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Contents Introd.uctLon

Let h be a ¡nodulus of contlnulty and let LlpO(D)
d.enote tbe space of functlons f : D + IR whlch have. the
nodulus of contlnulty h. As regards the Hölder cl-asses
n(x,y) : lr-ylo, F.IY. GehrLng and o. Martlo tclr2l showed.

tbat for certaln dornalns D each functlon f: D + R ln a

corresponding Local" space belongs to the space LipO(D).
These donalns are cal"led Llp'-extenslon do¡nalns. Iu thls
paper rre stud.y general ¡noduLi of contlnulty and extend the
result of F.If. Gehrlng and O. Martlo to this sltuatlon.

F.W. Gebrlng and O. Martlo appJ"led tbeir theory to
quasÍconformaL rnapplngs of Rn. These extenslon propertles
can aLso be appJ-led to l¡nbeddlng theore¡ns ln Sobolev spaces
I{1'p(D) or even ln orllcz-Sobo1ev spaces (see [4, Theoren
VIII.8.õ61), because lt can be proved by classl.caL rnethods

that functlons f ln 1lI'p(D) are HöId.er-oontinuous wlth
exponeut L-n/p ( p ' n ) ln srrooth parts (Ltke cubes or
balls) of D (see [4, Sectton V]). It tben foLLows from
tGM?l and fro¡n the resuLts of thJ.s paper that the functlons
are actually Hölder-contlnuous ln D for a very large class
of douralns D. However, lt nay happen tbat f does not
beJ.ong to the saure llölder class J.n D as ln tbe smooth

parts of D.

After sone prellnlnarles we study Liph,r-extenslon
d.omatns ln Sectlon g. These are d.o¡nains wbere tocal-Iy
LipO(D)-contlnuous funotlons are also Llnr(D)-contlnuous
functions. A Llp'-extension donaln ls tben sitnply a LlpO,O-
extenslon donain. tte gJ.ve an lntegral conditlon for Llph,g-
extenslon do¡nalns (analogous to the one fn tGM2l). uslng
the integral conditlon we show, ln Sectlons 4 and 5, some
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geonetr5.cal propertles of Llp',r-extenslon donalns. We glve
a sufflcient condltlon for tb.e nodull of contlnuity b and
g such that a Llph-extensl.on dornaln ls also a Lipr-exten-
slon domain. \{e aLso show that J.f for a ¡llven h tbere
exlst Lip'-extenslon dornains, tbelr cLass \rtLL be Larger
than the class of unf f or¡n d.ornàÍns.

In Sectlon 6 we exanlne the special case h(t) = tcx

studled J.n tGM2l. lle show that the olass of Lip'-extenslon
d.o¡nains J.s larger than the class of Lipo-extensj-on d.omalns
j.f 0 < cr < f3 < L. Ife also deflne totaL extension domains.

In the last sectlon \{e conslder certaln theorems
discussed ln the papers tcMfl, [,t] and tStl. 'l{e gj.ve an-
other equivalent condltJ.oa for Liph,g-extenslon do¡nalns
based on the maxl.num derfvatlve (see tcMLl).

Most of the notation used ln thJ.s paper is presented ln
Appendlx A. In Appendlx B and C there are sone graphlcal-
lllustratlons relattng to tbe exanples J.n Section 6.

l. Pre].i-ml.narl.es

For the detatLs of notatlon refer to Append.lx A

1.1. l{otation. tfe shalL wrtte y(x,y) c O for a rec-
tifiable curve joinlng x to y ln a d.oroaln D c Rn.

I (V ) denotes tb.e arc Length of y and

V(s) lts arc length representatlon wlth

Y(0) = x and

y(¡(.y)) - y

By anaLogy, ¿(x,y) denotes the Ilne segment Jolnlng x to
y. If g ls a real vaLued functfon ln D, we fet

V. Lappal-a1nen

J ec'> u" ::
r (x, y¡

be the Ilne lntegraL of
exists). Note that
curve Y.

)

8(r(s)) ¿s
0

g along y (provtded the integral
the measure ds depends on the

7

,(Y

J

f .2. Iþfinition. A dornain
quasiconvex if every x,y E D
tifj-abIe curve y 5.n D wj"th

D c IRn is said to be c-
can be joined by a rec-

By

the

l(l) < clx-yl

1.õ. IÞfÍnition. Let r > 0 and y(x,y) c O

cig(1,r) ( r-cigar nelghbouråood of y ) we mean

set

clg(^y , r)

The euclJ.dean distance from y(t)
cigi(^¡,r) satisfies the i-nequal-ity

to the boundary of

(1.4) ¿(^f (t), ôcig(^f ,r)) > r'¡nin(t, r(v)-t)

l-5. Iþfj.nitj.on. Let c > L. A d.omaln U c Rn is
ca].l.ed c-unltorm if each x,y E.. U can be Joined by a rec-
tifiable curve 'l ln U sucb that

(1.6) l(l) < clx-yl

(r.?) cig(r,tzc) c u

Using hyperbollc geodeslcs lt can be proved that an

open ball Ín a.n is n,/2 -untforn (see tb€ proof of Theore¡n

2.2 Ín tcMzl).



I V. Lappalalnen 9

Remark. Uniform do¡nalns were deflned by O. Martto and
cf . Sarvas l-n tMSl. Deflnltion L.E for unlform d.o¡nains and.
the definitlon for cig(y,r) are from an unpublished. paper
of .1. VäisäIä's. For otb.er characterizations of uniform
donaj-ns see [GO] and [M].

Remark. For our purposes, the conditlons (A.Z) - (A.9)
are enoufll¡ for the rooduLus of continuj-ty. Hovever, for sim-
plicj.ty \{e use Definl.tlon 2.1 (see tJl).

2.1O. DeffnÍtÍon. Let D c IRn. A function f: Ð * IRP

bel.ongs to the Llpschitz cJ,ass LlpO(D) j-f there exists a
constant M < co sucb. that tbe J"nequality

2. llodulus of corxtinuity and. Lipn-cJ.asses (a.rr) lf(x)-f(y)l < Mh(x,y)

We can extend alJ. theorens in tGMpl to general
of continuity. Thls j.s done in Sections õ and. 4.
present the definitions and basic properties of the
of continuity.

¡nod.uIi
Here we

mod.ulj.

hol-ds in D

2.1. Definitj.ou. A continuous functlon h: [O,oo[ - p

is said to be a nodulus of continuity if lt satisfies the
following conditions:

rf h(t) = tct,
stead of r,ipo(D).
Lipschitz condition
a constant M.

we sbalL use the notation Li.p.*(D)
The condj.tj.on (2.11) is called

wtth the noduLus of continuity h

j.n-

the
and

(2.2)

(e. a)

(2.4)

h(0):0, h(t)>0, t>o
h is j.ncreasing and

b' exists and ls decreasing in l0,oo[.

2.L?'. IÞfj.nj.tj.on. Let h and
nuity and. l-et D c F.n be a d.onaln
nates h in D and write h<g
A < co such tb.at for eacb x,y € D

g be rnodulj- of conti-
lle say tbat g dornÍ-

lf there is a constant

i

h(x,y) < A.g(x,y)
\fe begln wj-th some results concernlng the

continuity. The next theoren is obtained by
calcul-us.

noduLus of
eJ.ementary 2-L6. I.€nma. If b. < g in D c IRn, then

r,ipn(o) c Linr(Ð) tr

2.5. lteorem. Let h be a modulus of continuity.
lhen the folJ.ovTing conditions a,re true: 2.L4.

0<cx<ß<
L€rn a. If the d.omaÍn D c RD is bound.ed. and. if
L, then

(2.6) h'(t) t s h(t) t>0
LipU(D) c Lipo(D) E

(2.7) h(ct)<c'b(t) forevery c>1, t>O
Y¡e shall use the abbreviatlon

(2. s) t{P is decreas¿ng, t>0

(2 . 9) n(x, y) : : h( lx-y I ) d.ef taes a metr j-c tn Rn

no(x) :: B(x,b.d(x,ôD)), b 3 1,



Lo

for an open bal-l ln D wJ.th the radlus b.d(x,ôD) and the
centreat xED.

2.t5.Defini-tÍon. A functlon f:D-RP betongs to
the J-ocaJ. Llpschitz cJ.ass 1oc LipO(D) if there exlst con-
stants b>O and rb.- suchthatforeach x€D and
y e no(x)

(2.16) lf (x)-r(y) | < rnoh(x,y)

Usually a Llpschltz (se¡ni)nornr of the function
f e LipO(D) ls defined to be tb.e smatlest constant M for
which (a.ff) holds. In the cLass J-oc LJ.pO(D) the constant
tb depend.s on tbe constant b and no s¡nall-est nb exists.
However, the constant b J.s superfl-uous:

cJ,ass

m<@

2.L7. Tlreorem.
Loc Lipo(D)

sucfi that
(x).

A fuaction f: D - RP beLongs to the
7f aad onl-y 7f there exists a, constant
(?.16) åo]ds for each x E D and

ye ur,

Proof. The sufflcÍency ls lrn¡nedlate. For tbe necessity
Let f € loc Llpo(D) wlth constants b < W and rb Flx
an open baLL Br(x) c o and a, point y e Br(x). Set
r : d(x,ðD)/2' lx-yl an¿ choose tb.e open balLs B(z'br),
with j.:0,...,k<L/b<k+L and zi:y +lb'(*-y).
Sj-nce d(zi,ôD)>r, "1_l 

.n'(zr), and getocLipO(D),

(2.18) lf(y)-f(x)l < I ls(2.)-f(2._.,)l + lf(zo)-f(x)l¿Jf'
.L- I

kI r¡h( I uL-zL_rl ) + noh( lzo-rl )

k

i:i.

s uro(k+l).h( lx-yl) < moS h(x,y) : ¡nh(x, y) . E

V. Lappal-ainen

cl.ass
n<co

2.19. l'heorem. Afunctíon f: D-lRP belongs
J-oc LlpO(D) If and oaLy 7f there exlsts a,

such that for each x,X E Brr(z) c O

Lt

to the
constant

(2. 20) I f(x)-r(y) | s ¡nh(x, y)

Proof. The sufficlency ls l¡n¡nediate. For the necess-
ity J.et f € l-oc LipO(D) q'lth constants n and b : Vz

Fix points x,y e nrr(z). Set r : d(2,òÐ)/2. As in the
proof of Theore¡n 2 .1"7 , we can choose the open bal-l-s
B(z,r/2), where uL = x + L'(y-x)/A, 1 : 0,...,4. So by
repeatlng (2.18) we obtain

lf (x)-f (y) I < 4nh(x,y).

lle shal-J. enploy botb Theoren 2.17 and Theoren 2.19 to
characterize the class loc LipO(D).

Now we can deflne the J-oc LJ.pO(Ð) seninorn to be the
snalLest constant n for whicb (2.20) holds.

Remark. Our deflnltlon for the class J-oc LipO(D) is
not the same as the followlng deflnltlon: For every z e D

there J.s a nelçlhbourhood. Y, and a constant û, sucb. that

(2.21) I f(x)-f(y) I ur"h(x,y) whenever x,y E Y,

In general the definltion ls not the sane even if we replace
the constant .z by a unlforn constant *D For instance,
functions b(t) : tß, O < cx < ß < 1 and. f: JO,lf * [ì,
f (x) :: xq glve a couaterexarnpJ-e of tbls: If we take
y : ax , â < 1, tben tbe quotient

I f(x)-f(v) I _
h(x, y)

d.- ct.x (r-a J

F(1-Ðß-

tends to infinity if x tends to 0. But (2.21) holds j.f y
is cl-ose to a fixed x > 0.
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Tle gave the definltion for Locally LipschJ.tz-continuous
functlons by neans of tbe dlstance fron the boundary of D.

The f ol"l"owing theorem ls trJ.vJ-al-J-y true.

2.24.
Ihea the

Theorem. Let D c IRn þe a d.omaln and-

f olJ.otrtng fuactlo¡¡s beTong to the
wTthaconstant n<2.'

*o eD.
cJ,ass

roc Lipo(D)

2.?,2. Theoren. It there exlsts a constanü n < æ sucå uo(x)

uo, (x)

:= hO(xO,x)

:: hri(xo,x)that

(z.za) lf(x)-f(y)l < rn'h(x,y) Proof.
inequalj.ty

Let x,y e nnQO) By the triangle

whenever x and y beLong to a baII contained ia D

f belongs to the c.lass Loc Llph(D)
t'hen

n (2.2e) lun(x)-un(v) I lho(xo, x) - tro(xo , V) I < hD(x, y)

In Sectlon 4 we shalL show that f e loc f,fp'(Ð)
j.rìp1i.es (2.2ó) j.n sone cases and hence Theoreûì ?.?? has a

converse. Next, we shall- construct a oounterexanple of a

functlon belongi-ng to the cLass J-oc LlpO(D) for which
(2.?6) does not hold. lle start wltb the folLo$¡ing defini-
tj.on.

Let r :- lx-yl/2 Now

d(2,ôD) > r whenever z e .I(x,y)

Then, using (2.8), we obtain

2-24. lteorem.
in D the metrlc

The moduJ.us of coatínutty b def ines (?.õo) ho(x,y) s I
þ(å8iBP u" s ¡ h(r) ¿*JT

J,l(x, y)

I Leåtã*# u"
Y

2t h(r)
3 2'h(x, y)

(2.25) ho(x,y) 1nf
Y (x, y)

and the semlmetrLc
and hence by cornbiningi (2.29) and

uh € Ioc Li-ph(D). Tb.e sane ls true f or
á,á1,

(2. õ0) we obtain
u. due to Theoremn' 

tr
(?.26) ho(r, y) 1nf

^f (x, y; I
Y

h' (d(2, ôD) ) ds

2.õL. I€rnrna. Thete exists a moduJ,us of continulty
such that for every a > 0 there 7s a poiat tu, vtlth

h

Proof. It j.s obvious that bO 1s both posltlve and.

syrnnetric, and. that h'(x,y) - 0 lf and only if x : y.
The lnfirnu¡n over aJ-J. y(x,y) takes care of the trtangle in-
equality. Because h'(t) can be zero eveo J.f t * 0, hó

is not necessarlJ-y a metrla. EI

(2.6?.) h'(t) " a' h(t)
t if 0<t<t a

Proof. Set

I .t!'e

t-02.27. lteorem bo(x,y) < h'(x,y)

Proof. The inequallty fotLows frou¡ (2.6). Now

h(r)
0

lnt
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Ifence uh is not Lip'-contlauous in B wJ.th any con-
stant M.

2-34. Remark. The above counterexample leads to the
foll-owj-ng observation: Let h. be as in Lemma 2.õ1 and let
D be an arbitrary d.ourain in Rn, D + Rn. Then

f e loc r.ipn(D) does not funpJ-y the condition (2.26). lfe

can see that l.f we replace the ball B ln the proof of
CounterexarnpJ-e 2.66 wJ.th the compJ-enent of a polnt G and

use the trivial inequality

(2. õ5) ho(x,y) > bc(x,y) whenever x,y € D c G

*o
2.3¡6. Tb.eoreu. Let U c Rn be a c-unlfotm d.oma,in and.

e U. lhe functioI-

uo, (x) : : hrf (xO, x)

is ia the cLass r,fpo(u) with a constaat 2c

h'(t) : t/t
1n2t

>0 l-i¡n h(t) : 0
t*0

and h(t)>01f t>O Henoe h lsa¡nodul-usof conti-
nuity if we deflne j.t ln such a way that the conditions of
Definltlon 2.1. hoLd al"so when t > L/e.

On the other hand,

h'(t) 1 rrrr
hIÐ/t:-rnt=¿r\u'' -L/ a,<a, if t<e

and hence (2.32) hol-ds

2-3õ. Counterexa,nple. Let h be a moduLus of contJ.-
nuity satlsfylng the condltions of Lemna 2.õI. We show that
there ls a function uh E l-oc LipO(B(xO,r)) whlch d.oes not
belong to the class f,lpO(B(xO,r)) :

Set B := B(xO,r) and u'(x) :: hr(x',x). Suppose

that oh beLongs to tbe cLass Ll.pO(B) wl.th a constant M.

Choose tM . r such that h'(t) < (1/2M).h(t)/t when
t = tM , and Let e > O be such th.at

2(h(tM)-h(e)) > h(t"-e)

Let x be a point in B wj.th d(x,ôB): e and y a point
in J(x,xO) with ¿(y, ôB) : tM Obvlously the Line seg-
nents ,I(x,xO), J(xO,V) and .f(x,y) are the best possible
curves to Jol.n the corresponding polnts, and so

lun(x) - uo(v)l lhr(x.,x) - hr(xo,V) I

Proof. Let x,y E U

satisfying (1.6) and (1.7).
obtain, by using (1.4)-(1.?),

and Let f(x,y) be a, curve
Slnce h' j-s decreasing , r7e

luo, (x) - uo, (v) I brf (x, y) s

h'(s/c) ds

2c. (h( t(l)tzc) - h(0)) < 2c.h( lx-yl /2)

ec.-h(x, y)

J n'{a{r, ôu)) ds

Y

s J n'{a{", ôcrg(^f ,t/c))) ds

Y

r(r)
I o',å rnin(s, r(^f )-s)) ds
o

h"(x, V)
h(d(2, ôB) ) "^d(2, ôB) sÞ h(t ) dt

f
¿(x, y)

?M h'(t) dt 2M'(h(tM) - n(e))

M.b.(x, y)

ï*
I
c

)/2t(Y
2l

0

ï"

M.b(rM - e)
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3. Liph, r-extenslon d.omains

õ.1. Iþfj-ni.tLon. Let h and g be rnodulj. of conti-
nuityand DcRn ad.ornain. Let h<g in D. D issaj-d
to be a, Lip* ^-extensJ-oa domain lf there is a constant.tì,9
E = E(D,h,g) < æ satfsfying tbe folJ.ow1ng condÍtÍon:

If f: D * R belongs to the cl-ass loc LipO(D) with a

constant n (see ?. ?0), then f belongs to the class
Llp^(O) with a constant M : Em.

ó

The narfìe 'extenslon domaln' is notivated by the next
theorem.

i

i

l

l

I

õ.2. lteoren. If D c
d.omain, then every f : D - IRP

stant n has a,n extensloa f*

Rn ls a Lip¡.,,-extension
ln J.oc Lj-pO(D) wlth a con-

: Ru - RP such that

(õ. s) f* e r,lpr(Rn) wlth a constant M < Ernr/-p

Proof. (See [GMz, Sectlon 2] and. [McS, Theorem 1].)
Let f : D + F, , f E loc f,ip'(O) wj.th a constant ¡n . By
defi.nitlon r e Linr(Ð) wl.thaconstant M=Em Set

f*(x) := inf { f(z) + l,rg(r,z) I z e o }

Let e > 0. lYe shaLl prove tbat

(a.+) lf-(x) - r-(y)l Mg(x,y)+e 1n Rn,5

and. tb.en by lettlng Ê + 0 we obtaln (A.A).
Let x,y e Rn. Take ,y. O such that

f (zr) + Mg(V,zr) < f* (y) + s

UslnS th.e trlanÉlle inequality for the uretric g, we obtain

V. Lappalainen 17

f.(x) < f(zr) + Mg(x,2")

< f(zY) + Mg(y,zU) + ug(x,V)

< f*(y) * e + Mg(x,V)

x and y, we obtain

ls vector valued, we can repeat tbe proof for
which increases the constant onJ-y by a factor

n

Then by
(4.+).

rff

exchangling tbe roles of

conponents,
Jþ.

j-s

if

Remark. In [S, Theoren VI.3]
a J.J.near extension operator from
D j.s bounded.

it is proved that there
Lipr(D) to Lj.pg(Rn)

In this sectj-on we shall derlve other characterizations
of the LipO, ,-extension d.o¡nai-ns , and stud.y sone of thelr
propertj.es.

There are domains which are not extenslon domalns:

LiPn, g

. S. Bx,ampl-e

-extenslon
IR,

: B(0,1) .. R+ c R2. D

To show thls d.eflne a

3

+

Let
domaln.

is not a

funetion
Df

f(r,ç) ;: qr/2Í (j.n polar coordinates),

which is tocally Lip'(D)-contlnuous. This fol-l-ows fron h

being concave and so (2.26) bol"ds. Clearly f is Dot ln
the class Llpo(Ð), since there J.s no continuous extensÍon of
f to R2. ò

Renark.
breaks down.

The quasiconvexlty of the dornaj.n D al-so

Now by using the rnetrlo hO glven in (2.25) we show an
j.ntegral inequal-ity cond.itton for Llph,,r-extension d.omains.

The idea is taken frorn [GMz, Theorem 2.2f .
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õ.6. lteoren. A d.omain D c IRn ls a Ll
domain 7f and onJ"y tf there ls a consta,nt L

such that

Ph, g
<K(

-extension
D,h,É) < æ

ls locally Lj-p'-continuous ln D with a constant m < 2

,-extension do-(see 2.28). So by the definj-tion of
¡nains we obtaln (8.7)

Liph,

(õ.7) ho(x,y) < r'9(x,y) ho(x, V) lno(x,v) - ho(v,v) I

2E . Éf 
(x, y)

lun(x)-un(v) I

åo]ds in D

I

i

ir

First, sle prove the f oJ-lowi-ng lem¡na To prove the sufficlency of (õ.7), suppose
domain D satlsfies (õ.?) and l-et f € l-oc tipn(D)
constant m as l.n (2.20). Let x,J¡ € D and let
satisfy (3.9). Set lO :: 0 and choose ball-s
as fol].ows:

that a

with a

y (x, y)
n(z' rr)

õ.8. remnra. If ho(x,y) < g.g(x,y)
h<g in D (withaconstant A<4K).

in Ð, then

Proof.
generaLity
such that

Let x,Y E D. lfe nay assume wlthout l-oss of
that d(x,ôD) = lx-yl. Choose a curve y(x,y; ,L :: ^l(ri_f), ri :: d(zr,ðD)/4 and

L.
L

: nax { u. tO,!(y)l I y(s) e ã(z'rr) }

(3. e) I' b(d(z, ôD) )
I d(2, ôD)-
Y

ds < 2K.g(x, y)
Because D ls a donain and. y c D is compact,
finite number k such that rf = ,(^f) and

stops. Set rk*L :: y. Set

there is a

the process
Now

r(t) > lx-yl and

l

l

I

d('f (s), ao) d(x, ôD) + I (y ) 2t(Y)

and so by using (2.8) and (õ.9) we obtaln Norr the ].lnear measure of Aí satisfies

4K'8(x,y) > 2 {ffä*BÌ u" > ?ecrr {f;ff$ (õ.10) n(Ar) = "i luL*r - 'rl
Y (r, Y;

b(2lx-yl)

For s€A l- we have

h(x, y)
(3. r.t )

l

l

Proof of Theorem õ.6. To prove tbat a Lipn,
d.omaj.n satisfles (õ.?) take a polnt y € D. The

,-extenslon
function

uo(x) :: ho(y,x)
usj.ng (2.s), (õ.11) and (õ.10) we observe that
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h( 5r, )
ds I h(5r, )

rn(Ar) -5=:
L

V. Lappalainen

õ.15. Theorem. A Llph, r-extenslon domaia
foLlowing property:

ff X is any mettlc space and f: D + X

Ioc LlpO(D) wtth a constant n, then f
Lipn(D) with a coastaat E'¡n (where E' < 288).

2l

D åas the
(õ.12) I

Y

h(d(2,ôD))
d(2, ôD)

k-1-Ij-:L

d.s=I h(d(r(s), ôD)) ^-d(r (s) , ao) uÞ
k-t
Í:L A

l-

k-L

i:L

k-1I

beJ-ongs

beJ-ong,s

to
to

tr

A.l-

5r.].

k-1
I h(or -tl=s h(ri)

The next theoren shows why donalns such as those in
ExanpJ-e õ.5 are not extenslon domains.f

5 1=1

Now if lzo-yl s lx-yl,
(õ.1õ) and Lemma õ.10 as

(a. r+; I f(x)-f(y) |

5

where = 10K+A < L4K

If
E

I zk-yl lx-yl,
toc LlpO

i:L

we can co¡nbine (õ.9) , (õ. 12) ,

{ffå;BP uu + n.h(lzo-vl)

õ.16. lteorem
extensTon domain
h: [0,co[ - [0,co[
x,y€ã(xo,r)no

thed.omain ÐclRn Lj.n"a,

(s.7) .consta,nt K as

homeomorpålsm,
be Jolaed

Since f is locatty Lipn-contlnuous and ,L*!. Bur(rr) ,

k-1(õ.r.õ) lr(x)-r(y)l s )--lrQ)-t(zi+r)l + lr(zr)-r(y)l
l-= L

k-1
= * 

ãrn(rr,rL*r) 
+ r¡.n(zo,I)

k-1
: ur )-_n(ri) + n'b(lzo-Vl)

l-: l-

y (x, y¡ c a(xo, b) n D

(õ. t?) (ffä*Bl u" s K' .8(x,y)

where b : nax(?r,h-1(1"6K'g(r))) and. K' < 4K

Proof. (See [GM2, Theorem 2.].51.) Let xO e Rn and.

r > 0. Choose points x,y E a{x',r) n p. First, assune

that E(xO,2r) c o. Then we can choose Y(x,y) : ¿(x,y)
and., as ln the proof of Theorern 2.?8, we can show that
(5.17) holds wj.th a constant A < 4K

If there is a point ,O tn ¡(xO,2r) n ôD, qle can

choose y(x,y) c o for whlch (õ.17) holds. Suppose that
y is not contained. in n(x',b). Then

(6.18) r(t) > e(¡-r)

For every s E [0,r(Y)], z : Y(s), the fol"Iowing estimates
hold:

d"(z,zO) < d(2, *O) * d(x', zO)

and

ls

Let
a,

a

can

with

be
in

,g
Tf

points
culve

then
by

the
a

f
^f

5m
J

Y

5¡n.2K. g(x,y) + ne. g(x,V) Urn. g (x, y)

( A lsfrom h<g
then x,y E BUr("t)

(D) and h<g in D.

).
and (3. L4)
This com-

tr

hol-ds since f E

pJ-etes the proof .

Fron the proof of Tb.eoren õ.6 we obtain the folJ-olÍing
theoren:

s

(õ. 19) d(2, ôD)

d(z,xo) + 2r
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and

(õ.20) d(z,xO) < d(z,x) + a(x,xO)

V. Lappalalnen

4.2. Theorem. A

domain if and only lf
such that

DcR.n lsa
a constant

23

LlpO-exte¡rsion
t<K(D,h)<æ

domaln
there is

< s+r
t
I

By cornbj.ning the tnequalltles (3.19) and (õ.20) we obtain

(õ.21) d(V(s),ôÐ) s s + õr < l(Y) + 3r 4r(Y)

Now by using (2.s), (4.18) and (6.21) we obtain

I (^r )
h(d(2, ôD)) 

"^d(2,ôD) uÞ
h(d(^f (s), ôD)) "^d(t(s), ôD) uÞ

(+.s) ho(x,y) < K'h(x,y)

hoLds in D

Tle start with another version of õ. L6, where the
stant b depends J-j.nearly on the radlus r.

tr

con-

I
Y

4.4. rb.eorem. Let the domaia D c Rn Þe a Lip'-exten-
sion donain and a, consta,at K as i¡r (4.õ) . Then there is
a, constaat ¡ < (a/2)eaK suc?r that the points
x,y € g(xO,r) n D ca,a be Jolaed by a, curve

y (x, y¡ c E(xo, br) n D wi-th

(ffåi$Bl u* < aK.b(x,y)

0

r(r)
Iufrffi* >

0

n( r (^r )+gr)
4l(y) I (^r )

h(2b+r) rr(rr-1(rorg(r)))
4 4K'g(r) (4.5)

Proof. The proof of Theoren 3. 16 j.s vaLld up to the
inequaLity (õ.21) (repJ-ace b by br ). Let us recall that

(õ.21') d(y(s),ôÐ) < s + 5r

Now by uslng (?.8), (6.18) and. (s.Zt') we obtaln

)
h(d(y (s), ao) ) dsd(t (s), aP)

0

I
^f

4

2K'g(ar) ?K',g(x, y)

which contradlcts (õ. LZ). So Y is contalned ln
B(xO, b) n D.

In Sectlon 5 we shaIl show that, in a sense,
õ.L6 is the best possibLe.

4. Liph-extension d.omains

In this sectlon we study the speolal case g = h.

4.1. IÞfj"nl.tion. A dornaln D c F,n ls a

domain if J.t ts a Lip',¡-êxtenslon dornaln.

Theoren

J 
Uffå*# u"

Y

)
h( s+õr )

s+gr

t(Y

I
0

ds>
)

¡]* u"

l(y

I

t(Y
¡(ar) I

0

a(b-1)r
h(õr) i ;tæ u"

0

2br+r
ãr

Lipb-exte¡sioa

b(3r) .Ln
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which eontradicts
Ei(xo ,br) n D.

h(d(z, aD) )
g(Aït, ôD)) '

> h(?r)'In 2b
6

> h(x, y) .?K,

(+. s). So y is contained. in

h(2br) Í
E(ãEÐ I

Y

{ffäåBP u" > #**3 €p(r'Y;

4.8. Corol.l.ary. Let D c Rn be a Ltpo-extenslon
maln. If h Js a nodu.Lus of conttaulty sattsfying
inequaTTty

V. Lappal-alnen

(4.9) h'(t)'t > crh(t) t>0

then D is a Lin. -extension domain.

Proof. The functLon

h (t) ': J:-cr'-' '- h(t)
is decreasi-ng:

L , /! \ oto-lh(t ) - tcth' (t )
-cx. -, h(t )2

to-1
æ

î
l

I

I
I

Therefore,

go(x, v) <2K *fãËà s(a¡r) < zKb'É(2r)

wh5.ch conpletes the proof.

4.7 Corollary. .A Llp'-extenslon domaln is guasiconvex.

Proof. A d.onain D c Rn is a Lipr-extension donain
if and only J.f Ð ls quaslconvex (use Theorenr 4.2). Let Ð

be a Lip'-extensj-on dornaln. Tbe functlon h(t)/t 1s de-
creasingl by (2.8), and so D J.s a Llpr-extenslon donain by
Tb.eorern 4.6. Tberefore D ls quaslconvex (wlth a constant
c = ge2Kr ). tr

25

do-
the

Now \{e can show a sufficient condttion for the incLu-
sion of the cl-asses of Llp'-extension domains.

4.6. $reorem. Let D c Rn be a LLp'-extension d"omain
and g a modul,us of continuiiy such tha,t the function

b/g is decreas¿¿g.

Then Ð is aJ,so a Lip -extensloa domain
e

Proof. Fix x,y E D, and choose y(x,y) c ¡ as in
Theoren 4.4 with *O 1= (x+y)/2 and 2t :: lx-yl .

If B(xo,br) n aD : ø , (4.5) hold.s f or every
modulus of continuity wfth a, constant 2K < 2
( x,y. n(xg,r) c sr(xo) ; see the proof of rb.eorem ?.?8 ).

If n(xO,br) n ðD # ø, \tê have the estinate

d(2,ôD) < 2br for every z e \(x,y) c a(x',br),

and hence

I

l

h(2br)
g(2br)

Now by using (4.5) we obtaln

?K.h(2r) 2K .b(x, y) > h(d(2, ôD)) ----d(zlã5)- *o
J

^f

I
Y

(ab(t)-th'(t)) < 0Ê(d(2, ôD)) h(d(2,ôD)) ----ã(ã,ãÐ)- Kã(Zi5)) *o

and hence by 4.6 D 1s a Llp'-extenslon do¡nain.
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(+. rs)

(4. r6)

<2

because c > L.
constant 2c2K.

27

are Lip'-extensioaA77 bounded uniform domains
do¡nains.

o

)tz
h( s/o)

s,/c

4. fO. Goro1J-ary. Let
and 0 < cr < ß < L.

be a Lipo-extenslon do-
js aJ,so a l-Lp:U-extension

DCIRN
Then D

t
J
0

h(s)
s ds < K'b(t) åoldsif o<t<tKmain

domaia

lr

u

{

r

I

(4.1"4)Proof. The functlon

td
t13

is decxeasl.ng

tc(-13 The uai.t bal-L ln Rn is a Llp'-extensLon domain

lhere exlsts at least oae Lip'-ext,ensioa domain.

Lip--extension domains do not exist for every rnodulus
of continuity h :

4.11. I-euma. Let h be a modulus of contÅnutty sat-
isfyiag the condltLons of Lemma 2.6I. Then there are no

LlpO-exteasion domalns,

Proof. Let D c Rn and. *O . D and. choose

uo(x) := ho(xo,x)

In Theore¡n 2.28 we proved. that oh ts locaLJ-y Lj-pn(D)-
continuous. In 2.63 and 2.64 we observed that the
Lj-pschltz-condltlon does not hoLd ln tb.e balLs Ba(z) c O.

So uo(x) is not Lipo(D)-continuous and D cannot be a,

Lip'-extenslon dornaln. tr

On the other hand, lf the order of groÌrtb as tn (4.9)
holds J.n a weak sense, there ls a large set of Llp'-exten-
sion donalns.

4.L2. Theorem. Let h be a moduJ.us of cont'Tauity
lhen the foLLovtTng condttTons are equLval-eat:

Proof. First, s¡e shaIl show that (4.14) follows from
(4.1õ). Let D c Rn be a c-uniforrn dornain wj.th the d.j-am-

eter do Choose x,y € D and y(x,y; as j.n Defini-
tion I.5. Frorn (1.4) and. (2.8) we obtain

c(r)
ho(x, y)

)tzt(!( Y

I
0

Y

I
0

ds<2c h(s) dss

If
Tf

n(l)te = tK ,

n(l)tz ' tK ,

2c

then (4.6) holds with a

then

2c i.
t(t) tz

s 2cK h(tK) + 2c h(r(y)) J *
LuK

n(t) tz

Jþ9u"
0

t(t) tz
Iþ9u"
!uK

Þ($a"*a"
0

l

< ze ( K h(l(r)) + h(t(y)) rn l(v)
2tr )

clx-yl
2tr

(4. Lõ) There are constants K < co and tK t 0 such that
< 2c (K+Ln ) n(clx-yl)
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So j.f there exlsts one Llph-extenslon domain, then at
Ieast all bounded unifor¡n donalns are extenslon domains.
fn fact, the cl-ass of Llpb-extenslon donains 1s J-ar6fer than
the cLass of uniforrn domalns.

4.2L. Tlreorem. Let D c IRn be a union of Lipn-exten-
sion domains oj for which (4.3) åolds with the sa,me con-
stant K. Suppose that k < æ and c > L are fixed con-
stants. If fot each x,y € D thete exlst domains Ði.
i : 1,...,k' and. poiats zL such that J

,L , zL+!. oj, , x = z! , y: zk,*L , k' s k ,

and

lrL-rL*rl < clx-yl

then Ð is a Lipn-extension domaia,So (4.1õ) holds by letting e - 0.
This cornpletes the proof, since (+.fs) follows

laLJ-y from (4.14) and (4.16) follows fron (4.15).

^ cd-
zcz( r + rn;! ) h(x,y)ouK

and tberefore (4.õ) holds for the dornain D.

Next, we show that (4.16) lurplles (4.1õ). Let D be a

Lj-p'-extenslon do¡nain. Take a point yO E D and cboose a

polnt *O . aD such that J(x',vg) c o u {xO}. Let c be
the conplernent of "O and. tK t= lrO-VOl. Let 0 < t s t*
and 0 < e < t. Choose polnts x,I € .l(x',Vg) such that
d(r,x.) = e and d(y,x.) - t. Now by (2.õ5) an¿ (+.õ) \re

obtaj.n

n(s) ds = ha(x,y) < ho(x,y) s Kh(x,y) = Kh(t-e).
t
J
e

S

trj.v-
tr Proof . (See

choose
[GM?, Theore¡n 2.25]. ) For tb.e gl.ven

the dornains D. and. the polnts z:Ji r-

x

No\d, repeatl.ng the proof of Theoren 4.12, lre bave the
followlng tbeore¡n:

4.L7. Tlreoreu. Let b be a modul"us of continulty
Then the follovrlng condltlons are equlvaJ.ent:

(4.1s) There is a constaat K such that

ds < K.h(t) Ì¡olds lf t > 0.

(4. t e) p¡-exteaslon domains

(4.20)

and. y

Choose

Novr

h(d(2,ôD))
d(2,ôD)

the curves Y1(zt'tj-*t) CD
Jr such that

h(d(2, ôD ))J1
dsd(2, ôDJi

?Kia(zi,rL*l)

I Ls.o*Bl u"

'l-
Y

)

L

t
J

0

h(s)
S

^f(x,y; : yt *...+ ^f . c D and

All unTfo¡m domains are Ll k

The complement
domain.

of a poLat ís a Liph-exteasLon
tr

J

Y

ds = I aKh(lz t-zr*, I )
i:1

2Kk' .h(clx-yl ) < zKkc.n(x,y)

ho(x,y) < ar*c'n(x,y)hence lnD
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4.22. Iþfinj.tion. Let D c IRn and. x,y € D. ,l{e say
that j.f

4.26. Remark. If (4.A4) j.s

cigc(y,!/c,k) c D, (+.es) can
,(^f ) s clx-yl, since tb.en

kk
Infl(r.)) < InCr(^r)) <i:r ' Ï:r

in the
be replaced

form
by

r (x, y; It.ier '
ck.h(x, y)

then

cj.gc(1 , r) U ctÉl(T. ,r)
tEI ¿ 4.27. Remark. If

(4.1õ) holds instead of
D ls bound.ed, lt is enough that

(4.18) in Theorem 4.2.õ.
is an r-cigar chain aeighbouråood of Y(x,y;

k
Y(x'Y):Ir't 'i:l -

we wrj.te

Tf
4.24. I€mma

are not unifoxm.
There are Lipn-extension domains which

Proof . See IGMA, ExarnpJ-e

a. a6(c) l. Take the unit d.isk in
R2 and. the interlors of equj-J.ateral-
triangles Ái such that the length
of tbe sldes of A, ls

_{Lsi :: 2 -, the poJ-ar angle for the
centre and the cl-osest vertex of
ai is

S

k
cigc(y,r,k) g cig(y 1'r)i:L

4.23. Tlreorem. Let b be a modulus of contlnuity fot
whi-ch (4.18) åoJ,ds . Let D c IRn be a, domaln. f.f there
exists a constant c > I sucå tha,t every x,y € D ca,n be
jolned by a curve f(x,y) with

oI ,: *.(r-a-i)(4.24) cigc(y,L/c)cD , and

(4. 25 ) I nrr(v, ))Ier 'r s c .h(x, y)
and the dlstance from the cLosest vertex of Át to tbe

orj.gin ls "i :: 1 - +-LlZ. No\r let D r- ¡CO, f > u.ü^O,
i:0 *

By Renark 4.27, D 1s a Lip'-extensJ.on domain for every h
(if there exlst Lip'-exteasion douralns). Ifowever, the gaps
in D are too narrow for D to be uniforn. tr

then D is a Llp'-extensTon domaln

Proof. Let x,y
(4.24) and (4.25) hoLd.
have

e D and choose 1(x,y) for vhlch
As la the proof of Tbeore¡n 4. 12 we

Ife can now return to the question ralsed j.n Theoren
á. áá

,(Y

-r. If,o

,) tz

ho(x,y) I
1€

U* u" s Ij.e 2cK.b( n("y ) /2) 4.2g. Tlreorem. Let D c IRn be a d.omain and. h a,

modulus of continuity such that (4.18) åo.tds (or (+.fa) if
Ð t.s .bounded). lhea f E loc tip'(D) if and onty if there
exisüs a constant n < æ sucl¡ tåat< 2cKl

ie

Tø

¡O
S

I
h( I (Yi) ) ac2tr.t(x, y)

I
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(4. õo) lf (x)-f (y) I < ¡n.h(x,y) -t l-n t 0<tse
g(t )

whenever x and y beLong to a baJ.J. contained in D t+e t>e"

Proof . Let f € l"oc t ipo(D) . If B::B(2, r) c D, then,
as in the proof of 4.!2, hu(x,y) < (2Í/2)'(n/2)'r'fr(x,y)
in B. Because f € loc tipo(B), f e Lipn(B). Therefore
(4.õ0) Ìrolds wlth some constant il', which depend.s only on

the constant K tn (4.18) and. the constant n in (2.20).
The converse is trivial-. tr

Now l/g is a decreasing function and. g(t) > t. First,
prove that Ð is not a, Lip'-extension dornain.
x € lo, e-?t , then

!fe

Tf

4.5L. Renark.
the condition

The condltion (4.30) can be replaced by

b(d(2, ôD)) 
^^d(2, ôD) qÞ

(4.30') lf(x)-f(y)l = ^c'b(x,y)
J

in c-uniform subdonains U r D.

t
J {*?)o-1 a*

t/2t/2
To finlsb thls sectlon, we prove that the incl-usion

g j-ven in Theorem 4.6 is generalJ-y proper. Obviously if
h(t) ls constant on [tO,æ[ , then there is no unbounded

Lip'-extension do¡nain. And, as ¡nentioned in
[GM2, ExarnpJ-e 2.261, the dotnain bet\.¡een two parallel planes
is quasiconvex; so 1t is a LÍpr-extenslon domain but not a

Lipo-extension do¡na1a for any 0 < cr < 1

We no\,¡ show that the lncluslon j.s proper also for
general- bounded domains.

t
J {ta)"-1 a* ,2(cr-1) !.

ó
t/2

Here the factor (at)o-l tend.s to infinity as t approaches
zero, lÍence (4.õ) does not bold for any constant K < æ.

Next, we shalJ. prove that D is a Lipr-extension do-
rnain. By usi-ng elernentary calculus for x € lO,e'f , \re

see that

4.õ2. Counterexa,mple. Let Ð c Rn be as foll-ows:
d((x, O), ôÐ) , *2 /2

D {c=,y)cp2 lo<"."-2 lyl 2rxl
Thus,
0<x

for

1'x?

every
-4<e

z, : (xr,O) and z, : (x,o)
the following estinate holds:

Choose the rnod.uli of continuity

b.(t):-tq ,O<cx<L s(d(z, ðD) ) i'ç.(x2 tz)
*2 /zd(2,ôÐ)

)and

(4.64) âo(2,zr)
J(zyz"

ds<

xr.

dx
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X.)

J"-rot*222) dx
""2
J -ru x Ax + (xa-xr).In 2

5 Some Éleometrical properties of LipO,r-extension
2 domaj.ns

*I *r.

:2
x^

l',-*.tn x + x) + (xr-x, ) }n2

In Section 4 we found out that a Lip'-extension domain
must be quasj-convex. This property does not necessarily
hold in Lipn,r-extension do¡naÍns.

*r.

(-xrln *A * "a + xrln x, - xr) + (xr-xr).tn a
5.1. Theorem. Let b and g be modull of continuity

such that h: to,co[ * [o,co[ ls a homeomorphism and h sat-
isfies the condition (4.18). Suppose that D is a domain
._nin R-' and c < æ a, consta,nt sucå that evexy x,y € D can
be joined by a curve y(x,y) c O satisfyinÊ the pxoperties

(g(xr)-g(x.)) + tn(ae2) . (x.-xr)

< ?g(xr-xr) + rn(ae?).{=r-*r)

< g(xr-xr)' (e+rn¡2s2¡;
(5.2) d("f (t) , ôD) > min(t , .s (^f )-t) zc

K.g(z,zr)
and

For other points
proved as follows:
satisfies (4. Lõ). So

rnain of D (for a

points z, : (x'yr)

,l , zZ e D, the condttion (4.9) J.s

The noduLus of contlnuity g clearJ.y
(4.3) holds in every c-unj-form subd.o-

'sultable' constant c ) . If noer the

(5.õ) .s(t) < n-I(g(clx-yl))

Then D is a LípO,r-extension domain

and z" : (x*Vr) are 'far enough'
fron eacb other, we can use tbe curve Proof. (See the proof of Theorem 4.2õ.) By (s.2) and

(s.s) we obtain
1(zIzr) J(zt, (*r,0) ) + J( (x, ,0) , (xa,0) ) + J( (x, ,O) ,zr)

J

Y

(å8;3Bl uu < ?cK.h(r(y)) < erc's(ctx-yt)
to prove that (a.õ) holds. If tbe distance between the
points ,l and ,Z j-s 's¡naII enough', they belong to the
same c-uniform subdornaÍn of D. So $p(x,y) < ¡.É(x,y)
holds in D. U

arcag (x, y)

4.55. Remark. The trlck used. tn 4.õ? ls that any tcr,
0 < a < L, increases faster than the rnodulus of continuity
I (if t is sural-l). It can be proved. by tbe sarne tech-
niques as ln (4.99) that a Llpq-extension donain
( 0 = cr < L ) cannot contaln outward.-dlrected cusps v¡itb the
angle zero. So it j.s not very easy to flnd a Lip'-extension
do¡nain whi-ch is not a, Llpo-extensJ.on do¡naln for some

0 < o, < ß < L. lYe shall stud.y this questlon in Sectlon 6.

Ife can prove a similar result for outward-directed.
cusps.

5.4. fheorem. Let h and g be moduli of contiauity
sucJ¡ that h': J0,æ[ - JO,æf ls a homeomorphism and h
satjsfies the conditio¡ (a.9). Suppose that D is a domain
._nin R- and c < æ a constant sucå that every x,y E D can
be joined by a curve y(x,y) c O satisfying the properties



66 V. Lappalainen 37

(5.5) d(^r(t),ôD) > (b')-1(g'(mln(t,l(v)-t)/c)) 6. Lipo-extensiou aud. tota,L ertension dona,ins

and

(õ.6) 
'(t) 

s c.lx-yl

Then D is a Lipn,g-extension domaia.

Proof. By (4.9), (s.5) and (5.6) we obtain

In this section we shalL study the special case of a
modu1us of contlnulty h(t) = tct wlth O < cr < 1 (studied.
in tGM2l). Flrst, \{e employ the previous results for thls
special case.

6. 1. Ienma.
0<cr<1

The condltlon (4.18) åolds for tcr

f
Y

(ff?HÌ u" s * I "'(d(2,ôD)) 
ds

Y Proof . The result f ol-l-ows f ro¡n

n(l) / 2 t
J
0

t
I

o

<' g'(t/c) dt (eczo) 'g( ! (y ) /2c) cr- l- _l
q

ct
S

L .cr.
cx

ct s ds ds
0

(zeto.)'g(x,y)
Lemrna 6.L, Corollary 4,2O, Theore¡n 4.? and Theore¡n 4.2g

inply the foll-owlng results:
U.7. 33arnp1-e. By an ' order of cusp ' f (t ) lre mean

that in Ra the bound.ary of the d.onain D c Ra is (1o-
cally) the set

6.2. lbeoren. Let D c a.rl be a d.omain aad. O < q. < 1.
A function f: D * RP beLoags to the cJ,ass loc Lipo(D) if
and onJ-y if there exj.sts a constanü ¡n < æ such that

{ (t,r(r)) I t > o } u { ct,-r(r)) I t > o }

I f(x)-f(y) | <m l*-Y I 
o

ït is easy to see, in view of Tbeore¡ns 5.1 and 5.4,
Llþ^ -extension domaln can contain 'inward-d.irected.'ÍJ'cx
of order'

that a

cusps wheaever x and y belong to a balJ. contalned in D

¡ß/a
Theorem 6.2 is the original definition for the 1ocal-

Lipschj.tz cl-ass l"oc LipO(D) 5.n [GM?J. The next theorem is
tGM2, Theoren 2.a^f.and 'outward-directed. cusps of order'

cr- I
rß-1

6.5. lteorem. A d.omaln .D c Rn is a Llpo-extension
domain if and onJ-y if there ls a consta,nt K: K(D,cr) .oo
sucå that for every x,y € D there exists a curve
I (x, y) c o with

if acB

Remark. The dornaj-n D la ExarnpJ-e 4,82 Ls a

extenslon do¡nain ( V". o' < I ). I
Y

LiPcr, ?cr-1- (6.4) ¿(2, ao)o-I ¿s < rlx-ylq
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6.5. IÞfinÍtÍon.
a total extension domain
forevery 0<q<L

A d.o¡nalo D c Rn ls sa1d. to be

d.onatn
The set D' contains the boxes B, ( z, 

, j , "f )line segnent JO (see Fj.gure 1). The set wbj-ch
structed on the llne segrnent Or,J is s1.mil-ar to
D' ( on the scare l:a-ilo ).

and the
is con-
the set

ifitisa Lipo-extension

6.6. lteorern. tJníform domalns and the do¡nains

ttoned in Remark 4.26 are total extension domalns.
men- Set lt ,: r (Ji, j ) . It follows from the

that f, i : 2n L+I + 2ri , and ve have

2. : '--''=","j. 
,_a1-1lo

constructj.on

By Corollary 4.10, every Lipo-extension dornain is also
a Lip.-extension donain lf 0 < o, s ß < I Are al"I ¡iPa
extension dornalns total extenslon douralns? Tbe answer 1s

'no', whJ.cb will be proved in the fol-lowlng example. To

construct such a, donain we must destroy the inequal-lty
(4. ?5) .

The number of boxes joined to D' in step n j.s
the number of boxes which ¡neet the J-ine segirnent

.i _.step j. is aa-n , i > n. The (Cantor-) set L*
the points of the J.ine segnent Jo,J that are not
by any of the boxes has the J.j.near measure

2n and.

Jinn,J
.of,n,J

covered

6.T.Counterexa,mple. Let ß<1 and 0.c.13
There 1s a Lip'-extension dornaln wbich is not a Llpo-
extension dornaln.

The construction. See the fi$ures ln Appendix B. Let
O < cr < ß < 1. First, we choose a set D'c R2 as follows:
Let

æ n 'o - Ë"tt-o'", 
:

n

2 -n/o.
T n L-Llct 0

L-2

tO :: l/2 rl t:2 -1lcr /2 , i - 1,?, Now there exists a constant K : K(cr,ß) such that each
pair of points ,l , ,?. Ð' can be Jolned by a curve y

in Ð' with the propertylo L

;Ëiã-
clor={(x,y)enaly:o,lxl L

0 2 ) (6.8)
J

Y

d.(2, ôD')ß-1 ¿" < K. lzr-zrlß

Let (for zO:(xO,Vg) and r>0)

Br(zo,r) := { (x,y) e n2 I lxo-xl + I vo-v I <r )
First, we prove that (6.8) boLds if ,L and ,Z axe

endpoints of the lj-ne seglurent Jo,J ObvlousJ_y tbe best
curve to Join ,l to ,Z j-s the llne segment
J(zr,re) : Jo,J By conbini-ng the results fron the
construction we obtain

Now we carry out the followingl Cantor-type construction:
Let D' :: cIO , L ,: JO and. JO,f ,= JO lle proceed

by inductlon. For I > 0 the.set L is a unlon of l-ine
segnents or, j J : 1,2,.,.,2L lle choose the rnid'point
,i, J of every ltne seçlrnent Or, J and J oin the boxes

Br(zr, j ,tf) to tbe set D' . Then we take tbe sets
I *i,J - ri ,x1,J * ti I away fron tbe set L.

f, n_1

I A(2,ðD')r' 'ds
co

(2i-n.2
r
J

0

l-
d.(.1(s), ôÐ')ß-L ds)(6. e) Ii:nJ
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r.
aÍ J'ct'tß-l as )

0

K'' P c.'zß/ot ß Zß/oN, l, L.
ß

æIi:n
n n+1 2

:2.2" (

: z.z-ne(t-ß)tz
æ

r.
,'å I'

0

s13

FinaIJ-y, lf tbe points rI , zZ. D' are arbitrary, \re

use the method descrlbed at the end of Example 4.3?.
In concl-usion, j-t foll-ows that (6.8) holds. However,

(6.8) d.oes not hol-d j.n tb.e case B < a , since then the l-ast
sum in (6.9) dlverges.

To conpJ-ete our exanpJ-e, we must 'open' the set D' so
that it becornes a donain. lfe def j.ne a domain ( see
Figure ?).

Ic )
l_:D

: z.z-:a .z(t-þ) t z .t
ß

@\-
Lj.:n

2L
o-L/ a

(ta )
ß

( )

1 _â / ^Since 2L Pt * < 1, the last sum converges, and we conclude

j
J

d(2,ôD')ß-1d" zõ(1-ß) /" ^_o zn(1"-ßlcr)
(J 'o 

.-rL--ß/"
{(*,y)ep?llyl <z

x -9 0 2
D- lxl < e,o/2 j

zó(L-t3) /2

ßd:F:FE
,r-n/ a.rß Y lzr-zrlß

If we now set D :: D' u O- , then D j.s a domaln (see
Figure õ) and (6.8) holds for the exponent ß ' cr in D.

But if we co¡ne close enough to the polnt ,O :: (t,te,O)
then D is alurost sl¡nllar to D', and (6.8) does not hotd
if B<awhere the last equation follows frour

lzr-zrl 1

( i_F-v") ß-
(z -nlo, ) 6.11. Remark. For exarnpte, if D c RA J.s the upper

hal-f plane, it can be proved that curves mJ.nj-mj-zing tb.e
integral (e.as) are restrictlons of the curye

n

Next, \{e show that (6.8) hol-ds if lzr-zrl : f n for
sone n and zL , zZ. JO The rninl¡nj.zing curve is again
the Line segment J(z,zr) and so x(t) - c t

t
J {srn s)
0

t

1
L -cr ds*xOI cx

J ac", ôD')ß-1 ¿s J acr, ôD')ß-1 as = K' I zr-rrlß.
(6. 1a)

(6. 1o)
y(t):c(s1nt)*.I cI

O<t<rr
n J

If ,l
sucb tbat fn+L
(6. 10) ytelds

uz . JO are arbitrarY,
lzr-z"lsxn , ln

there is a number n forsorneconstants c and *O (O.o,<L)

"I/a. 
o n+1 IIence

c n-'l

I a(2,ôD')r'* ds J oc",aD')ß-L ds

If \'le let cx * 0 , \{e obtain a. quasi-hyperbolic
geodesic, which ls a circular arc neeting the x-axis at the
angte r/2. AIso for cr > 0 th.e curve (6.12) j.s perpen-
dicuJ.ar to tbe x-axis (see the ¡lraphs in Appendix C).J(zyzr) .In J
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7. LipO,r-exteusÍon domai.ns and. the Eardy-LÍttLewood.
property

In thls section we shaLL stud.y some extenslons of the
results in tGMLl, tJl and [St]. Let lôf| be the maxlrnum

derivative of a functlon f: D - RP

(z.r) lôf(z)l :: Iirn sup I f(z+v)-f(z) |

lylly l-0

In tcMll F.W. Gehring and. O. Martio studj-ed d.omains ln
which the cond.itj.on

(?.2) laf (z) I < ¡n'd(z, ôD) cx- L

iurpJ-les that the functlon f belongs to the class Lipo(D).
lÍe noer show that these donains are exactly Llpo-extenslon
donains. E. clob.nston has al-so proved tbe same klnds of
results in tJl using dlfferent ¡nethods.

?.õ. Tlreorem. Let D c Rn be a domaln and. b. and. g

moduli of continuity. Then the foll"owing two conditions ate
equivalent:

Q .4) D isa Llph, r-extenslon domain.

(7.5) Lf a fuactlon f: D - RP satisfies

lôr(z)r < n "tå[i;3BJ'

V. Lappalainen 46

1oc Lj.pn(D) in tbe sense of Tb.eoren ?.17. The second. one
is to prove the theorem by uslng Theoren 3.6. lle shatl use
the second method. (which J-s used. 1n tGMLl), because we shalJ.
have use for tbe proof later.

Proof.
let x,y € D

isfies (?.6).
such that

Let D c Rn be a Lip',g-extension d.omain, and.

. Suppose that a fuñction f : D * F.P sat-
By Theoren õ.6 \re can choose a curve y(x,y;

{ffä*Bl u" < ?K.É(x,y)

lô(f.1)(s)l :l-:.n"rpW
lrl*o' lrl

(7.7)

We have an estiurate for tb.e ¡naximum derivative of the func-
tion f "^y :

i
Y

ly(s+r)-^r(s) I

lrl

laf (y(s)) I 'r

Choose ,O. \ closest possj.ble to ôD. By (7.6)

rô(r.r)(s)r =' {ff#S*# =', "tå[l:,li]'

(7.6) whenevet z e D, and hence I a(f.^¿)(s) I is uniforrnly bounded. in t0, !(y)l
wherefore f.1 is absolutely continuous in t0, l(l)l and

(?.8) lf (x) - f (y) I l(r.1)(r(^f )) - (r"Y)(0) I

thea f e Lip^(D) with a constant K'r, whete K
é

depends onLy on the domaTn D (and the noduli of
conttnuity h and Ð.

r (^f

I
0

)
la(r.^¡)(s) I ds

r(v)
Remark. Tle have two rnethods to prove tbat a LiPn,g

extension donain satisfies (7.5) . The flrst one is to
prove that a functlon satisfylng (?.6) j-s ln the class

s n

0

rr(d(^r(s), ôD)) 
^^d(f (s) , ôD) uÞ
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".J
Y

{ffå;}Bl uu < rn2K . 
É (x, y) 7.11. CoroJ-lary- The domains mentioned in Remark 4,26

have the Hardy-Llttt-ewood property.

Thus f j.s Lj.p^(D)-continuous wj.th a constant ?Krn which
6

depends only on the do¡nain D (and the moduLi of continuity
h and g).

Next, suppose that (7.5) hoLds. Let xO € D and set

Proof.
0 < q. < 1.

Let
Then

D be as 1n 4.26 and. h(t) : tcx

l

,]

Ir

k !( Y

J

0

l- )tz
cr- l"

S
k

I r(t- )o
i:l !

ho(x, V) Z- zo ds< 2c
cti:1

un(x) :: ho(x.,x)

Now ac2r
d lx-yld

luo(x+y) - uo(x) I

T<

- I t b(d(2,ôD))= TtT' I d(2, ô-Ð-
J(x, x+y)

ho(x+y, x)---lïT- holds in D. By the proof of Theoren ?.3

f€Lip (Ð) with a constant zc?y.
tn

ds CI q

vhenever (7.10) hol-d.s for f. So we can cb.oose l: ac2t. n

where the Last ter¡n tends to h(d(x, ôD) )
d(x, ôD)

j.f lyl + Q. So By Corollary 7.11 th.e non-unlfor¡n domatn in the proof
of Le¡nma 4.28 has the Hardy-Littlewood property.

lôuo(x) I
h(d(x, ôD) )

d(x, ôD)

and, by (2. s),
dent of the point

u.It € Llp^(D) with a constant K ind.epen-
Ë

Hence

7.12- Remark. Let Ko be the constant for whj.ch (4.6)
holds for the modul-us of continulty h(t) : tcr. Ife can con-
struct a total extenslon donaln D for which the quantity

"o
K

c{

ßho(x, xo ) luo(x) - uo(ro) I s K. g(x, xO) K^
lJ

and, by Theorem õ.6, D ls a Llp',g-€xtenslon donain. t

?.9. Iþfini-tj-on. A d.onatû D c RA 1s said. to have the
Hardy-Lit,tLewood property lf for some constant L and. for
alL d E 10,11 every analytlc functlon f with

(?.10) lt'(z)l < ur'c'(2,ôD)o-l

tends to infinity j-f o, - 0 So it is not obvious whether
every tota]. extension domaln has the Hardy-Littlewood prop-
erty.

7.1õ. Remark. If D ls a donaln in IR

harmonic j.n D ( or anal-ytj.c in D ), then
J-oc LipO(D) Íf and onJ-y if (7.6) (or
(uoOify the proof of tGML, Tbeorern L. Ll. )

2 and f j-s

f belongs to

in D fs ia the cl-ass
( see [GM]. , Sect j-on õl ) .

Ltpo(D) wlth a constant M < Lm/<x

(7.1o)) hoLds.
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In tstl H. Stegbuchner has studled do¡nalns where
b(t)/t is repJ-aced by h'(t) l.n (?.6). Now we can çlive an
equival-ent conditlon for these dornalns.

Append.ix A

Itotation

i,J,k
n
p

x,Y,z,xi,Y7,z1
lx-yl

D

a,r,s,t
for y, y(x,y),
ci€(y,t/c)
ôD

d(x, ôD)

a,B ''
.c

B(x, r)
no(x)
b

h,g
h(x, y)
h<g in D

A

ho(x, y)

hf,(x,y)

uo(x)

tipn(D)
M

Loc Liph(D)

h(d(2, ôD) ) ^^d(2, ôD) uÞ (2.24)

h' (¿(2, ôD) ) ds , (2.24)

, xO€D (2.2S)

47

= indices l.n N
: d.tmenslon of Rn

- d.imenslon of the range space Rp, f: Ð * RP
: points ln Rn (ln examples z - (x,y) e n2 )
= eucll.dean dlstance between points x and y
:d.omalnln R[, D*ø, Dr.R[
: posJ"tlve real nurnbers
y(s), f (y), dI, .r(x,y) see Definition L.i.

: l/c-aLgar neighbourhood of y (1.õ)
: boundary of the dornain D

:lnf{ lx-zl I zE ôD}
: exponents J.n 10,11
: quasloonvexlty (1.4) or unlforrnity (t.o)

constant(o>f)
: open balL with centre at x and radius r
= { y . no I lx-yl < ¡'d(x,ôD) }
= constant, see above (see also Theorem S.16)
: ¡noduli of contlnuity (2.f)
= h(lx-yl), netric deflned. by h (2.9)
: h(x,y) < A.É(x,y) whenever x,y € D (4.14)
:Constant<ø, SeeabOve

?-L4. Gorollary. Let D c Rn be a d.omaLn.

foLLovttng two condítlo¡s are equivalent:
Then the

(2. rs)

(?. 16)

(?. 1?)

Proof
lntegraL

There ls a constant K(D,h,$) . - sucå tåat

hi(x,y) < Kg(x,y) , whenever x,y € D.

If a, functlon f: D * RP satisffes

larç2¡l < m'h'(d.(2,ôD)) whenever z E D,

then f € Llp^(D) wlth a constant Kil, where K
É

depends oaLy on the domatn D (and the nodull of
contlnulty h aad Ð.

Repeat the proof of Theorern 7.õ usÍnÉÌ the

J

Y

h' (d(2, ôD) ) ¿s

: lnf
y (r, y)co

= l.nf
y (x, y)co

= ho(xo,x)

J

Y

Í
Y

. 7.18. Remark. Unlforn d.ornaÍns always satlsfy the prop-
erty hó < Kh (see the proof of Theore¡r 2.õ6). The sane ls
true also for donalns ln Re¡nark 4.26, So the cLass of
d.omalns satlsfylng (7.16) 1s J.arger tban the olass of uni-
forn d.onains (lf h < g ), and. for sone h and g aLso
IarÉ¡er than the class of LlpO,r-ertenslon dornalns (whloh rnay

be empty). But lf the noduLus of continuity h satlsfles
the ord.er of growth as ln (4.9), then the ¡netrics hó and
hp are equlvalent, and ln tbfs case the dornains satlsfylng
(7. 16) are Llpo,g-êxtenslon do¡nalns.

mrilb
f
f*
E

K

: {r:o-pP I lr(x)-f (y) lsuh(x,v) in o} (a.10)
: constant for f E Llph(D) (A.I0)
= as above but Ln Brr(z)co (a.fs, 2.17, Z.ZO)
= constants f or J.oc LipO(D) (Z.ZO, A. lO)
: f : D * RP, Liph or -1oo f,1ph oontlnuous
= extenston of f to Rrr

= constant to extend f € Loc LipO(O) (9.1)
= ho(x,y) < K.h(x,y) (õ.?)
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50 Append.ix B

FÍgure 4. The set D' and the donain D* in case o' : 0.9.

Figure 5. Tbe set D' and. the donaln D- 1n case <r : 0.2.

Remark. The Flgures L-5 are not on the same scale.
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