((F4,0))c), and hence s, defines a
local E-tame retraction (F40))c — (F(4 0) ) O

Local retractions near [(F™)

We start out by recalling that for y € I(20).(1,02 N Wa, where, as before, A €
{(2,0)2,(3,0).(1,0)}, we have two sets of natural diffeomorphisms

Pa> b (T&i(y),y) — (t(Fl2,0).(1.0)2),0),

Yo, Yt (T (F7HYy) NEF),y) — (3(F20).0,002), 0).
Both diffeomorphism-pairs define weighted homogeneous coordinates at y in the
fibers, where

(Vas Pa)y = (Va, a) © (Va, pa):
(7 (FH(y) NEF),my (y) — (Fa'pa(e), pa'(e)) —
(s(Fi2,0).0,012)s t(Fl2,0).01.02))
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is the diffeomorphism that brings the retraction (5a,7) defined in (4.1.6) to

(7"(2,0)(1,0)27 8(2,0).(1,0)2)>

and where

(@Db, Spb)y = 6_1| :

(7 (F~Y(y) NSF), 7 () = (s(Fa0).1002) % {y}, t(F0).002) % {t})

is the inverse of the map e defined in (146), which takes the fiber retraction (rz,, sz, )
defined in (147) to (7"(270)_(170)2, 8(2,0)_(170)2).
Suppose that
e ]0, 1[—) [(2,0)'(170)2
is a smooth embedding of ]0, 1] onto one of the components of [ (2,0).(1,0)2, and that

o has an extension a: I — I(50).(1,02 such that @(0) and a(1) are components of
I (502 or 1(30).(1,0)- Together with the trivialization (143) this defines a commutative

diagram (and we agree to denote A = (2,0).(1,0)? in the diagrams):

10, 1[xs(F3) ——=2, 10, 1[x¢(Fy)

axid axid

M Fy M

Denote by (11, ¢1) the vertically composed diffeomorphisms.
On the other hand, we recall from p. 91 that there are two other decompositions,
namely near @(0):

Fy|

MnN ‘N/@(o) M N VNV@(O)

Ya(0) ba(0)

$(Fa0) NYa)(T) —— t(Fa)) N ¢a)(T)

1
Fa

10, €[xs(FR) W 10, €[xt(FR)
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where we denote by (19, ¢2) the vertically composed diffeomorphisms, and near
a(l):

11— 1[xs(Fx) s 11— € 1[xt(Fx)

Here we denote the vertically composed diffeomorphisms by (13, ¢3). Note that
(11, ¢1) together with (g, p2) or (i3, ¢3) define the fiber diffeomorphism pairs
(Y, pa) and (1, pp) defined above.

Now the composed diffeomorphisms 1, o 11 and ¢, o ¢; define a commutative
diagram

idx F'x

10, e[xs(Fz) —= 10, e[xt(F5)
Yoot | $20¢1|
10, €[xs(FR) e 10, e[xt(Fx)
where the maps 15 o 1); and ¢3 o ¢; are fibered over ]0, €[, and similarly

11— e, 1[xs(Fs) —25 11 — ¢, 1[xt(F3)

¢:30¢1|/ ¢30¢1[

11— e 1Dxs(Fy) (o 11— e, 1[x1(F5)

Using these fibered diffeomorphisms, we obtain smooth paths

Y1t ]07 E[_> JZ{F

(2,0).(1,0)2

and vo: |1 — €, 1[— o

(2,0).(1,0)2

such that

71(t) : (wba Sob)o‘c(t) = (¢a7 @a)o‘z(tﬁ S [07 E]a
72(t) ' (wb; SUb)&(t) = (2/)0,7 QOa)a(t)y S [1 — € 1]7
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as shown schematically in the following diagram, still with A = (2,0).(1,0)2:

{t} x s(Fz) ) 2 {t} x t(F3)
\_1 1 Farl _1 /

V201 T Far W) —— 7 (y) P00
% 2,0)2 Fx (’Dm

{1} x s(Fg) —— £ {1} x t(F3)

when t < € and pa(y) = t, and similarly when ¢ > 1 —e.

Let ¢ < ¢, and fix a maximal compact subgroup G of Q%F(ZO)'(LO)Q. By Theorem 97
we may assume that G = {+1} x {£1} x {£1} < Fr, X g, X Dr,, - By
Corollary 85, there exists a smooth path ~s: [¢/, €] — A, o) 10y Such that v3(€') =
Bo - 11(€") for some element [, € MC(’Q{F@,O).(LO)?)’ and y3(e) = id. Similarly there
exist a smooth path v4: [1 —€,1 —€] — Dy 10 A0d an element 5y € oy, o
such that v4(1 —€) = id and (1 — €) = f; - %2(1 — €). Define a smooth path
v5: [€,1 — €] — o by setting

(2,0).(1,0)2

’75”6/7 E] =730 I{l[elv 6]
75”6’ 1- 6] =id
75”1 -6 1] =740 /ig[l -6 1 - 6/]

where k1 : [€/,€] — [¢/,¢] and ky: [1—€, 1—€'] — [1—¢, 1—€/] are smooth reparametriza-
tions such that the n'® derivatives ngn)(e’) = nﬁ”)(e) = né”)(l —€) = /{én)(l —€¢)=0
for all n € N (this is to ensure that -5 is smooth).

Now we have commutative diagrams

(149)
- - Fy| z
MnN V@(o) M N W@(o)
wf\ idx Fx /¢1_1
Vo 10,€[xs(Fx) — ]0,€[xt(FR) 2

%(tm ()(=)) (t)— (b1 (8) ()

10, €'[xs(Fx) » 10, €[ xt(Fk)
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and — setting 6 =1 — ¢,

- - Fipl I
M N Va(l) MN W@(l)
w;\» idxry /451_1
(150) 16, 1[xs(Fx) ——5 16, 1[x¢(F5) "
%(m@(m)) (ty)— (t72 (1) (1))
6, 1[xs(F5) T 0, 1[x¢(F3)
and
~ 1 Ful 4,
(@€, a]) T (7 (J€',0]))
" ¢t
’ ldXFA ’
(151) €', 8[xs(Fx) —— €', 0[xt(Fx)
(t,x)—(tys (1) (2)) (ty)— (s (1) (v))
J€', 6[xs(F5) Thaxry J€', 6[xt(F3)
Here

Y5(€') = 13(€') = Bo - 11(€),
V5(6) = 7a(6) = Br - 12(9),
where 3y and 3, are of the form {£1} x{£1} x{£1}, acting on F{s g).(1,0)> through the
weighted homogeneous R*-action on the factors in source and target. In particular,
the two choices of subspaces (s(F(} ) 4 g2)s t(F(3 ) (1,0)2)) coincide.
We pull the retractions (7(,0).(1,02,5(2,0).(1,02) back fiberwise using the vertical
diffeomorphisms, and note that we get two choices of retractions in the fibers at

a(€e') and @(d) differing by an element of ]\40(;2%1:(2 0.1 0)2). But by the results in

Chapter 4.1.4, the set of fibers of (1(2,0), 5(2,0)), is invariant with respect to {£1}, as is
the set of fibers of the (r(1,0y, 5(1,0)), Which are just identities. Hence the set of fibers
of (7(2,0).(1,0)25 5(2,0).(1,02) 18 {£1} x {£1} x {£1}-invariant as well. It follows that the
fibers of the retractions defined by pulling the retraction (r(2,0).(1,0)2, 5(2,0).1,02) back
using the vertical diffeomorphisms in (149) and (150) coincide — at a(¢’) and a(d)
— with those defined by pulling back using the vertical diffeomorphisms in (151).
Thus (possibly using reparametrizations of [0, €] and [1 — ¢, 1] which are flat at ¢
and 1 — €), we get a well-defined C%!-foliation transverse to any possible choice
of t(F;r (2,0).(1,0)2 ») in the fibers. Hence we get a well-defined retraction Fis ) (1,02 —
F (Jg 0).(1,0y2 i the fibers which coincides with the one defined in (144) near 4.

We note that by the same reasoning as in Lemma 145, all of these coinciding
retractions induce, in fact, an E-tame retraction (Ri,S1): (Fla0))e — (F&;O))6 in
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(F~'W, W), where W is a neighborhood of the instability locus.
Construction of the global retraction

To finish the construction we combine the retractions (R;,S;) with smooth re-
tractions (Rs, S2) off the positive instability locus and obtain an E-tame retraction
(R,S): F. — F" using Lemma 32, with the help of a submersive distance function
h: W — R, which fibers h=1(]0, oo[) over ]0, oo[, and which pulls back to a fibration
over |0, 00 in source as well. For instance, we can use the weighted homogeneous
distance function in the fibers of 7', combined with the local weighted homogeneous
distance function near the O-dimensional strata I )2 and I(30).(1,0); it will pull back
nicely to s(F.) because, being transverse to orbits of the local R*-action, its level
sets will be transverse to F..

We have proven:

Theorem 152. There exists an E-tame retraction
(r@0), $4,0) Flao) = Fii g
and F, (Z,O) 15 topologically ministable. U

4.2. Z-singularities. The singularities belonging to the series Z,,(*) have many
properties in common with the E, o(*)-singularities, for instance when it comes to
the geometry of the instability locus and the germs presented there. We can extend
our results for the E-series to the Z-series using the same techniques, and this section
is dedicated to showing how this can be done. We will dwell on differences rather
than similarities, and simply refer to the proof for the E-series case when the ideas
are the same.

A function R? — R whose 4-jet is 2® belongs to the Z!-series. Following [dPW04]
we call it the Z-series, as no other Z-singularities will appear in this thesis. We
concentrate on the singularity Z,,(x), whose normal forms for Z-equivalence are
given by

z(y* + yr®W, + %),
for p > 1, where
Wp :w0+wlx+...+wp_1a:p_1
as before, and where we assume 4w +27 # 0 in order to get finitely .# -determined
germs, and wy # 0 because — as in the E-series case — the germs x(y> + 2°7) and
x(y? + yz?) give rise to deformations which are topologically distinct from the

deformations found in the other cases [dPW04, Theorem 6.3].
For J# -equivalence we get normal forms Z,,(r) given by

(153) 2(y* + ya® (wo + ") + &),

where 7 = min{i > 0|w; # 0}.



100

We shall focus on the case where r = p, which is J#-equivalent to the weighted
homogeneous germ

(154) 2(y* + Aya® + ),

for some \ # 0 with 4\® + 27 # 0. Like in the E-series case, if we can construct an
E-tame retraction Fi,o — F, (; 0) for the unfoldings of the weighted homogeneous

case (154), then we get E-tame retractions F;, o) — F| (J; 0) for the unfoldings of the

other germs (153) for free. See Section 4.3.
The ministable unfolding of (154) is given by

Fpoy: RPH — RPH (2, y,u,v,¢) —

(x(y?’ + Ay + %) + 3wt +y ST vl + ey u, c)

We agree to, in this chapter, denote the standard unfolding for Z,,(x) by F{;), or

F (Zp’o) if we want to emphasize the singularity type Z. The standard unfolding for

E,o(*) will be denoted F .

Fix u, v and ¢. The germ

(ZL', y) — pr; o F(p,U) (‘7“7 y,u,, C)
lies in Z, (%) if and only if c =0, u =0, v; =0 for j < 2p+ 1 and vg,1 # —A. In
particular, Z, o(*) is presented on smooth submanifolds of the unfolding parameter
spaces of s(F(,0)) and t(F,0))-
The total target weight of f is 3p 4+ 1, and we assign source weights

x~~1>0,

y~p>0,

V= 3p+1l—p—j=2p+1-73>0&2p+1> 7,
u ~3p+1—-1>0,

c~3p+1—-2p=p+1>0,

so F{;,0) has p non-positively weighted unfolding variables vy, 1, ..., vy, with weights
0,—1,...,—(p—1). In particular, F(;o) = F(Z; 0)°

Our goal is, of course, to construct an E-tame retraction Fi, — F(; 0)- Tame

retractions have been constructed by du Plessis and Wall for p = 1,2 [dPW95,
Chapter 10]. We construct E-tame retractions for p = 1,2, 3.

4.2.1. Instability loci and presented singularities.

Proposition 155. Provided k >> 0, the germ class Z,o(x) defines a smooth sub-
manifold of the jet space J*(m,m — 1), and it has the immersion condition. In
particular, given any stable map F: M — N, the strict presentation A(F) of any
multigerm class containing Z,o(x) will be a smooth submanifold of t(F), and the
restriction

F|: FFYA(F))NSF — A(F)

restricts to a diffeomorphism on components.
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Proof. The proof that Z,o(*) defines a smooth submanifold of J*(m, m + 1) follows
the proof of Proposition 112. The proof that Z,¢(*) has the immersion condition
follows the proof of Proposition 115, using the fact that Z,o(*) is presented on
a smooth submanifold of the unfolding parameter subspace of ¢(F{;,0)). The rest
follows as in Corollaries 116 and 117. O

The following theorem by du Plessis and Wall gives a parametrization of the

instability locus of F (’;70), where k < p:

Theorem 156. [d{PWO04, Theorem 7.1] For any k < p, the instability locus of F*
is the union of the images of the following deformations (with s <k —1):
(157) x <y3 + Ay H(a: — &)+ H(m - fi)gci) ) Z ¢ = p.

where * denotes either 0 or 1, and where £ = 0. U

Remark 158. Note that as in the E-series case, it is enough to consider the defor-
mations

(J:’ yagh s 751@—1) =
(159) o (4 + M TI 0 — €)% + 2% 1] (0 — €)%
k-1
because the s < k — 1 cases from (157) are found on subspaces of the parameter

space of type {& = &;} or {¢ = 0}. The case k = p gives the instability locus of
F (JI; 0) and it suffices to consider the restriction of the following deformation D:

D}_: (xay7§17"'7§p) —
z(y® + My [ (v = &) + T (2 = &)?)
to the subset
P={(&,...,&) € RP|& = 0 for some i or & = ¢, for some j, k}.

We form the parametrization py: P — t(F, (J; 0)) of the positive instability locus
by setting
Pz = (Ul, e ,U3p+1,1)0, . ,U2p+1, C)(fl, . ,fp),

ui(&, ..., &) = coef(z?, DY)
v;(&, ..., &) = coef(ya?, D})
c(&,...,&) =0.
Note that as in the E-series case, the parametrizations are symmetric maps, and to
find the instability locus it is enough to restrict to the subset {(§;) € P& < ... <
&, }. Furthermore, we do not have any dependencies between the &;.
In analogy with the E-series case, we have:

where
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Proposition 160.

i)

(161)

ii)

iii)

There is a stratification of the parameter space P by sets of type {& = ... =
&}, which induces a stratification of the instability locus via py, and the

sets {& = ... =&} have constellations (c;) of exponents in the deformation
(159) associated to them.
Denote by (¢;)5_, the constellation of ¢; associated to a point (&, ...,&p)

of the parameter space. At p(§;) we find presented a
Ay 0o(N).Eey 0(A). -+ B, 0(N)
-singularity (modulo &%), where A, () is Zey 0(X) whenever ¢g > 0, and

AO,O<)\) 18
A ifA< =/
Al Zf/\>—3%

where we note that the value N = — 3 %

15 never reached because of our

finite H -determinacy condition 43 + 27 # 0. Here A, denotes the stable
rank 0 singularity Fa,: R* = R, (z,y) — xy.

We denote by P, 0)... (c.,0) the set of all points (&1, ..,&—1) associated to
(ci)i_y; these sets form the stratification in the parameter space P.
The parametrization py restricts to a homeomorphism on components of
strata.
The strata in the instability locus are smooth, with contractible components,
and each stratum Ia s actually a union of components of the intersection
t(F(;())) N Ya, where Ya is the total strict presentation of the singularity A

m t(F(pp)) .

Remark 162. Note that, as opposed to the statements in [dPW95, p. 507] and
[dPW04], which are made simultaneously over R and C we only find one A; singu-

larity in Agg(A) when A > — /20 in the real case.

Proof.
i)

4

We show that we find the singularity (161) presented at p(&;). When ¢q > 0,
we see this in the same way as in Lemma 123 for the E-series. When ¢y = 0
we note that when all & # 0, the germ at (0,0) of the deformation (with
& = & for some j, k)

is equivalent to z(y® + Ay + 1). Over the complex numbers, this polynomial
factors as z(y —c1)(y —c2)(y — ¢3) for three distinct ¢; € C, which means that
if we consider all our polynomials over C, then we get stable A;-singularities
(z,y) — xy at points (z,y) = (0, ¢;).
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We first show that when \ < —13/%, all of the roots ¢; are real and
distinct, and we get three stable A;-singularities presented by F' at (0, ¢;)
for1 <i¢<3.

The function x(y) = > + Ay + 1 has three real, distinct roots if and only
if the equation x'(y) = 0 has two solutions y; and y,, where x(y;) takes one

positive and one negative value for i = 1,2. See Figure 10.

We compute x'(y) = 3y + XA = 3(y + /3 )(y — /=), and see that
X'(y) = 0 if and only if y = £,/ _T/\’ which is real if and only if A < 0. We
evaluate

3 47

x(—y/3) =-%4/% +1 which is positive.

and see that the claim holds — we find three distinct, real roots if and only

X(\/ F)=2/3+1 which is negative when A < —¢/27 and

ifA< =3¢ %, and it follows that we get three A;-singularities presented by

F(Z,o) at pz(&) if and only if A < — ¢/ 17.

When A > —¢/ %, the complexification of y has three distinct roots —
one real and two complex conjugate, non-real roots. These roots give rise
to three A;-singularities presented by the complexification of F (Zp 0)- As the
points at which two of the A; singularities are presented, are not in the
domain of the real polynomial, which can be seen as a restriction of the
complex polynomial, we see that the real part of F' &3 Be oo Be. o) here is just

1-+c1,0- - Hes,
FA, B, o B, 0) X 1dge, and since we can show (as in the real E-series case)
that the presentation

(Ai)'EChO()\>' T 'Ecs,O()‘»strict(F&f,ECLO,...,E6370)>
lies in t((F(%O))JF), the presentation

(A1 Eey0(A). -+ By 0(A) )strict (F(Ay.Ee, oo oy o) X 1dR2)
will lie in t(F(;O)). In particular, the Ay.E, o(A).- - .E., o()\) singularities
are presented on an s + 2-dimensional subset of ¢((F (io))*).

ii) The proof is similar to the E-series proof that p is injective on components
of the strata, which is part of the proof of Lemma 126.
iii) The proof follows the proof of Lemmas 126 and 130 from the E-series case.

O

Proposition 163. Let [[ E., 0(\) or Z,o(N) be a singularity appearing in the pos-

itive stability locus ](F(;,o))' Now, for A = [[ E,0(%) or A = Z,¢(*), the com-

ponents of Ya passing through I(F&; 0)) project submersively onto the non-positively
weighted subspace of t(Fp ).
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FIGURE 10. The polynomial function y has 3 distinct roots if x’ has
two roots, in which x takes values on both sides of the axis.

Proof. The proof is analogous to the E-series case, see Lemma 124. O

4.2.2. Construction of retraction for Z o(*). This construction follows the construc-
tion for Es(x*):

The weighted homogeneous ministable unfolding F10): R'® — R? of Z;(\)
has one non-positively weighted unfolding variable vs. The instability locus of
F (JLO) : R? — R¥ is just the origin by Theorem 156. Define the weighted homogeneous

distance function p: R? — R and use the level set restriction (F{jp)). F(I,lo) pe) —
p~1(e) for some € > 0; now (F/t ). is stable by [IPW95, Lemma 9.6.2]. Hence we

(1,0
can find a smooth retraction
(rm Se): (F(I,O))s - (F(—;O))ﬁ
and we can extend it to a stratified smooth E-tame retraction

(ra,0)s 80,00 Flao) = Fiig

using Lemma 36.

The retraction we just constructed is RT-equivariant, and just as in the Ejg(x)
case, we can use the Haar integral with the defining vector fields to make it R*-
equivariant as well.

We have proven:

Theorem 164. There exists an R*-equivariant, stratified smooth, E-tame retraction
(ra,o)s0,0): Fao — Fig)- O
Note that the retraction (r(,0y,51,0)) and its foliation are not uniquely defined,

as we have made a choice as to which smooth retraction to use on the level set.

4.2.3. Construction of retraction for Zs (). The weighted homogeneous ministable
unfolding Fiog): R'® — R of Z,((\) has two non-positively weighted unfolding
variables, vs and vg. By Theorem 156 the instability locus of F(Jg 0 = F(2270): R4 —
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R!'? is 1-dimensional and has three types of singularities presented in it; namely
a Zso(A)-singularity at the origin and Z; o()).E4 - and E270()\).A‘1:(A)— singularities
along 1-dimensional, RT-invariant submanifolds of R'?, where

1if A > —§/2
c(A) =
3 if A< —¢/2.
Let p be the weighted distance function in t(Fia0)), let € > 0 and denote by (F(2,0))c

the restriction to the level sets (F(glo)p_l(e),p_l(e)). By [dPW95, Lemma 9.6.2],
(Fiy,0))e is stable and the instability locus of (F, ) )e is p~'(€) N I(F)), which con-

sists of four points vy, ..., ys where the Z; o(A).E; o- and E270()\).A‘i(’\)—singularities
are presented, and the stable germ of (F] (1270))E at y; is @/-equivalent to one of the
multigerms

. [E : : z . 4
Fpio.210 7= Fi) % ldt(F(Zl’())) U ldt(Fg’O)) X Fig L R — R,
. 3 . .
Fpy a3 = F(g,o) X idgs U | J;_, 1dt(F£’0>) X 0;0 (Fa, X idg2): | ], R" — RS,
FE2’O.A1 X idR2 = F(?,O) X ldR X idRz L idt(p(g,o)) X FA1 X idREZ |_|2 R14 — Rl:}’
where F, : R? — R is the stable map (z,y) — 2y and o; is a suitable permutation.

We fix coordinates (W, @) at y; such that:

_ (Fiz,0))e
(S<<F(12,0))e)7F(2710)(yi) N EF(Q,O)) —— (t((Fl2,0))e) 4i)

S(FA) t(FA)

Fa

for A € {E19.Z10()), Bao()).ASMY. Here Fj is the standard ministable unfolding
of the multigerm A as usual, except for the case where A = E((\).A;. In this
case, we replace Fa with its suspension F'g, ;. 4, X idg2.

Using Lemma 29 and the previously constructed E-tame retractions for Z- and
E-series singularities, we construct an E-tame retraction

(TA,SA): FA — FX

The fibers of sa are transverse to t((F(ngo))E> in t ((Fz,0))e) by Proposition 163,

since the fibers are ST-invariant. For the Fso(\).A;-case we note, in addition, that
the fiber s\'(y) is transverse to the presentation

<A1'E270<)\))strict <F+)
in the presentation

(A1 E20(N)) gpies (F)-
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Thus, by Proposition 26, this retraction induces an E-tame retraction
(F(Z,O))E - (F(—gyo))s

near y;, which has the same fibers as (ra, sa).
On the other hand, away from y; we can find smooth retractions

(Fla.0)d = (Fisg))¢:
Using Lemma 32 we may combine the local retractions to obtain an E-tame retrac-
tion (F(2,0))e — (F(JQr 0y)e and by Lemma 36 we obtain an E-tame retraction

(re0), S20): Fao) = Fiag)
We have proven:
Theorem 165. We can construct an E-tame retraction
(re20:520): Flao) — Fbo-
O

Note again that, in spite of our notation, our method does not define the retraction
(7(2,0), S(2,0)) uniquely, as we have made choices regarding which smooth retractions
to use in the very beginning.

4.2.4. Construction of retraction for Zs o(*). The weighted homogeneous ministable
unfolding Fiz0): R** — R* has three non-positively weighted unfolding variables
vr, Us, Vg, and, as in the Ej, () case, the positive instability locus is a stratified set;
we shall analyze it more carefully in a second. Just like we did in the Ej(*) case,
we will construct the retraction Fizg) — F by first restricting to a level set of
the weighted homogeneous distance functlon p(370) Here we find presented combi-
nations of E,¢(\)-singularities with ¢ < 3, and Z, o(\)-singularities, all with ¢ < 2,
suggesting an inductive construction of the retraction. We can find local E-tame
retractions using the previous results, but in order to combine them we need — as
in the Ey (%) case — to control the geometry near the instability locus.

Pass to a slice

Let po0): R?*' — R be the weighted distance function as defined in Chapter 2.4,
pick € > 0, and restrict to the level sets (F(g,lo)p(_?jo)( €), p&lo)(e)). We denote the

restricted map by (Fis0)); similarly we denote by (F(Jr )e the restriction of F
to

(3,0)

(Falnpain (€ N s(E ). Pl (€) N 1(FG )
If we can find an E-tame retraction (r,s): (F(30))e — (FJ:;O))E, then we can find an
E-tame retraction (R, S): Fiz0) — Fj5 3.0) by Lemma 36.
By [dPW95, Lemma 9.6.2], (F| (137 ))e is stable, and we can find a smooth retraction
(Fao)e = (Fzg))e By [dPWO5, Lemma 9.3.22], it suffices to find an E-tame
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retraction (Fyg)e — (Fi
(F5.0))e

For simplicity, we agree to denote (F (1370))6 by F, and (F (Jg o))e by F'* through the
whole construction.

)e in order to get an E-tame retraction (Fiz¢))e —

The positive instability locus

As discussed earlier, the instability locus of F/}  is parametrized by the (z,y)-

(3,0)
polynomial coefficients of the deformation R? — R given by

(’ + My — &) r — &) e — &)+ (v — &) (2 — &)°(z — &)°)
on subsets of {(£1,&2,83)|&1 < & < &3} where {&; = 0}, {§1 = &} or {& = &)

Thus, we get components of strata of the positive instability locus defined by sub-
sets of parameter space with the presented singularity types displayed in the table
below, and we give a geometric sketch of its intersection with p(_glo)(e) in Figure 11:

stratum in R? dimension singularity type
{51 = 52 = 53} O (origin) 2370()\)
A) {&£=6=0<8) 1 Zs0(N).- B
B) {&=0<&=6) 1 Z1,0(A)-Ea0(A)
C) {=&=¢&>01 1 A By (V)
D) {&1 <& =8=0F 1 Zs0(N). B
E) {&i=86<&=00 1 Z1,0(A)-E20(N)
F) {&=&=8&<0} 1 A By (N
1) {&L=0<& <& 2 ZLO()\).EiO
2) {0<&=6<&) 2 AN B, (M) By
3) {&<&=E&<0} 2 AN B, (M) By
4) {&H<&=0<&) 2 ZLO()\).EiO
5) {&=&<&=0) 2 AN B, (M) By
6) {&1<0<&=2¢6) 2 AN B, (M) By
7) {51 <& <& < 0} 2 ZLO()\).EiO
8) {&1 =8 <0<&) 2 AN By o(V). B
9) {0<& <=6 2 AN B, (M) By
where

if A< =32

4

From now on we work inside the level set ,0(’310) (€), which is transverse to all these
strata — hence the dimensions will be one lower than those displayed in the table.
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. Z’Z,U()‘)'EI,O
® AN BN
Q@ Ziu(N).Exe(N)

‘ AV By o(N).Brg

Zio(N).E,

FIGURE 11. The stratified positive instability locus of F{3), inter-
sected with the level set p(_glo)(e).

We note that the 1-dimensional strata (corresponding to the 2-dimensional strata
in the table above) are deformations of one of the singularities appearing in 0-
dimensional strata (1-dimensional in the table). The 0-dimensional strata are multi-
germs where at most two are deformable within the positive instability locus; in the
deformations giving rise to 1-dimensional strata, one is kept constant while the other
is deformed. 3 o

We shall use A = [[;_; A; to denote the singularity types presented on 1-
dimensional strata, and A = []7_, A; to denote the singularity types presented
on (O-dimensional strata. B

We denote the strata of the instability locus by Ia and Iz, where A and A de-
note the presented singularities, and we denote the corresponding subsets of source
by Ha and Hx. The full presentations in the target of F' are denoted by YA and Yjx.

Choice of coordinates at I

Consider a 0-dimensional stratum I, with y € I, and fix coordinates (¢a, ¢a)
such that

(s(F), F "' (y) N ZF) —— (t(F),y)

N B

(s(Fa), ||0) —— t(Fa)
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where F)p is the standard ministable multigerm unfolding of the singularity A, as
defined in Lemma 11, unless A = A;.E54()), in which case we replace Fa with its

suspension FAl.E<3,O) x idp2. Note that we can write A = A;.Ay where either A,

. A . . . .
is a monogerm or A; = Af( ), and where the "incoming” 1-dimensional strata are

deformations of one of the A;. Note furthermore that ¢t(Fa) = t(Fa,) X t(Fa,), and
we can define the distance function
PAA = PA; O PlyFy,)s

where A, is the singularity that deforms to create the stratum I5.

We denote by Fi & the germ obtained from Fa by removing the most negatively
weighted unfolding variable from Fa,, where A, is the singularity which deforms to
create A. This is analogous to what we did for Ejo()).

The level sets of these distance functions define local tubular neighborhoods
(Ta a>ma.n) Of Iz near I, and they pull back to source as in the Eyo())-case.

Find suitable tubular neighborhoods of the 1-dimensional strata

Using similar techniques as in Section 4.1.6, we can find tubular neighborhoods
(Tx,mx) of I, such that
e The tubular neighborhoods (Tx,7x) pull back to tubular neighborhoods
(Tx,73) of Hx in source.
e Near [, the tubular neighborhoods
((TAa ﬁA)7 (TA7 WA))

coincide with the tubular neighborhood

((TA,A> ﬁA,A)’ (TA,Aa ”A,A))
defined by the level sets of the distance function py .
e The map F|T} is trivial over Ix.
e The restriction of F' to any fiber of (TA, ﬁA> is stable.

We can find submanifolds My of T which pull back to submanifolds M of T,
both of codimension d(A, \), where

1 if A=Z19(N).E2gor A< — /&

d(Aa )‘) = L~ 97
3 if A= A1~E2,O(/\)-E1,O and A\ > —\3/ T

such that
e Near the O-dimensional strata Ia,

(Va(itz) 0a(Mg)) = (s(FA),HFY)).

where F denotes the ministable unfolding of A in all cases.
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e The restriction F|Mj is stable.
e The tubular neighborhood structure from (7x,7%) restricts to a tubular
neighborhood structure on ~(M i, My) for all A.

e The restriction Fy; = F|: Mz — My is stable for each A.
e The map F) is trivial over Iz, and the restriction to any fiber at Iz is

ministable and equivalent to Fx for all A.

Find retractions at the 0O-dimensional strata

We pull back the retractions (ra,sa) to a neighborhood of In using (1, ¢a).
Note that it y € Iz N pglﬁ(e) for a sufficiently small €, then the restriction of

(ra,sa) to the subset

((Px'p 1 (€) Fa'(9) N 3EA), (315 (0 w) ) () (sCFR), H(FR))

is taken to (sx,7x) by (¥a,da), by the construction of the retractions (ra,sa).
This is analogous to the Fyo(\) case.

Find retractions near the positive instability locus

As in the E-series case, we now have local E-tame retractions (ra,sa) at the
O-dimensional strata (Ha, Ia), which restrict to E-tame retractions in the fibers of
the tubular neighborhoods on the submanifolds (M A.n» M3z o) of the 1-dimensional
strata (Hx, Ix) near the (Ha, Ian). We also have a different choice of fibered E-tame
retractions in the global submanifolds (Mx, M) of the (Hx,I5) — hence we get
two different choices of E-tame retractions near the (Ha, Ia), stemming from two
different choices of weighted homogeneous coordinates in the fiber of the tubular
neighborhood.

As in the E-series case, we can interpolate between the choices of coordinates
along the Iz using the contractibility of @ /M C(&7; ). This gives us a new choice
of coordinates in the fibers of (M x> MR). Near I, this gives the same coordinates,
and the same retraction, as that defined by the (ra,sa), modulo an element of a
maximal compact subgroup G of &, . By Theorem 86 we can choose this group to

be a product of subgroups MC(J}; ), one for each monogerm appearing in A.
Recall that by Theorem 97, MC(a/p, ) = {1} for A; = E,o(\) or Z,o()).

The multigerm A consists of singularities i, Fao()), Z10()), A2; the only ones
whose retractions are not identities, are the E5 () and Z; o(A). Both of these ad-
mit {£1}-equivariant E-tame retractions by Theorems 133 and 164. Then (7, s3)
is a G-equivariant, E-tame retraction. In particular, its fibers coincide with those
of the retraction defined by (ra,sa) in (Mx, Mz) near (Ha,In). These retractions
combine with smooth projections from (7' X, T'x) onto (M x> MR) to create E-tame re-
tractions which coincide with the retractions induced by (ra, sa) near the (Ha, Ia).
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Moreover, as in the E-series case we can show that its fibers are transverse to

t((F&O))e) in t((Fs,0))e), and hence by Proposition 26, we get a local retraction

(Fl3,0))e — (F(J?;O))e-

It follows that we can construct an E-tame retraction (F3))e — (F(g’o))6 near the
instability locus, and — as in the E-series case — we can combine it with smooth re-
tractions off the instability locus, in order to obtain an E-tame retraction (F{3)) —
(F{5.0))e- This finishes the construction.

We have proven:

Theorem 166. There exists an E-tame retraction
(7“(3,0)7 8(3,0))3 Fizo) — F(ngo),
and F(J?:,o) 15 topologically ministable. U

4.3. E-tame retractions for the non-weighted homogeneous cases. Our E-
tame retractions F{, o) — F, (;0) in the E- and Z-series have all been constructed in-
ductively by extending retractions on a level set using Lemma 36. By this lemma, we
find E-tame retractions and corresponding foliations (%, .%;) in (s(Fp,0)), t(Fip,0)))
in neighborhoods (Wy, W) of the subspaces of source and target that have positive
weights.

Furthermore, the germs from (105) and (153) with wy # 0 and (153) all appear
as germs of F{, o) for suitable wg # 0 at points (0,0,u) € t(F ) X Up x U— on the

(,0,0)
respective negatively weighted subspaces. By restricting to the subspaces

(S(F(;,o)) x {0} x {U}at(F(;o)) x {0} x {u}) C (S(F(p,O))yt(F(p,O))) )

we get the wanted germs from (105) and (153). The non-positively weighted sub-
spaces in s(F(p0)) and t(F{,0)) are leaves of Z; and .%;, respectively, thus the germs
at ((0,u), (0,u)) of the foliations (%,.%;) are transverse to

(5(F L o)) x 10} x {ud t(F ) x {0} x {u}).

and they define E-tame retractions

F = FI ((s(F) % {0} x {u}, (0,0,u)), (H(F, ) x {0} x {u},(0,0,u))) .

But these are just E-tame retractions onto the positively weighted part of the stan-
dard ministable unfolding for (105) and (153).

4.4. Conclusion and future work. We conjecture that it is possible to construct
E-tame retractions for E, (%) and Z,o(x) for all p,q € N, having seen that it is
possible for p <4 and ¢ < 3.

The constructions of the E-tame retractions follow the plan

Step 1 Parametrize the positive instability locus, and show that it is a stratified
set with respect to stratification by presented singularity type. Identify the
presented singularity types in the positive instability locus, and realize that
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by induction, we already know how to find E-tame retractions onto their
positively weighted unfoldings.
Step 2 Use this to find local retractions near all points of the instability locus.
Step 3 Combine the local retractions by controlling the geometry near the positive
instability locus, hence forcing the local retractions to coincide on common
domains.

We have already completed Step 1 for all p and ¢. In Step 3 we suggest con-
structing a system of trivial tubular neighborhoods about strata in the spirit of
the E,0()) case, and using the contractibility results found in Chapter 3 to choose
suitable coordinates in the tubular neighborhood fibers.

Step 2 suggests an inductive procedure, but as we have seen in the second con-
struction for the Fyo(*) and Z3(*) cases, we need our retractions Fi, o) — F(;,o) to
be equivariant with respect to MC(a, ) for F,0) occurring on dim > 1 strata
of the positive instability locus, in order to force retractions to coincide using the
contractibility of quotients. Thus, in attacking the general problem, we need to
make sure that we can construct equivariant retractions in each step.
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