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Introduction

Let GG be a Lie group, and let M and N be real analytic G-manifolds. We denote by
C%OV;(M ,N) the set of G-equivariant, C'*° maps from M to N, endowed with the
very-strong-weak topology. This topology was introduced by S. Illman in [I3], and
its name is due to the fact that the idea behind it is to "mix” together the very-
strong and the weak topologies on C°¢(M, N). In this way one obtains a topology
that should be regarded as the most appropriate for the set C°¢(M, N), because
it allows to avoid some pathological situations that may occur in the very-strong
(and even in the strong C*°) case. For this reason it is natural and important to
try to investigate a classic approximation problem in transformation groups in the
context of the very-strong-weak topology. In fact, this Thesis is concerned with the
following question: is it possible to approximate a map f € CUGSC{;(M , N) with a real
analytic, G-equivariant map? Our main result is Theorem A below, see Theorem
4.2.2.

Theorem A Let G be a good Lie group (i.e., G can be embedded as a closed sub-
group in a Lie group with only finitely many connected components), and let M and
N be real analytic, proper G-manifolds. Then C*¢(M, N) is dense in CS;&?,(M, N).

A fundamental step in the proof of Theorem A is to prove the approximation
result for the compact case. Note that in this case the very-strong-weak topology
coincides with the very-strong one, that is, C g (M, N) = C5°(M, N) when G is
compact. Thus we prove the following result, see Corollary 3.3.2.

Theorem B Let K be a compact Lie group, and let M and N be two real analytic
K -manifolds. Then C“X(M, N) is dense in C33™ (M, N).
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A similar approximation result was previously proven by Illman under the addi-
tional assumption that the number of K-isotropy types in NV is finite (see Theorem
7.2 in [12]). We generalize Illman’s result following the work of F. Kutzschebauch in
the case of the strong C* topology. Using tools from Riemannian differential geom-
etry we construct a map C (”center”), which allows to average maps in C*(M, N)
which are suitably close to a K-equivariant map. We call these maps ”almost K-
equivariant”. In fact we prove the following result, see Theorem 3.3.1.

Theorem C Let K be a compact Lie group, and let M and N be two real analytic
K -manifolds. There exists in CS3(M, N) an open neighborhood M > C9™ (M, N)
of almost K -equivariant maps and a continuous map

C: M — Co9™(M,N),

which 1s a retraction and preserves real analyticity.

By means of the "non-linear” average C we are then able to prove Theorem
B without having to turn to embedding results, for which the assumption on the
number of K-isotropy types in N would have been strictly necessary.

We complete the proof of Theorem A basicly following the work presented by
[llman and Kankaanrinta in [I-Kal] and [[-Ka2] for the case of the strong-weak
topology. A crucial result is Theorem D below, which describes the behavior of the
very-strong-weak topology with respect to the twisted product (see Theorem 4.1.4).

Theorem D Let G be a Lie group, and let H < G be a closed subgroup. Assume
M is a smooth H-manifold, and N a smooth G-manifold. Then there exists a
homeomorphism

i Cosit (M, N) — Coui(G g MUN),  f i p(f).

In the proof of Theorem A an important role is also played by Theorem 1.2.4,
the real analytic version of Abels’ Theorem, due to Kutzschebauch (see [Kul]; see
also [H-H-Ku]).

In Chapter 1 we set some notation and give a review of the basic tools from
differential geometry and transformation groups that will be involved in this work.
In particular we describe Riemannian structures of G-manifolds.

In Chapter 2 we discuss the possible choices for a topology on the sets C*°(M, N)
and C*%(M, N). We also give some technical results and prove some basic prop-
erties of the very-strong-weak topology.

Chapter 3 is concerned with the compact case: we construct a continuous, "non-
linear” average for smooth, almost G-equivariant maps between two G-manifolds,
and thus prove the approximation result in Theorem B.

Finally, in Chapter 4 we prove Theorem D and Theorem A.
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Chapter 1. G-manifolds

In this Chapter we introduce most of the tools and basic facts that are going to
be used in this Thesis. In fact, we give a short review of some fundamental results
involving actions of Lie groups on manifolds and describe Riemannian structures on
such manifolds.

1.1. Basic definitions

In this section we set some notation and establish some basic facts that are going to
be needed further on. The reader is assumed to be familiar with the definitions and
results given in the following; for further details, see for example W] and [Kaw].
We will assume all topological spaces to be Hausdorff, and manifolds will be always
taken to be second countable and connected. Furthermore, the word ”manifold” will
mean "manifold without boundary”, unless something else is explicitely specified.
In this work we will mainly deal with smooth (C°°) and real analytic (C*) manifolds.
Recall that if €2 is an open subset of R™, a map f : {2 — R is said to be real analytic
if for any a € ) there exists a power series that converges to f(z), for every x in
a neighborhood of a. A vector-valued real function is real analytic if each of its
components is C*. By an abuse of notation we will use the expression "r < w”,
meaning that "r < oco,orr =w”. If 0 <r <w, and M and N are two C"-manifolds,
we will denote by C”(M, N) the set of all C" maps from M to N.
It can be useful to recall the following basic result about manifolds:

Theorem 1.1.1. Let M be a manifold. Then

(i) There exists an exhaustion of M, i.e. a countable open cover {V;};en of M
such that Vj s compact and Vj C Vi1, for every j € N,

(ii) M is paracompact. In fact, each open cover of M has a countable, locally
finite refinement consisting of open sets with compact closures.

Proof. See [W], Lemma 1.9. O

We say that a continuous map f : X — Y between two topological spaces is
of finite type if for each locally finite family {A;};ea of subsets of X, the family
{f(A;)}iea is locally finite in Y, see [I-Kal], page 145. Furthermore, f is said to be
proper if f~1(B) C X is compact, for every compact subset B C Y.

Lemma 1.1.2. Let X and Y be topological spaces, and assume that Y s locally
compact. Then every proper map f : X — Y is closed and of finite type.

Proof. The first claim is a standard fact, for the second one see Lemma 1.8 in
[[-Kal]. O

By a Lie group G we mean a topological group which is also a real analytic
manifold, and such that the multiplication map G x G — G, (g, g) — ¢4, and the
map G — G, g — ¢!, are real analytic. A map f : G; — G5 between two Lie
groups is called a homomorphism of Lie groups if f is a real analytic map and a group
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homomorphism. Recall that every closed subgroup of a Lie group is a Lie group
(see for example [Hel], Theorem 11.2.3, or [Kaw], Theorem 3.36). Furthermore, if H
is a closed, normal subgroup of a Lie group G, then the quotient space G/H is also
a Lie group, and the projection 7 : G — G/H is a homomorphism of Lie groups
(see [Kaw], Corollary 3.41). If G is a Lie group with only finitely many connected
components, then there exists a maximal compact subgroup K of G. Any two
maximal compact subgroups are conjugate in G (see [Ho|, Theorem XV.3.1). A Lie
group will be called "good” if it can be embedded as a closed subgroup in a Lie
group with only finitely many connected components (see [I-Ka2], page 169).
A (continuous) action of a Lie group G on a manifold M is a continuous map

UV:GxM—M, (g9,2)— gr=Y(g,z),
such that

1. ex = x, for all z € M, where e is the identity element of G.
2. g(gz) = (gg)x, for all g, g € G and = € M.

We can now give the following:

Definition 1.1.3. Let G be a Lie group. A smooth ( real analytic) G-manifold is
a smooth (real analytic) manifold M on which G acts by a smooth (real analytic)
action.

Definition 1.1.4. Let M and N be smooth G-manifolds, where G is a Lie group.
A map f: M — N is called G-equivariant if f(gx) = gf(x), for all ¢ € G and
x € M. For 0 <r <w, we denote the set of all C" G-equivariant maps from M to
N by C™%(M, N).

Given a positive integer n, we denote by GL(n,R) the set of all real, invertible
square matrices of order n. A representation of a Lie group G is a continuous
homomorphism p : G — GL(n,R), for some n € N, n > 1. We denote by R"(p) the
corresponding linear representation space, i.e. the Euclidean space R™ on which G
acts by the following action:

Q,:GxR"—=R", (g,2)— gr=p(g)z.

By a well-known theorem every continuous homomorphism between Lie groups is
real analytic (see e.g. [Hel], Theorem I1.2.6). Thus, @, is real analytic since p itself
is. Theorem 1.1.5 below states that by means of the Haar integral it is possible, in
the compact case, to average maps which take their values in a linear representation
space (see [Kaw], Section 2.7):

Theorem 1.1.5. Let K be a compact Lie group, and let M be a smooth (real
analytic) K-manifold. Let p : K — GL(n,R) be a representation of K for some
neN,n>1, and f: M — R"(p) a smooth (real analytic) map. Then the map

A M=), am [ kp ),
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is a K-equivariant smooth (real analytic) map.

Proof. See [Ka|, Theorem 1.16. O

Let now G be a Lie group, and let M be a smooth G-manifold. For every g € G
the map
Vy: M — M, zw gz,
is a diffeomorphism of M (see [Kaw], Lemma 1.29 and Section 3.2). If = € M, the
1sotropy subgroup of x is the closed subgroup of G

G, ={9€G|gr=uxz}.

Note that if G is compact, then G, is compact for all z € M. If H is a closed
subgroup of G, we call its conjugacy class [H] a G-isotropy type, and we say that a
G-isotropy type [H| appears in M if there exists € M such that [G,] = [H].

The orbit of x € M is the (G-invariant) subset of M

Gr={gre M |geG}.

We denote by M/G the set of all the orbits of G on M, and by 7 the natural
projection 7 : M — M /G, x — Gz. Then M /G endowed with the quotient topology
is called the orbit space of M, and 7 is a continuous, open map. Assume that G
is compact: then M/G is a Hausdorff, locally compact space, and the projection
m: M — M/G is a proper map (see [Kaw], Proposition 1.58). Thus, by Lemma
1.1.2, if G is compact the projection 7 is a closed map of finite type.

Let G be a Lie group, and let H C G be a closed subgroup. Given a smooth (real
analytic) H-manifold M, it is always possible to construct an induced G-manifold
as follows: let H act on G x M by

(1) Hx (GxM)— (Gx M), (h(g,))— (gh' hx).

Then the twisted product G x g M is defined as the orbit space of the action (28).
We denote by
p:GXM—GxgM, (g,2)— [g,z],
the natural projection. Recall that under the assumptions above G x g M is a smooth
(real analytic) manifold (see [I1], Section 4). Now, an action of G on G xyg M is
naturally obtained by
Gx(GxgM)—GxygM, (glg2])— [g9,2],

[
and this action is smooth (real analytic) (see again [I1], Section 4).
If N is a smooth (C¥) G-manifold, and f : M — N is a smooth (C¥), H-
equivariant map, then the map
:u(f)GXHM_)Nv [g7$]'_>gf(w)a
is smooth (C*) and G-equivariant (see [I1], Lemma 4.1). On the other hand, con-
sider the closed embedding

it M—GxygM, z~— ez



10 FElena Ravaioli

Then, if 2 € C% G xyzg M,N) we have that p=(z) = z o4. Thus we have a
canonical bijection

p: COM(M,N) — C(G xg M,N), [ p(f),
which preserves real analyticity, that is,
w(C (M, N)) = C*%(G xyg M, N).
Later on we will need the following result:

Lemma 1.1.6. Let H be a closed subgroup of a Lie group G, and assume M is an
H-manifold. Then the natural inclusion i : M — G xyg M, x — [e, ], induces a
homeomorphism

1: M/H — (G xg M)/G.
Proof. See [Kaw], Proposition 1.90. O

1.2. Proper actions and slices

Let G be a Lie group and let M be a smooth G-manifold. If B is a subset of M,
we denote
G ={9€G|gBNB+#0}.

Definition 1.2.1. The action of G on M is called proper if G|p] is compact for
every compact subset B of M.

It is well known that Definition 1.2.1 is equivalent to the following definition:

Definition 1.2.2. The action ® : G x M — M, (g, x) — gz, is called proper if the
map
O :GxM—MxDM, (g,z)— (9z,2),

is a proper map.

Proper actions form a special and very important class of actions. Clearly every
compact action (that is, every action of a compact group) is proper; the converse
is not true, but proper actions share with the compact case some fundamental
properties that make the theory of G-manifolds (and, more generally, of G-spaces)
much more interesting and rich. We review in the following some of these properties.
Fore more details and proofs the reader is referred to [Pa].

Let then M be a proper G-manifold. Then for each x € M the isotropy subgroup
G, C G is compact, and the orbit Gz is closed in M. Furthermore, the orbit space
M/G is Hausdorff and locally compact. If the action of G on M is proper and
free, then M/G can be given a smooth manifold-structure so that the projection
m: M — M/G is a smooth, principal G-bundle.

Proposition 1.2.3. Let G be a Lie group, and let the closed subgroup H C G act
on the smooth manifold M by a proper action. Then the action of G on G x g M is
proper.
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Proof. See [I-Kal], Lemma 3.10. O

We end this section with a fundamental result about proper actions, namely the
real analytic version of Abels’ theorem, Theorem 1.2.4 below. This theorem is due
to Kutzschebauch (see [Kul], Satz 2.5.3; see also [H-H-Ku]). The smooth version
of Theorem 1.2.4 was proved by Abels in [A]. First we recall the notion of ”slice”:
let then H be a closed subgroup of a Lie group G and, for 0 < r < w, let M be a
C" G-manifold and S an H-invariant, C" submanifold of M. We say that S is a C"
H-slice in M if GS is open in M and the map

p:GxgS—GS, [g9,z]— gx,

is a G-equivariant C" diffeomorphism (note that, in general, i is a C", G-equivariant,
surjective map). If x € S and H = G, we call S a slice at z. If GS = M we call S
a global slice.

The above definition of slice is the same used by Illman (see for example [I1]),
and in [Br] and [Kaw] for the compact case. The definition given by Palais in [Pa]
is slightly different, but the two definitions are equivalent (see [I1], Lemma 5.2).

Theorem 1.2.4. Let J be a Lie group with only finitely many connected components,
and let K be a mazimal compact subgroup of J. Let M be a real analytic, proper
J-manifold. Then there exists a global C* K -slice in M.

Proof. See [Kul], Satz 2.5.3. O

1.3. Riemannian G-manifolds

We will now recall some basic results in differential geometry: for more details and
proofs the reader is referred for example to [K-N] and [W]. Throughout this section
let N be a n-dimensional smooth manifold. We will denote by T, N the tangent
space at p € N to N, and by TN = U,enT,N the tangent bundle of N. Let
M be a smooth manifold, and let ¢ : M — N be a C™ map: we will denote by
¢y 2+ TyM — Ty N the differential of ¢ at ¢ € M. If ¢, : T,M — Ty N is
a monomorphism for each ¢ € M, then ¢ is called an immersion. If ¢ is also a
homeomorphism onto its image ¢(M) then ¢ is called an embedding. Note that a
subset M C N is a smooth submanifold if and only if it is the image of a smooth
embedding (see [H|, Theorem 1.3.1).

It is a well-known fact that N can be given a smooth Riemannian metric g; then
g induces a distance function d on N, and the topology of the metric space (N, d)
is the same as the manifold topology (see [K-N], Vol. I, Proposition 1V.3.5).

Let Z(NV) be the algebra of smooth vector fields on N. To a Riemannian manifold
(N, g) is associated a unique Riemannian connection V; then the (Riemannian)
curvature tensor field on N is the (3-linear) map

R:Z(N) x Z(N) x E(N) — E(N)
R(X, Y)Z - VXVYZ - VYVXZ - V[X’y]Z.
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Let p € N, let P be a two-dimensional subspace of T,V and let v, w € P be linearly
independent; denote by

o Al = /g(0, 0)2g(w,w)2 — g(v,w)2 £ 0

the area of the parallelogram spanned by v and w. The real number

9(R(v, w)w, v),

lv A w|?
is independent of the choice of the basis of P, and it is called the sectional curvature
of P at p (see for example [Hel], Theorem 1.12.2).

Recall that given p € N and v € T, N there exists a unique mazimal geodesic
¥ : I, — N such that v7(0) = p and 4§ = v. Denote by [0, ¢,) the non-negative
part of the maximal interval I, where 7" is defined, and let E C T'N be the set of
vectors v € T'N such that ¢, > 1, i.e. such that " is defined for every t € [0, 1].
The exponential map is then defined as follows:

K(P)=K(v,w) =

exp: E— N, v exp(v)=7"(1).

For p € N, the exponential map at p is the map exp, := exp |E,, where E, =
ENT,N. The exponential map is a real analytic map and, for every p € N, exp,
is a diffeomorphism in a neighborhood U of 0 € T},N onto a neighborhood V' of p
in N: in this case V is called a normal neighborhood of p. Sufficiently small balls
around p are normal: in fact it is possible to find » € R, such that the restriction

exp, : E,.(0) — B(p) ={¢ € N | d(p,q) <1}

is a diffeomorphism (here E,(0) = {v € T,N | |v| < r} denotes the usual euclidean
ball of center 0 € T, N and radius r). If V' is a normal neighborhood of p, we can get
coordinate functions on V' in the following way: let {ei,...,e,} be an orthonormal
basis of T,N, and let 6 be the naturally induced isomorphism ¢ : R" — T,N,
O(t1,....tn) = D1 i tie;. Then we can define ¢ : V. — R™ by ¢ = 67! o (exp,) ",
that is ¢ (exp, (D, zie;)) = (21, ..., 2,) € R™; then 1) is clearly a diffeomorphism
onto an open subset of R™. The pair (V, ) is called a normal chart at p € N, and
(21, ..., v,) € R™ are called normal coordinates of the point x = exp, (37" | z¢;).

Let (N, g) be a smooth Riemannian manifold, and let d be the distance function
induced by g on N. The following, crucial result states the existence of what we
will call a ”convexity function” on N:

Proposition 1.3.1. There exists a continuous function r : N — R, such that for
every p € N the ball

B = B.)(p) ={g € N : d(q,p) <r(p)}

18 geodesically convex, that is,

1. B is a normal neighborhood of each of its points, i.e. for every q € B the ex-
ponential map exp, : TyN — N giwves a diffeomorphism from a neighbourhood
of 0 in T,N onto B.
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2. Any two points of B can be joined by a unique minimizing geodesic, and this
s the unique geodesic joining the two points and lying in B.

Proof. For each p € N there exists a positive number a € R such that, if 0 < r < a,
the conditions 1 and 2 above are satisfied (see [K-NJ], Vol. I, Theorem III.8.7 and
Theorem IV.3.6). Then we can follow the proof given in [K-N], Vol.I, Lemma on
page 174: for each p € N let r(p) > 0 be the supremum of r > 0 for which the
conditions 1 and 2 are true. If r(p) = oo for some p € N, then r(q) = oo for every
q € N (see Theorem 1.4.1), and any positive continuous function on N (for example
a constant function) has the properties required in the proposition. Assume that
r(p) < oo for every p € N. We claim that the function r : p — r(p), p € N, is
continuous: it will be enough to show that |r(p) — r(q)| < d(p, q), for all p, ¢ € N.
Without loss of generality, we may assume that r(p) > r(q). If d(p,q) > r(p),
then clearly |r(p) — r(q)| < d(p,q). If d(p,q) < r(p), then B,/(q) C B, (p), where
" = r(p) — d(p,q), is geodesically convex. Hence r(q) > r(p) — d(p,q), that is,
Ir(p) — r(q)| < d(p,q), and so the claim is proved. O

Remark 1.3.2. Let p € N, r and B = B,(,)(p) be as in Proposition 1.3.1. Then,
for every p € R such that 0 < p < r(p) the ball B,(p) satisfies the conditions 1. and
2. in Proposition 1.3.1. This fact will allow us to replace a fixed convexity function
r: N — R, with a smaller one, when needed.

In Chapter 3 we will use the following result:

Proposition 1.3.3. Let (N, g) be a real analytic Riemannian manifold, and let d
be the distance function induced by g on N. Let r be like in Proposition 1.3.1. Then
the restriction

d2| : Br(y) (y) X BT(Z/) (y) - RZO
is real analytic, for ally € N.

Proof. See [K-N], Vol. I, Theorem IV.3.6. O
A diffeomorphism f: N — N is an isometry if
g(fev, fiw) ) = g(v,w),, for every v, weT,N, pec N.

In this case, f clearly preserves distances, i.e. d(f(p), f(q)) = d(p,q), for every p,
qgeN.

Now, let K be a compact Lie group, and let (IV,g) be a smooth (real analytic)
Riemannian K-manifold. Each k£ € K can be considered as a smooth (real analytic)
diffeomorphism k : N — N, p — k(p) = kp; thus we denote with k, : T,N — Ty, N
the differential of k at p € N.

Definition 1.3.4. We say that the Riemannian metric g is K-invariant if

g(k*v7 k*w)kp = g(”? w)p?
for every p e N, k € K and v, w € T,N.
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Remark 1.3.5. If the Riemannian metric g is K-invariant, then clearly for every
k € K the map kK : N — N is an isometry: then we say that K is a group of
isometries on N. As already remarked, in this case the induced distance function d
is also K-invariant, i.e.

d(p,q) = d(kp,kq), Vke K, VYp,qeN.

The invariance of the Riemannian distance d on N implies that if v : [a,b0] — N
is a geodesic, then the curve kv : [a,b] — N, t — k- ~(t), is also a geodesic (see
[Kaw], Section 4.2). Furthermore, the fact that K is a group of isometries on N
also implies that the sectional curvatures at a point p € N are the same as at the
point kp € N, for each k € K.

In the next Proposition we show that, if K is a group of isometries on N, then
the convexity function constructed in Proposition 1.3.1 can be assumed to be K-
invariant:

Proposition 1.3.6. Let K be a compact Lie group, and let (N,g) be a smooth
Riemannian K-manifold. Furthermore, assume that the metric g s K-invariant.
Then there exists a continuous, K-invariant function r : N — R such that the ball
B, (p) is geodesically convez, for every p € N.

Proof. By Remark 1.3.5, the image k- B of a convex ball B C N under the isometry
k € K is still convex. This fact implies that if we fix on N a functionr : N — R, like
in Proposition 1.3.1, we can always assume r to be K-invariant: in fact, let p € N
and k € K, and assume that r(q) < oo for every ¢ € N (otherwise we can choose
r to be constant, and hence K-invariant). From the construction of r in the proof
of Proposition 1.3.1, we have that the convexity of k - B, ) (p) = By (kp) implies
that r(p) < r(kp). On the other hand, the convexity of k™1 - B, (kp) = B (p)
implies 7(kp) < r(p), and we are done. O

We will end this section by recalling a few basic facts about tubular neighborhoods
(see [H], Section 4.5; see also [Kaw]| or [B] for the equivariant case). Let M C N be
a submanifold. The normal (vector) bundle of M in N is the quotient bundle

v = (TN |u)/TM.

If N is Riemannian (i.e., we have a metric on TN), T'M has an orthogonal comple-
ment TM* in TN |y, and TM+ is isomorphic to v (see [Kaw], Theorem 2.40 and
Corollary 2.41, equivariant case). Thus, v is canonically endowed with a metric; if
p: M — R, is continuous we set:

D(v,p) ={vev|veuwv,|v|]| <plz),z e M}

A tubular neighborhood of M in N is a pair (¢,v), where v = (m, E, M) is the
normal bundle of M and ¢ : E — N is an embedding, such that the following two
conditions are satisfied:

1. ¢|p = idys, where M is identified with the zero-section of v.
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2. ¢(F) is an open neighborhood of M in N.

A closed tubular neighborhood of radius p € C(M,R.) of M C N is then an embed-
ding D(v, p) — N which is the restriction of a tubular neighborhood (¢, ) of M.
Thus, in this case, each fiber D(v, p),, * € M, is homeomorphic to the closed unit
disc D" C R™ ™ and hence compact. Moreover, the projection 7| : D(v, p) — M
is a proper map. In fact, let ' C M be compact: then there exist bundle charts
(U1, ¢1)s--,(Us, 05), s € N, and compact subsets F; C U;, 1 < j < s, such that
F= U§:1Fj C U§:1Uj- Thus,

n (F) = Ui (Fy) = Ui (Fj x D7),

and US_,(F; X D") is compact. Later on it will be convenient to refer to the open
set T = ¢(E) as a tubular neighborhood of M. Thus we will have a retraction
p: T — M associated to T, such that (p,T, M) is a vector bundle whose zero-
section is the inclusion M — T

The following is a fundamental result in differential topology:

Theorem 1.3.7. Let M C N be a submanifold. Then there exists a tubular neigh-
borhood of M in N, and this is unique up to isotopy.

Proof. See [H], Theorems 4.5.2 and 4.5.3. O

1.4. A complete, invariant Riemannian metric

A Riemannian manifold N (or a Riemannian metric g on V) is said to be (geodesi-
cally) complete if every maximal geodesic is defined for all ¢ € R. We have the
following important result:

Theorem 1.4.1. Let (N, g) be a Riemannian manifold. The following are equiva-
lent:

—_

. N is geodesically complete.

2. N s a complete metric space with respect to the distance function induced by
g.

3. BEvery bounded subset of N (with respect to d) is relatively compact.

4. There exists p € N such that exp, is defined on all of T, N.

5. For every p € N exp, is defined on all of T, N.

Moreover, any of the above conditions implies:
If p,q € N, then there exists a geodesic v from p to q with £() = d(p, q).

Proof. See [Hel], Theorems 1.10.3 and 1.10.4, and following remark. O

We are interested in working on a real analytic K-manifold (K compact Lie
group) with a C*¥, K-invariant Riemannian metric which is also complete, thus we
would like to be able to guarantee the existence of such a metric. We have the
following fundamental result:
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Theorem 1.4.2. Let N be a real analytic K-manifold, where K is a compact Lie
group. Then there exists on N a real analytic, K-invariant Riemannian metric g.

Proof. The existence of the metric g is proved, for example, in [Ka|, Theorem 1.17.
We would only like to sketch here the idea of the proof: first of all, by Grauert’s
embedding theorem (see [G], Theorem 3), there exists a proper real analytic em-
bedding ¢ : N — R" for some n € N. The usual real analytic Riemannian metric
of the euclidean space R™ induces a real analytic metric ¢” on ¢(N) in the obvious
way: then, the "pull back” ¢’ of ¢” through ¢ is a real analytic Riemannian metric
on N. Averaging ¢’ over the compact group K with the Haar integral, one obtains
a real analytic, K-invariant Riemannian metric g on N. O

Thus, we are only left to obtain the completeness of the metric. In the smooth
case without any group action we have the following proposition, which states that it
is always possible to construct on a smooth Riemannian manifold (V, g) a complete
Riemannian metric by a suitable conformal change of g, i.e., by multiplication of g
by a positive differentiable function:

Proposition 1.4.3. Let (N, g) be a C*° Riemannian manifold. Then there ezists a
positive C*° function f: N — R, such that the metric g :== f - g is complete.

Proof. Since N is Hausdorff, locally compact and second countable, there exists an
exhaustion of N, i.e. a family {U,};cn of open subsets of N such that:

1. gl is compact, Vi € N.

2.U; cUq, VielN.

3. N =Uen Ui
(Convention: Uy = (). Let d be the distance > function induced by g on N, and let
n > 0. Clearly we have that, for every p € U,, d(p,US,,) > 0, and hence by the
compactness of U,, we can define

dy, = d(U,,US,,) > 0.

Now, using partition of unity it is possible to construct a differentiable, positive
function f : N — R, such that

_ 1
1 (Una \Uy,) > for all n > 0.

d_% )
Then we can define a new Riemannian metric on N by

g(v,w), = f(p)g(v,w), VYpe N, Yv, we T,N.
Let d and [ be the distance and length induced on N by g.

Claim: (N, g) is complete.

Proof of the claim: First we notice that for every n > 0 the distance between U,
C

and U, in the new metric g is bigger than 1. In fact, let p € U, and q € US,,,
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and let v € I', 4, v ¢ [a,b] — N. Then there exist ¢,d € [a,b] such that v; = 7 |
[c,d] C Upyr \ Uy, and 7(c) € OU,,, v(d) € OU,.,. Then we have:

d
f(v)zf(%)—/ G5, 302 dt = /fvﬂ (Yo, Ye)2 dt >

d/1\z 1
>/C (d_Q) g(%a% I—/ ’Vta% Id—f(’h) d—n'dnzl-

Now we will prove the completeness of (IV,§) by showing that balls in the new
metric are relatively compact: by Theorem 1.4.1 this will be enough to show that
the metric § is complete. Thus, let B := B,(z) = {y € N : d(z,y) < r}, where
r € N and r € R.. Compactness of B will follow if we show that there exists
f € N* such that B Cc U, C U;.

Let m € N* be such that x € U, \ U,,_1, and take n = m + [r] + 1, where [r]
is a positive integer such that [r] < r < [r] + 1. Suppose on the contrary that
there exists y € B such that y € Ug, and let 7y : [a,b] — N be a piecewise regular
curve such that v(a) = x and v(b) = y. Take ag,aq,...,a,41 € [a,b] such that
a < ag < ... < ap41 < b, and, for every ¢ = 0,...,7n, a; is the largest real number
in [a,b] such that vy(a;) € U,y Denote v; := v | [as,ai11], @ = 0,...,r and
Yo = 7 | la,a0], % == v | [ar41,b]. Then, for every i = 0,...,r, we have that
0(vi) > d(ai, a;1) > d(U;,Uf,,) > 1, and therefore:

) = 8va) + 3 Uw) + Uow) > L) + Lw) 47> 7

Since the above inequality is true for every v € I', ,, we can write
d(z,y) = inf {(y)>r
yelz,y

and we get a contradiction since we assumed y € B. O

Now, in the real analytic case one can not use partitions of unity; nevertheless,
we have the following important theorem, which was proved by Grauert ([G]):

Theorem 1.4.4. Let M be a real analytic manifold, {V;}ien and {W;}ien open
locally finite coverings of M, such that W; CC V;, and let x, ..., " be real analytic
coordinates in V;. Then, if f : M — R is a C* function and {c;}ien is a sequence
of positive numbers, there exists a real analytic function f(x) i M which satisfies
the inequalities:

| 0 (f(z) = f(x))/0'ast -+ 0aldn | < in W,
(where 0 < |a] =a1 + ... +a, <5, 0 < s < 0).
Proof. See |G|, Proposition 8. O

We are now able to prove the following result:
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Theorem 1.4.5. Let K be a compact Lie group, and let N be a real analytic K-
manifold. Then there exists on N a real analytic, K-invariant, complete Riemann-
1an metric.

Proof. Fix on N a real analytic, K-invariant Riemannian metric g (which exists
by Theorem 1.4.2). We know by Proposition 1.4.3 that there exists a positive
function f: N — R, such that the metric fg is complete (but, in general, neither
real analytic nor K-invariant). Without loss of generality, we can choose in the
construction of f an exhaustion of NV by K-invariant subsets: for example, given any
exhaustion {A;}ien of N, it will be enough to consider the family {U; := K A; }ien-
Let then f: N — R, be a differentiable function such that for every n > 0 we have:

1

f‘(Un+1\Un)>d—%,

where d,, := d(U,,U¢,,). Now f is in particular a continuous function, hence we
can apply Theorem 1.4.4 with s = 0 to our N and f: it is clear that it is possible to
choose the sequence {c;}ieny and the coverings {W; }ien, {Vi}ien in such a way that

f is a positive real analytic function with the property:

L 1 . §
(2) f‘(UZ+1\UZ>>E’ for all 7 € N*.
(In fact, since for every n > 0 the set U, 41 \ U, is compact, it is possible to cover
it with a finite number of open subsets of V).
Next step is to average f over the compact group K. Define

h:N—R; h(x):/f(k:m)dk,

where | - denotes the Haar integral on K. By the properties of the Haar integral
the function A is positive, real analytic and K-invariant (i.e. h(kx) = h(z), for all
r € N and k € K). Furthermore, for every n € N and x € U, \ U,, we have:

(3) hz)= [ flkx)dk > | —dk=—

(_by (2) since, by the K-invariance of the sets U;, © € U,y \ U, implies kx €
Uni1\ Uy).

Thus, if we multiply ¢g by h, we obtain a Riemannian metric § := h - g which is still
real analytic and K-invariant, that is

GU(Pk) X, (Pk)uY Jia = D(k2)g((Ph)o X, (Ph)eY k) = M(2)g(X, Y )2 = 9(X, Y )

for every x € N, k € K and X, Y € TN. Moreover, using (3), we can show the
completeness of g by repeating the proof of the ”claim” in the last part of the proof
of Proposition 1.4.3. ]
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Chapter 2. The very-strong-weak topology

In this Chapter we describe some of the possible topologies for the space C*°(M, N)
and its subset C°%(M, N). In particular we introduce the very-strong-weak topol-
ogy on C°% (M, N) and discuss some of its properties.

2.1. Topologies on C*(M,N)

Let M and N be two real analytic manifolds of dimension m and n, respectively,
and consider the set C*°(M, N) of all C* maps from M to N. We will describe
in this section two of the possible choices for a topology on C*°(M, N), namely the
so called ”strong C'*° topology” and the ”very-strong topology”. We will need the
following two definitions:

Definition 2.1.1. Let f € C°°(U,R"), where U is an open subset of R”, and let
B C U be compact. If r is a non-negative integer, the C"-norm of f on B is defined
as

1/ := max{|D"f;(z)| [z € B, 1<j<mn, 0<l|a|<r},

where a = (ay, ..., ay,) is @ multi-index of length |o| = oy + ... + @y, and D f;(z) =
dlelfi ()

Bx?I...Bx?nm :

Definition 2.1.2. Let r be an integer, 0 < r < oo, suppose f € C*°(M,N), and

let € > 0 be a real number (or ¢ = c0). Let (U, ) and (V1) be charts in M and

N, respectively, and let B be a compact subset of U such that f(B) C V. An

elementary C™ neighborhood of f in C*°(M, N) is a set of the form

N'(f: B, (U,), (V,¥),€) =
={h € C¥(M,N) | h(B) CV, |lofo(p) —voho(p) ym <e}-

From now on we will always use the notation N"(f; B, (U, ), (V,4),¢) to in-
dicate a set of the form given in 2.1.2. In the particular case when N = R" and
(V,4¢) = (R",id), we will use the simpler notation N"(f; B, (U, ), €).

Now consider the family of all sets of the form

8" = (\N"(f; Bi. (Ui, 1), (Vi 1), &),
€A

where f € C°(M,N) and the family {B;};ca is locally finite in M. It is easy to
verify that this family is a basis for a topology on C*°(M, N), which is called the
"strong C" topology”; a set like 8" is called a " basic C"-strong neighborhood of f7”.
The strong C" topology is the topology usually used on C"(M, N), and the strong
C" topology on C*°(M, N) is the relative topology from C"(M, N).

The strong C* topology, introduced by Mather in [Ma], Section 2, is then defined
as follows (see also [H], Section 2.1):
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Definition 2.1.3. The strong C'* topology on C*°(M, N) is the topology which has
as a basis the union of all strong C" topologies on C*°(M, N), for 0 < r < co. We
denote by CZ(M, N) the set C°(M, N) endowed with this topology.

Now, for r < oo the C" strong topology is naturally the most appropriate topol-
ogy to use on the space C"(M, N). The case r = oo is instead much more complex.
Clearly, for each s < oo the C* strong topology is often inadequate for the space
C*(M,N). Nevertheless, even the C* strong topology, which in fact is not a
”genuine” topology on C*°(M, N), seems to have some limitations. Before bringing
this discussion any further, let us first give the definition of wvery-strong topology.
This was first introduced by Cerf in [C], Definition 1.4.3.1; here we will use the
(equivalent) definition given in Definition 1.1 of [12]:

Definition 2.1.4. The very-strong topology on C*°(M, N) is the topology which
has as a basis the family of all sets of the form

(4) Nos = ﬂN”(f; B, (Ui, 1), (Vi, i) €4),
i€
where f € C*(M,N), 0 < r; < oo, i € A, and the family {B;}, is locally finite
in M. A set like U is called a basic very-strong neighborhood of f. We denote by
(M, N) the set C*°(M, N) endowed with the very-strong topology.

Remark 2.1.5. Note that Definitions 2.1.1, 2.1.3 and 2.1.4 can be given also in the
case in which M and N are assumed to be smooth manifolds with boundary (see
[H], Chapter 2).

Clearly, the very-strong topology on C*°(M, N) is always at least as fine as the
strong C'*° topology, i.e. the map

id: Cog(M,N) — CZP (M, N)

is continuous. In fact, the crucial difference between the C'*°-strong and the very
strong topology on C*°(M, N) (when M is not compact) is that in (4) one can have

sup{r;} = co.

i€
Thus, if we consider for example the classical result by Whitney concerning approx-
imation of C'* maps by C* maps (see [W], Lemma 6), we see that only in terms of
very-strong topology we have the right means to express the involvement of partial
derivatives of increasingly high order as one approaches the boundary of the maps’
domain. In fact, Whitney’s result contains deeper information than the C'*°-strong
topology can capture. There are other reasons to believe that the very-strong topol-
ogy is a better topology for the set C°(M, N) than the C*°-strong is: for example,
in order to continuously glue together two maps in C*°(M, N) one has to use the
very-strong topology (see [I12], Lemma B and sections 8 and 9).
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However, for a more exhaustive discussion on the role of the very-strong topology
and its relation to the strong C'* topology the reader is referred to [12]. We would
only like to take into consideration here approximation results in the two topologies.

First of all, we remark that, in terms of the strong C'* topology , Theorem 1.4.4
states that any smooth map in C'g°(M, N) can be approximated arbitrarily well with
a real analytic one (see also [H], Theorem 2.5.1).

Furthermore, an analogous result was proved by Illman in the case of the very-
strong topology: in fact, we have the following

Theorem 2.1.6. Let M and N be real analytic manifolds. Then C* (M, N) is dense
in CSZ(M, N).

Proof. See [12], Theorem 4.4. O

Both Grauert’s and Illman’s result were proved using the Grauert-Morrey em-
bedding theorem for real analytic manifolds (see [G], Theorem 3).

2.2. Elementary neighborhoods

In this section we present some technical results which will be needed later. Lemma
2.2.1 and Lemma 2.2.3 below are in fact given by Lemma 2.1 in [I-Kal] and Lemma
2.1 in [I2], respectively. They both involve elementary neighborhoods, and they are
very useful when working with any of the usual topologies on C*°(M, N) and its sub-
sets. In particular, Corollary 2.2.2 allows us to replace an elementary neighborhood
with neighborhoods whose charts satisfy specific conditions.

Lemma 2.2.1. Let M, N and P be C*-manifolds, and let h : N — P be a C*
map. Let f € C®°(M,N), and let N = N"(ho f, B, (U, ), (W,w),e), 1 <r < oo, be
an elementary neighborhood of h.(f) = ho f € C®(M, P). Then there exist finitely
many elementary neighborhoods M; = N"(f, B;, (U, @), (V;,¢;),€;) of f, 1 <j <t,

such that .
B =8B,
j=1
and
t
h((YM;) CN
j=1

Proof. Let y € f(B). We can choose two open, relatively compact neighborhoods
Vs and V, of y and a chart (V}, ;) at y in N such that

yeVy cv,cVv,cV,cV;ch (W)

Then the family {V,"},crp) is an open covering of f(B), and since f(B) is compact
in N there exist V", ..., V;* such that

f(B)cViU..uV



22 FElena Ravaioli

For 1 < j <t denote
Dj - V*

Y

and B;= Bn f'(D;).

Then we have:

and
f(B))cD,cV,cV;cV/ch (W), 1<j<t
enote v; = ¥:|V;, and note that, for each 3 = 1, ..., ¢, i, Ws;) 18 also a chart at
D j ; Vj d hat, f hj=1 t, (Vj, ;) is al h
y; € V;in N. Thus 0 € ¢;(V;), 1 < j < t, and we can find for each j = 1,...,t a
positive number ¢; such that

E'e;) cyi(Vy), 1<j<t

(where E"(g;) = {z € R" | maxj<;<, || < ¢;}, 1 <j <t). For 1 < j <t, define
the elementary neighborhoods of f

M; =N"(f;:B;, (U, ), (Vi, 1)), €).
Fix j € {1,...,t}, and assume that f € M;: this means that f(B;) C V; and
||1; 0 fo o — Ypjo fo 80_1||;(Bj) < &j-
Then, in particular,

max {|(¢j0 fop™ =0 fop (a)l} <gj 1<j<t
a€p(By)

Hence for each j =1, ..., t we have
(hjofop™t =4 0 fopN)(a) € En(e;) forevery a € p(B;),
that is,
(5) (50 fop™ —dj0 for ) (p(By)) C ¥;(V).
Now, since 1;(V;) C ¢;(V;) C ¥5(V;), and (V) is compact, we have that

(6) llwohoy |l vy < llwo ko !l ) < oo

Thus by 3.3.7 and 6 follows that we can choose ¢; to be so small that fe M;
implies

l(wohoy; ) (w0 fop™) —(wohoy;)(Wyofop s, =
lwohofop™ —wohofop |y, <e.

Since U;Zl ©(Bj) = B, we have shown that, with a suitable choice for the ¢;,
1< j<t, it follows from f € ﬂ;lej that

||wohofog0*1—wohofo<p*1||;(3) <Ee.
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Furthermore, f € ﬂjz M; implies that

ERIVIEVIATS

that is, (ho f)(B) C W. This shows that if f € ﬂ;zl M, then ho(f) € N, ie. that
t
h*(m M]) C N,
j=1

and the claim is proved. 0

Corollary 2.2.2. Let 1 < r < oo, and let N = N"(f; B, (U, ), (V,¥),¢) be an
elementary C" neighborhood of f € C*(M,N). Fort € N, let {B;}i<j<t be a
family of compact subsets of M, and {(V;,v¥;) h1<j<t a family of charts of N, such
that the following conditions are satisfied:

(a) B = U;‘:lBj

(b) f(B) CV;CV;C Vi CV, where (V],4%) are charts in N, 1; = 4} |y, and

J

V' are compact, 1 < j <t.
Then there existse; > 0, 1 < j <'t, such that if we set Nj = N"(f; B;, (U, @), (V;,0;),€5),
then N_JN; CN.

Proof. 1t is enough to take N = P and h = idy in Lemma 2.2.1 above. 0

Lemma 2.2.3. Let M, N and P be C*-manifolds, and let (f,h) € C*(M,N) x
C>®(N,P). Let N = N"(ho f,B,(U,p),(W,w),e), 1 <r < oo, be an elemen-
tary neighborhood of T'(f,h) = ho f € C®(M, P). Then there exist finitely many
elementary neighborhoods M; = N"(f, B;, (U, ¢), (Vj,4;),¢;) of f, and M =
N™(h; K, (V] 45), (W,w), 8;) of h, 1 < j <t, such that

t
ﬂ/\/l x Mj)) CN.

Proof. Like in the proof of Lemma 2.2.1 we can consider for 1 < j <t the following
subspaces of N:

f(B;)cD;cV;cV;cV]ch (W),
where D; and V; are compact, and (V/, %) and (V;, ¢; = ¢}|V;) are charts of N. Re-
call also that B; C M is compact, and B = U;ZlBj. In particular, we can choose for
1 < j <t positive numbers ¢;, so that if we set M; = N"(f; B, (U, ¢), (V},1;),€;),
1 < j <t, then from
t
fe(\M
j=1
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follows

(7) ||wohofogo_1—wohofogp‘1||;(3)<

DO ™

Now, fix j € {1,...,t}. Since ¢(B;) is compact we have that

[0 fo 80_1||£>(Bj) < 0.
Then we can find a finite number C; such that
[p; 0 fo gp’lH;(Bj) < @y, forevery f € M.
Denote
M;‘:Nr(h;vﬁ(V;‘/a,lvz);’)v(mw)adj)v 1 S] <t

Then for each j € {1,...,t} we can choose §; to be so small that for each he M,
that is, for each h : N — P such that h(V;) C W and

looho @)™ —wohe @)l g <,

we have

- _ _ ~ _ . c
llwoho ()™ —woho @) (o for )y, < 2
that is,
~ ~ _ ~ “1ur e
llwohofop™ —wohofoyp 1||¢(B]~) <3
Since U§:1 ©(Bj) = B, we have shown that, with a suitable choice for the §;,
1< j<t, it follows from h € ﬂ;zl M that

(ho f)(B) C W,
and

(8) ||woﬁofogp‘1—wohofogp‘1||;(3)<

Do M

Thus, if (f,h) € ﬂ;zl(Mj x M), then
(foh)(B) c W,
and from (7) and (8) follows that
llwoho foyp™ —wohofo<p71||;(3) <Ee.

Thus we have shown that

hof=T(f,h) €N,
and the claim is proved. 0

The following Corollary is Lemma 2.3 in [I-Kal]:
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Corollary 2.2.4. Under the same assumptions and notation of Lemma 2.2.3, let
N =N"(ho f,B, (U, ), (W,w),e), 1 <r < oo, be an elementary neighborhood of
f*(h) = hof € C>(M, P). Then there exist finitely many elementary neighborhoods

M; = Nr<h; Kj7 (lev 1/};)7 <W>w)> 5j)
of h, 1 < j <'t, such that

t
fF(YM)cN. o
j=1

Now, let M and N be two real analytic manifolds of dimension m and n, re-
spectively, let g be a Riemannian metric on /N and d the induced distance function.
We will end this section by showing how we can conveniently express a basis for the
CP-strong topology on C*°(M, N) in terms of the Riemannian structure on N (see
[H], Section 2.1). In fact, let f € C°*°(M,N), and let £ > 0 be a real number (or
e =00). Let (V,1) be a chart in N, and let B be a compact subset of M such that
f(B) C V. Then an elementary C° neighborhood of f in C*°(M, N) is a set of the
form

NO(f; B, (V.9h),e) ={h € C*(M,N) | h(B) C V, |l o f(z) =t oh(z)p <e},
where || - || is the norm in R™ defined as follows: if z = (21, ..., z,,) € R", then
12]|° = max{|z1]|, ..., |2a|}. Note that ||-||° is equivalent to the standard norm in R™.
A basis for the strong C° topology on C*°(M, N) is given by all the basic C%-strong

neighborhoods of f, i.e. all sets of the form
80 = ﬂj\/ﬂ(f’ BZ'7 (‘/27 wi>7€i)7
1€EA
where f € C*(M, N) and the family { B, };ca is locally finite.

Now, for every f € C°°(M,N), and for every positive continuous function § :
M — R, denote

M(f;8) = {h € C®(M,N) | d(f(z), h(z)) < 6(z), Yae M.

Theorem 2.2.5. The family B = {M(f;0)| f € C®°(M,N), € C'(M,R,)} is
a basis for the strong C° topology on C°°(M, N).

Proof. Let 6 : M — R, be a positive continuous function, and let f € C*°(M, N).
First we will prove that it is possible to find a basic C°-strong neighborhood (of
f) which is contained in M(f,0): let {B;}ica be a locally finite family of compact
subsets of M such that:

- Usen Bi = M, and

- for every i € A there is a chart (V/,¢!) in N such that f(B;) C V/.
For the existence of the family {B;} see for example [K-N], Theorem IV.3.7. For
every ¢ € A consider an open subset V; C N such that its closure is compact, and
the following holds:

f(B)cV,cV,cV/.



26 FElena Ravaioli

Then (V;,1;), where ¢; =1’ |y;, is a chart in N. Define, for every i € A,
9; == min{d(z) | z € B;} > 0.
Now consider, for each ¢ € A, the homeomorphism

W)™ UV — Vi C N

7 7

Since (V) is compact, the restriction

W) (Vi) = Vf
is uniformly continuous, and thus for every i € A there exists g; > 0 such that

Ve, 2 € Vi), le=21"<& = d)~(2), (¥)7'(¢)) <4

In particular we have that
() Ve dedV), llz-ZI"<a = di(2),¥7' (7)) <.
For every i € A consider the following elementary C%-neighborhood of f:
We now claim that
S =N € M(f.6).
LISHN
In fact, let h € S. We have to show that d(f(z),h(z)) < §(x), for every x € M.

Now, if xy € M there exists i € A such that xy € B;,. Since in particular h €
Niy = NO(f; Biy, (Viy, iy )5 Eio ), We have that

h(By,) C Vi, C V4, C VI

10’
and thus:

¢io o f(Iio)a Qﬁio © h(xm) € 77Z)20(‘/2 ) and ||77Z)20 o f(xlo) - ¢i0 © h(:L‘m)”O < gio'
By (%) this implies that

d((¢i0)_1 © 'lvbio © f(Iio)a (wio)_l © 7wbio © h(l‘m)) = d(f(mlo)v h(xlo)) < 51'0 < 5($i0)7

and so our claim is proved.

In order to complete the proof of the theorem it will be enough to show the
converse statement to the above, i.e. that given a basic C%strong neighborhood S
it is possible to find h € C*°(M, N) and a continuous positive function § : M — R
such that M(h;8) C S. Let then S = (,c, N°(f; By, (Vi, ¥:),€;) be a basic C°-
strong neighborhood of f € C*°(M, N). For each i € A choose an open subset U;
of N with compact closure, and such that

f(B)CcU; CcU; CV.
Now, for every ¢ € A the restriction

Vi |: Ui — i(U5)
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is uniformly continuous (again since U; is compact), and thus for every i € A there
exists p; > 0 such that

Vyy eUs, dyy)<m = iy —u@)° <e.
Choose, for each i € A, a real number 0 < ¢; < u; such that
Bs,(f(z)) ={y € N | d(f(z),y) < i} C Us,

for every x € B;. This is always possible since f(B;) and U; are compact, and hence

d(f(Bi),Ui) > 0. Thus if z € B;, and y € N is such that d(f(z),y) < d;, this will
imply that y € U; C V; and hence that ||¢; o f(z) — 1;(y)]|° < &;. Suppose that we
can find a continuous positive function  : M — R, which satisfies the following
property:
(%) dz) <6, VzeBDB,.

Then we claim that M(f;6) C S. In fact, let h € M(f;0). Then, for every
x € B; we have that d(f(z),h(x)) < d6(x) < §;, hence h(xz) € U; C V;, and
| o f(x) — ;0 h(x)||° < &;. In other words we have that, for every i € A,
and

[i 0 f(z) = wioh(2)|” <ei, V€ B,
ie. h € 8. So, it remains to show that given any locally finite family {B;}ica
of compact subsets of M and given a family of positive real numbers {0;};cp it
is always possible to construct a positive continuous function 6 : M — R, that
satisfies the property (xx). Let then {B;};cn be such a family, and suppose first
that M = U;eaB;. Now, each B; has a neighborhood A; such that the family
{A;}iea is a locally finite open cover of M (see for example [I-Kal], Lemma 1.1).

For every x € M let W, be a neighborhood of  meeting only finitely many A;, and
define for every x € M:

ne = min{o; | W, N A; # 0} > 0.
Now define for every x € M constant maps
0y Wo =R 2z,

After relabeling the families {W,} and {0,} by {Wa}aer and {d, }acr, respectively,
we now have that:

2e€Wa,NA = 04(2) =14 <0
Let {@a}acr be a (smooth) partition of unity subordinate to the cover {W,}, and
define a map

§:M—=Ry; 6(2) =) pal2)da(z).

acl
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Then the map ¢ is C*°, and for every z € B; C A; we have:

[6(@) =1 @al@)dal@)] <D leal@)llda(@)] <D wal2)d; = 6.

acl ael ael

Thus the map § has the properties required. Now assume that the family {B;} does
not cover M, and denote W = M \ U,B;. Then we can associate to the open set W
an arbitrary positive real number, say 9, and defining W, and n,, for every & € U;ca,
like before, we can repeat the above construction for the cover {W, W,} of M and
the family {4,d,}. In fact, in this case, we do not care about the behaviour of §
outside U;cp B;. Hence the theorem is completely proved. 0

Remark 2.2.6. Note that in Theorem 2.2.5 d can be assumed to be any distance
function on M. Note also that although the definition of the basis B depends on the
metric d, the topology that B generates is independent of the choice of the metric.

2.3. Topologies on C°% (M, N)

Throughout this section let G be a Lie group, and let M and N be two smooth
G-manifolds. In the previous section we saw how the very-strong topology can
be considered as the most appropriate topology to be used on C*°(M, N). What
happens when we consider on the subset C°>%(M, N) of G-equivariant map the
relative topology from C9g(M, N)? In the case of the C'™ strong topology we have
the following result by Illman and Kankaanrinta:

Theorem 2.3.1. Let G be a non-compact Lie group which acts properly on two C"
manifolds M and N, 1 <r < w. Then the strong C" topology on C™%(M, N) is the
discrete topology.

Proof. See [I-Kal], Proposition 4.7. O

Since the very-strong topology is more fine than the C'*° strong topology on
C>*(M, N), we obtain as a consequence of Theorem 2.3.1 the following

Corollary 2.3.2. Let G be a non-compact Lie group which acts properly on two C'*
manifolds M and N. Then the very-strong topology on C°>%(M, N) is the discrete

topology.

Thus, for a very significant class of Lie group actions the very strong topology
on C°%(M, N) turns out to be completely "useless”. In [[-Kal] a new topology is
defined on the set C™%(M, N), 1 <r < oco. This topology is called the strong-weak
topology, since the idea behind it is to "mix” the strong and weak topologies on
C™%(M, N). Recall that the weak topology on C"%(M, N) has as a basis the family
of all sets of the form

W' = mNr<f’ Blv (Ul7 901>7 (‘/27 1/}2>7 8i)7
=1
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where s is finite. The strong-weak topology allows one to avoid the situation de-
scribed in Theorem 2.3.1, but in the case » = oo it has the same limitations that the
strong C'* topology has (see Section 2.1). Then, in 2002, Illman defined a topology
that should be considered as the right one to be used on C°%(M, N) (see [I3]).
This topology was named the very-strong-weak topology, as it comes up as a mix-
ture between the very-strong and the weak topology on C°*%(M, N). Before giving
the definition of very-strong-weak topology on C°*%(M, N), we need the following:

Definition 2.3.3. Let G be a Lie group, and let M and N be two smooth G-
manifolds. Let p : M — M/G be the projection onto the orbit space. The very-
strong-weak topology on C*°(M, N) with respect to p : M — M /G is the topology
which has as a basis the family of all sets of the form

Noswip) = ﬂN”(f; Bi, (U, i), (Vi, i), €),
1EA
where f € C®(M,N), 1 <r; < oo for i € A, and the family {p(B;)}ica is locally
finite in M/G. A set like Nyswp is called a basic neighborhood with respect to p
of f. We denote the set C°(M, N) with this topology by C’fjgw[p](M, N).

Remark 2.3.4. Note that the definition of very-strong-weak topology with respect
to p seen in Definition 2.3.3 above could be generalized to very-strong-weak topology
with respect to any ”phase map” p : M — (), where  is a topological space (see
Definition 1.6 in [I-Kal] for the strong-weak topology case).

Lemma 2.3.5 below shows that the family of all basic neighborhoods with respect
to p forms in fact a basis for a topology on C*°(M, N).

Lemma 2.3.5. Under the assumptions of Definition 2.3.3 let f, f' € C>®(M,N),
and letU andU’ be two basic neighborhoods with respect to p of f and f', respectively.
Then, if fo € U NU', there exists a basic neighborhood with respect to p of fo, say
Uy, such that Uy CUNU'.

Proof. Assume that U = (),c, NV;, where
M:er(faBla(U27901)7<‘/;7’l/}2)782)7 i EA;

is an elementary neighborhood of f, 1 < r; < oo, and the family {p(B;)}ica is
locally finite in M/G. Now, for each i € A we can choose a positive real number
€;,0 such that the elementary neighborhood

M,O = N”(foa B;, (Ui7 902‘)7 (Vz’a 1/%‘); €z‘,o)

is such that N;o C N;. In fact, it is enough to choose ;9 < ¢; — d;, where d; =
[ 0 foo it — o fop! :Zi(Bi)' Similarly, suppose that U’ = (. N, where

Nj = N5 (1 B, (Uj, €5), (Vi 49),€5), G €T,

]

jer
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is an elementary neighborhood of f/, 1 < s; < oo, and the family {p(B’)};er is
locally finite in M/G. Like before, we can choose for each j € I' an ¢/, such that
the elementary neighborhood

]{,0 = NSj(f()? B;W (Ujlv 90;‘)7 (‘/jla w;)a 5;’,0)
is contained in Nj. Thus, since the family {p(B;),p(Bj) | i € A, j € I'} is locally
finite in M /G, we have that the set

Uy = ﬂM,o N ﬂ/\/’j{,o
ieA jer
is a basic neighborhood of fy, and Uy Cc U NU". 0
Let now f € C®%(M,N), and let 1 <7 < oo; we denote
NTC(f; B, (U, ), (V,4),e) = N"(f; B, (U, ), (V,4),€) N C%F(M, N).
Definition 2.3.6 below is Definition 2 in [I3].

Definition 2.3.6. Let G be a Lie group, and let M and N be two smooth G-
manifolds. Let p : M — M/G be the projection onto the orbit space. The very-
strong-weak topology on C°>%(M, N) is the relative topology of C*¢ (M, N) as a
subset of qchw[p](M ,N). A basis for this topology is then given by the family of all
sets of the form

(9) Nosw = (YN (f; Bi, (Ui, 1), (Vi 1), 1),

i€
where f € C®%(M,N), 1 < r; < oo for i € A, and the family {p(B;)}ica is locally
finite in M/G. A set of the form (9) is called a basic vsw-neighborhood of f. We
denote by C°%S (M, N) the set C°% (M, N) endowed with the very-strong-weak
topology.

From Definition 2.3.6 follows, that the very-strong-weak topology is always at
least as fine as the weak C'*° topology, and at most as fine as the very-strong
topology. Thus, the identity map

id : C°% (M, N) — C35 (M, N) — C;% (M, N)

is continuous. The idea behind the very-strong-weak topology is that when we
consider a family of compact sets in M, and we "move” along an orbit, the very-
strong-weak topology behaves like the weak topology; on the other hand, if we
"move” in the direction which is perpendicular to the orbit, the very-strong-weak
topology behaves like the very-strong topology. Roughly speaking, the very-strong-
weak topology can range between the weak C'*° topology and the very-strong one in
correspondence to the fact that the projection map can "range” from the constant
map to the identity. If for example the action is transitive (i.e. M is homogeneus),
then M /G is a one-point space, the projection p : M — M /G is the constant map,
and the very strong topology on C°*%(M, N) coincides with the weak C* topology.
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If instead the action of G on M is trivial, then M /G = M, and the projection map
is the identity on M; in this case, the very-strong-weak topology clearly coincides
with the very-strong one. More generally we have the two lemmas below:

Lemma 2.3.7. Let G be a compact Lie group, and let M and N be two C'* G-
manifolds. Then

Cogw (M, N) = C5°(M, N).

Proof. Let f € C°Y(M,N), and let N = (),c, N""C(f; Bi, (Ui, 3), (Vi, ¢0:), &) be
a basic neighborhood of f in the very-strong topology. It is enough to prove that
N is also a basic neighborhood of f in the very-strong-weak topology. Since G is
compact, the projection p : M — M /G is a proper map, and the orbit space M /G
is locally compact. Hence the map p is of finite type, and local finiteness of the
family {B;}ica in M implies local fineteness of the family {p(B;)}ica in M/G. O

Lemma 2.3.8. Let G be a Lie group, let M and N be C'*° G-manifolds, and assume
that the orbit space M /G is compact. Then

Cogw (M, N) = C7°(M, N).

Proof. Let f € C*%(M,N), and let N' = (,ca N"C(f; By, (Us, i), (Vi, 03), )
be a basic neighborhood of f in the very-strong-weak topology. Then the family
{p(B;) }iea is locally finite in M /G, and since M/G is compact this means that
|A| < co. Thus we can write

N - nN”’G(f; Bia (U27 @Z)a (‘/;7 1/12)7 Ei)u
i=1

where s < oco. Then N is open in the weak C'™ topology, and this is enough to
prove the claim. O

2.4. Properties of the very-strong-weak topology

In this section we establish some basic properties of the very-strong-weak topology.
For the corresponding results in the case of the strong-weak topology see Section 4
in [[-Kal].

Like for the other topologies mentioned in Section 2.1, the composition map
is not, in general, continuous in the very-strong-weak topology. By ”composition
map”’ we mean in the non-equivariant case the map

[': C%(M,N) x C®(N, P) — C=(M,P), (f,h)— hof,

where M, N and P are smooth manifolds. For a counterexample in the case of the
strong C'* topology see [Ma], Remark 2 on page 259.

Nevertheless, also in the case of the very-strong-weak topology it is possible to
prove a series of very useful results, using the results in Section 2.2.
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Let then G and H be two Lie groups, and let § : G — H be a continuous
homomorphism. If M is a G-manifold and N is an H-manifold we will say that a
map f: M — N is f-equivariant if

flgx) =0(g)f(x), forallge G, ze€ M.
We will denote the set of all smooth, #-equivariant maps from M to N by C°(M, N).

Furthermore, we will refer to the "induced map f : M/G — N/H” as the (contin-
uous) map which makes the diagram

M—t N

M/G —~ N/H

commute (here p and ¢ are the projections). Now we can prove the following:

Proposition 2.4.1. Let G and H be two Lie groups, and let 0 : G — H be a
continuous homomorphism. Let M and N be smooth G-manifolds, and let P be a
smooth H-manifold. If h : N — P is a C*°, 0-equivariant map, then the induced
map

By : Co55 (M, N) — C%6 (M, P), f+shof,
18 continuous.

Proof. First, let p: M — M/G be the projection onto the orbit space of M, and
consider the map
Let then f € Oy, (M, N), and let U = (), N; be a basic neighborhood with
respect to p of ho f, where
Ni=N"(ho f; Bi, (Ui, i), (Wi, wi), &),
and the family {p(B;)}ica is locally finite in M/G. By Lemma 2.2.1 there exist for
each i € A finitely many elementary neighborhoods of f, say
Mi; = N (f, Bij, (Ui, 0:), (Vij, Vi), €i),
1 <7 < t(i), such that
#(4)
ﬁ*(n M) C N;.
j=1
Now, the family {p(B;;) | 1 < j < (i), i € A} is locally finite in M/G, and so we
have that



Approximation of G-equivariant maps in the very-strong-weak topology 33

is a basic neighborhood of f in Cpgy, (M, N), and
ho(M) C (VN =U.
[ISHN

Hence we have shown that A, is continuous. Now, since for every f € C'jgmc,(M ,N)
the composition map ho f = h,(f) : M — P is a #-equivariant map, we have that
the continuity of

he = | : Cog (M, N) — Cogn (M, P)
follows from the continuity of h,. O

Proposition 2.4.2. Let G and H be two Lie groups, and let 0 : G — H be a
continuous homomorphism. Let M be a smooth G-manifold, and let N and P be
smooth H-manifolds. Assume f € C’ﬁg’gv(]\/[, N) is such that the induced map f :
M/G — N/H is of finite type. Then the induced map

[ Co (N, P) — Co90 (M, P), h— hof,
18 continuous.

Proof. Let p: M — M/G and p' : N — N/H be the projection onto the orbit space
of M and N, respectively. We first want to show that the map

f*: Q%W[p/}(N7P)_> %W[p](Mvp)v f’—>h0f,

is continuous. Let then h € Cgy (N, P), and let U = [, NV; be a basic neigh-
borhood with respect to p of ho f, where

-/\/i = Nﬁ(h ° f7 Bi7 (Ulawz)a (M7wi)7€i)7

and the family {p(B;)}ica is locally finite in M/G. By Corollary 2.2.4, there exist
finitely many elementary neighborhoods of h, say

Mi; = N (h; Lig, (Vig, ¥ig), (Wa, wi), 045),
1 <7 < (i), such that

70
FYMy) C N
j=1

Note that here we can choose the sets L;; to be such that

t(i)
Li=()Li=f(B;), forallieA.
j=1

Now f is of finite type, and the family {p(B;)}iea is locally finite in M/G, hence
the family

{f(p(Bi) }ien = {p'(f(B:)) bien = {P/(Li) }iea
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is locally finite in N/H. Thus, the family
{P'(Lij) i€ A, 1<) <t(i)}
is also locally finite in N/H, and
£(3)

M/:ﬂﬂM/z‘j

ieA j=1
is a basic neighborhood of & in qugW[pq(N , P). Furthermore, we have that
frM) c (N =U.
i€
which shows that f* is continuous. Now, since f € Co% (M, N) we have that for
each smooth, H-equivariant map h : N — P the map ho f = f*(h) : M — P is
smooth and #-equivariant. Thus the continuity of the restriction
f= 1 Coaw (N, P) — Cogip (M, P)
follows from the continuity of f *. 0

Using Proposition 2.4.1 and Corollary 2.2.2 it is possible to prove the so-called
”product theorem” (Theorem 2.4.3 below).

Theorem 2.4.3. Let G be a Lie group, and let M, N1 and Ny be C* G-manifolds.
Let G act on Ny x Ny by the diagonal action, and let ¢; : Ny X Ny — N;, j = 1,2,
denote the projection maps. Then the natural bijection

L Cogip (M, Ny x Ny) — Cogit (M, Ny) x Cogip (M, N), - f = (q1o fraz0 f),

18 a homeomorphism.

Proof. A map f: M — Ny x N, is G-equivariant if and only if both its components
are G-equivariant maps. Hence it will be enough to show that if p : M — M/G
denotes the projection onto the orbit space of M, then the map

L2 Cogwip (M, N1 x Na) — Cigyy (M, Ni) X Cogy (M, N2), [ (qiof,g0f),

is a homeomorphism. The map ¢ is clearly bijective, and continuous by Proposition
2.4.1, hence it remains to show that i~ is continuous. Let (f1, f2) € Coswip (M, N1)x

oow) (M, N2), and set f = i71(f1, f2) € Cogypp (M, Ni x Np). Let V = e, Vi
be a basic neighborhood of f in C’ggw[p](M, N; x Ny). By Corollary 2.2.2 we can
assume that, for each ¢ € A, N is of the form

M = NTZ(fa Bl'7 (U@,QOZ), (V;l X V?awil X w?)vgi)u
where (VZJ,@Z)Z]) is a chart of N;, for j = 1,2. Denote
N} = N"(f3:Bi, (U, 1), (V7 0)),e0), G =1,2.
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Then, clearly, i='(NV! x N?) C N;. Thus, for j = 1,2, the set U’/ = ﬂieAMj is a
basic neighborhood of f; = ¢; o f in C SW[p](M, N;), and

U x U (YN =V,
(IS
and this proves the claim. 0

We end this section with two results regarding the very-strong-weak topology
and proper G-manifolds:

Proposition 2.4.4. Let G be a Lie group, and let M and N be two proper C'* G-
manifolds. Let P be a G-manifold, and let f : M — N be a G-equivariant, proper
C* map. Then the induced map

[ Co8(N, P) — Co%8(M, P), hw— hof,
18 continuous.

Proof. If f is proper, we have that the induced map f : M/G — N/G is also proper
(see [I-Kal], Lemma 3.7). Since N/G is locally compact this implies that f is of

finite type (see [I-Kal], Lemma 1.8), and hence the claim follows from Proposition
2.4.2. ]

Lemma 2.4.5. Let G be a Lie group, and let M and N be two smooth G-manifolds.
Assume that the action of G on N is pmper and letV C N be open and G-invariant.
Then the set C°C (M, V') is open in Cogg (M, N).

Proof. Follows by Lemma 4.8 in [I-Kal], since the identity map

id: S8 (M, N) = CHE (M, N)
is continuous (here Cgys’ (M, N) denotes C°>%(M, N) with the strong-weak topol-
ogy). O

Chapter 3. The compact case: a non-linear average

In this Chapter we prove that if K is a compact Lie group, then each smooth, K-
equivariant map between two K-manifolds can be approximated arbitrarily well in
the very-strong topology with a real analytic, K-equivariant map. An analogous
result was previously proven by S. Illman under the additional assumption that the
number of K-isotropy types in NV is finite. We generalize [llman’s result following
the work of F. Kutzschebauch in the case of the strong C'* topology (see [Ku2]).

3.1. Center of mass

The Riemannian ”center of mass” is a generalization of the notion of ”center of
gravity” (see [K-N], Theorem 9.1). It was introduced in the paper [Gr-Kar| (see
also [Gr]), and it will be crucial for the construction of a ”non-linear average” in the
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following sections. For a description of other interesting applications of the center
of mass the reader is referred to section 2 in [Kar2].
Let then (IV, g) be a Riemannian manifold. We can give the following:

Definition 3.1.1. Let B,(p) be a Riemannian ball of radius p > 0 around p € N.
We will say that the ball B,(p) is strongly convez if it is geodesically convex and
one of the following two conditions is satisfied:

(i) The sectional curvatures of N in B,(p) are at most 0.
(ii) The sectional curvatures of N in B,(p) are at most A > 0, and p < 7 - ﬁ.

The following theorem was proven by Karcher:

Theorem 3.1.2. Let K be a compact Lie group, and let (N, g) be a complete Rie-
mannian manifold. Assume thatn: K — N is a smooth map whose image n(K) is
contained in a strongly convex ball B,(p). Consider the function

By Bylp) =R ()= [ )

Then ®, has only interior minima on the compact ball B ,(p). Furthermore, ®,
is a strictly convex function on B,(p). Thus, the function ®, obtains its minimum

at ezactly one point C,, in B,(p), and C,, € B,(p).
Proof. See [Kar2], Theorem 1.2. See also [Gr-Kar]. O

Remark 3.1.3. Under the same assumptions and notation of Theorem 3.1.2, let
n: K — By(p') C B,(p) be asmooth map, where B, (p’) and B,(p) are two strongly
convex balls in V. Denote

1
®,:B,(p) = R, yr— 5/ d*(y,n(k)) dk,
K

and
¢y By()) =R,y %/KdQ(y,n(/f))dh
Then clearly C, = C,y.
We can now give the following

Definition 3.1.4. Let K be a compact Lie group, and let (N, g) be a complete
Riemannian manifold. We will call a smooth map n : K — N almost constant if
there exists a strongly convex ball B,(p) in N such that

n(K) C By, (p) C B,(p).

Example Let N be a complete, simply connected Riemannian manifold of non-
positive curvature: in this case, the exponential map exp, : T,N — N is a diffeo-
morphism for every p € N (see [K-N], Vol. II, Theorem VIII.8.1). Thus, every ball
in N is strongly convex, and hence every map n : K — N is almost constant.
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Ifamapn: K — B 1 ,(p) C B,(p) is almost constant, it follows from Theorem
3.1.2 and Corollary 3.1.3 that ®, takes its minimum value at only one point Cj, in
B,(p), and C,, € By ,(p). In the following lemma we prove that C,, does not depend
on the choice of the ball B,(p).

Lemma 3.1.5. Let n: K — N be an almost constant map such that

n(K) C By, (p1) C By, (p1),
and
n(K) C By, (p2) C By, (p2),

where B, (p1) and B,,(p2) are two strongly convex balls in N. Denote

m: K — B, (p1), k—nlk),
and

2 s K — By, (pa),  k—n(k).
Then C,, = C,

nz-

Proof. Without loss of generality, we may assume that p; < ps. Since n(K) C
Bi, (p1) N B, (p2), we can write by the triangle inequality:

1 1 2
d(p1,p2) < d(p1,n(k)) +d(n(k), p2) < 3/ + gpz < 32

(here k € K). Thus

B%pl <p1> - Bd(pl,pQ)Jr%Pl <p2) C B:

3

P2+ (p2) C By, (p2),
and hence, by Corollary 3.1.3, we have that ('}, = C,,. O

The following definition follows naturally from Lemma 3.1.5:

Definition 3.1.6. Let n : K — N be an almost constant map. By Lemma 3.1.5
the point C), € N is uniquely determined by 7. We will call C;, the center of mass
of the almost constant map 7.

Lemma 3.1.7. Let n : K — N be an almost constant map. Then the following
properties are easy consequences of the construction of C):

1. If n is a constant map, i.e., n(k) = yo for every k € K, then C,, = y,.
2. If T : K — K is the left or right translation with respect to an element of K,
thennoT : K — N s an almost constant map, and

Byrly) = 5 [ ElunTE) k=5 [ Plon(h)dk = o,(0).

Thus, Cpor = C).
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3. If f: N — N s an isometry, the map fon: K — N is an almost constant

map (see Remark 1.3.5). Moreover,
By = 5 [ ) S0 k= D),

hence Cyop = f(Cy). O
Later on we will need the following estimate:

Proposition 3.1.8. Let ny,n2 : K — N be two almost constant maps, and assume
that there exists a strongly convex ball B,(p) in N such that ni,n, : K — B%p(p) C

B,(p). If 6 < K < A are lower and upper curvature bounds in B%p(p), then

(10) d(Cyy, Ca) < (1+¢(8,8) - (2p)*) / d(m(k), n2(k)) dk,

K
where c(0,A) is a positive constant which depends on 6 and A.

Proof. See [Kar2], Corollary 1.6. O

From now on let K be a compact Lie group, and let M and N be smooth
Riemannian manifolds. Furthermore, assume that /N is complete.

Definition 3.1.9. We will call a continuous map 6 : K x M — N a mass distri-
bution if, for each x € M, the map

0, =0(,x): K— N, k—0,(k)=0(k,z),
is almost constant.

Definition 3.1.10. Let 0 : K x M — N be a mass distribution. We define the
center of 6 to be the map

ClH): M — N, z— Cy,
where, for every x € M, Cy_ is the center of mass of the map 6, defined in 3.1.6.

Using Proposition 3.1.8, we are going to prove that the center of a mass distri-
bution is a continuous map. We first need Lemma 3.1.11 below:

Lemma 3.1.11. Let A be a compact topological space, X a topological space and
Y = (Y,d) a metric space. Let f : Ax X — Y be a continuous map, and fix x’ € X.
Then for every e > 0 there exists a neighborhood V' of x’ such that

d(f(a,x), f(a,2")) <e, VaeA Vzel.
Proof. Consider the map
X:AXxX >R, (a,2)—d(f(a,z),f(a,z)).

The map y is continuous since x = do (f X f)o (idaxx X (ida X ¢yr)) 0 ¢, where ¢ is
the natural homeomorphism from A x X onto the diagonal of (A x X) x (A x X),
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and ¢ : X — X is the constant map with value z’. Thus, for every a’ € A we can
find a neighborhood U, x V. of (a’,2") in A x X such that

Ix(a,z) — x(d,2")| = d(f(a,x), f(a,2") <e, V (a,x) € Uy X V.

Now, the family {Uy }wea is an open covering of A, hence, since A is compact, it
is possible to find a finite subfamily {U,, | ¢ = 1,...,n} such that U ,U,, = A.
Furthermore, in correspondence to each U,, we can consider the neighborhood V; of
2’ so that, for i = 1, ..., n, we have:

d(f(a,z), f(a,2") <&, V (a,z) €U, XV
Let V := N7, V;; then we can write:

d(f(a,7), f(a,)) <&, Ya€A, VeV,

and the claim is proved. O

Proposition 3.1.12. Let K be a compact Lie group, let M and N be smooth Rie-
mannian manifold, and assume that N is complete. Let 0 : K x M — N be a mass
distribution, and let C(0) : M — N be its center. Then C(0) is a continuous map.

Proof. Let ' € M. By Lemma 3.1.11, for every ¢ > 0 there exists a neighborhood
V of 2’ such that, for all £k € K, and for all z € V,

(11) d(0(k, z),0(k, 7)) < e.

Since 0(-,2')(K) C N is compact, we can choose ¢ > 0 to be so small that the
inequality (11) implies that, for every € V, the images of the almost constant
maps 0, and 0, are contained in the same ball Bi ,(p) (where B,(p) is a strongly
convex ball in N). Let § and A be lower and upper curvature bounds in B 1 (D),

respectively: by Proposition 3.1.8 and (11) it now follows that, for every z € V,

(Ch. Ca) < (14 6.8) (207) - [ dl6(02),6(k.2") b <

K
< (Ut e6.D)- (207 <.
and this shows that the map C(6) is continuous. O

3.2. Non-linear average

In this section K will be a compact Lie group. We saw in Chapter 2 how the very-
strong-weak topology should be considered as the most appropriate topology for the
set C°%(M, N): nevertheless, by Lemma 2.3.7 we can reformulate and discuss the
approximation problem in the compact case in terms of very-strong topology. The
following result was proven by Illman:

Theorem 3.2.1. Let M and N be real analytic K-manifolds, and assume that
the number of K-isotropy types in N is finite. Then C“X(M,N) is dense in
Co9™ (M, N).
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Proof. See [12], Theorem 7.2. O

We are going to generalize Theorem 3.2.1 by dropping out the assumption on the
K-isotropy types. Let us first consider the case when N = R"(p) is a representation
space for K. We saw in Section 1.1 that, under the assumptions of Theorem 1.1.5,
we have an ”averaging” map

A C%(M.R"(p) — C5(M,R"(p)), [ A(f) = /K KF(k)dk,

which is a retraction and preserves real-analyticity. Now, the map A is continuous
in the very-strong topology (see [I2], Theorem 6.4), thus if f € C°X(M,R"(p)) it
is possible to first approximate f with a real analytic map using the non-equivariant
result by Illman (Theorem 2.1.6), and then average continuously with A. Let now N
be again any real analytic K-manifold. In this case one needs to have an equivariant,
real analytic embedding of N into some linear K-space, because by means of the
map A we can only average maps which take their values in a linear space. Since
the existence of such an embedding is only granted under the additional assumption
that the number of K-isotropy types in N is finite (see [M-S], theorem 1.1), one
gets the result stated in Theorem 3.2.1.

Thus, in order to avoid embeddings we need to be able to (continuously) as-
sociate to each map f € C°%(M,N) a map f € C’EE’K(M, N), in such a way that
Cf;gK(M , N) is fixed, and real analyticity is preserved. We will show that such a
”"non-linear average” exists for those maps in C°g(M, N) which are suitably C%-close
to K-equivariant maps.

In the following let M and N be real analytic K-manifolds, and assume that on
N a real analytic, complete, K-invariant Riemannian metric is fixed.

Definition 3.2.2. Let h € C*(M,N). We will say that h is an almost K-
equivariant map if the map

Op : K x M — N, (k,z)— kh(k™'2),
is a mass distribution, or, equivalently, if for every x € M the map
Ohe: K — N, x+ kh(k™ '),
is almost constant.

Definition 3.2.3. Let h € C*°(M, N) be an almost K-equivariant map. Then by
Definition 3.1.10 the associated mass distribution ), has a well defined center C(6},):
in this case we will call it the center of the almost K-equivariant map h, and we
will denote it by

C(h): M — N, x> C(h)(z) =C(0h)(z) = Cy, ..
Proposition 3.2.4. The center C(h) : M — N of an almost K -equivariant map h €
C>®(M,N) is a continuous, K -equivariant map. Furthermore, if h is K -equivariant,
then C(h) = h.
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Proof. If h € C*°(M, N) is almost K-equivariant, then C(h) : M — N is continuous
by Proposition 3.1.12. Furthermore, C(h) is K-equivariant: in fact, let ¢ € K, and
consider the isometry g : N — N, y — gy. Then it is easy to see that

eh,gm =go eh,x o Lg—17

where L, : K — K denotes the left translation with respect to g~ ! € K. Thus,
by Properties 2 and 3 in Lemma 3.1.7, we have for every g € K:

C(h) (gl’) = Cgh,gx = Cgoeh,xoLg—l = Cgoeh,x = gCGh,x = gc(h) <l’)

Note that if h is K-equivariant, then h is also almost K-equivariant. In fact, in this
case the map

Oy K — N, kw— h(zx),

is constant for every # € M. By Property 1 in Lemma 3.1.7 we have that C(h)(z) =
Cy, ., = h(x) for every v € M, ie. C(h) =h. O

Now we construct in Lemma 3.2.5 below a special convexity function (see Propo-
sition 1.3.1):

Lemma 3.2.5. Let N be a real analytic K-manifold, where K is a compact Lie
group. Assume that g is a complete, K-invariant, real analytic Riemannian metric
on N, and let d be the induced Riemannian distance. Then there exists a continuous,
K-invariant ”strong-convezity function” on N, that is, a functionr: N — R, such
that for every y € N the ball B, (y) = {z € N | d(y,z) < r(y)} is strongly convex.

Proof. By Proposition 1.3.6 we can fix on N a K-invariant convexity function, that
is, a continuous, K-invariant function ' : N — R, such that, for every y € N, the
ball B, (y) is geodesically convex. Moreover, we can assume that 7’'(y) < 7, for
all y € N (see Remark 1.3.2). For each y € N let A, denote the maximum of the

sectional curvatures of N in B, (y), and consider the function
A:N—=R, y—A,

By Proposition A.3 (eventually replacing r’ with a smaller function), A is continuous
and K-invariant. We define r : N — R in the following way:

r(y) if A, <1,
(12) ry) =4 _ . !
ry) i A, >1,
where
1
T {ye N|A, >0} =R, y—7(y) = —— 1"(y).

V Ay
Now, if y € N is such that A, = 1, we clearly have that 7'(y) = r(y). Thus, since

both " and 7 are continuous and K-invariant, the map r is also continuous and
K-invariant. Let y € N: by Definition 3.1.1, if —oo < A, < 0 the ball B, (y)
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is strongly convex. Similarly, if 0 < A, < 1, the ball B, (y) is strongly convex

because |

r(y) =r'"(y) <+ <

S
5

T
4 y
Assume now that A, > 1. We have that the ball B, (y) is geodesically convex
since 7(y) < r'(y). Furthermore, since we chose 7’ < 7, we have that 7(y) < %\/%A—,
Yy
and hence B, (y) is strongly convex. O

Thus, let M, N and K be as before, and fix on N a K-invariant strong-convexity
function r : N — R, like in Lemma 3.2.5. For every f € C°& (M, N) we define

M(f)={h e C®(M,N) | d(f(x),h(z)) <er(f(x)), foreveryxe M},

where ¢ is a positive real number such that ¢ <
following notation:

5. Furthermore, we will use the
ME(f) = M(f)NC¥(M, N),
and

ME(f) = M(f) N C>" (M, N).

Proposition 3.2.6. Let f € Co3™ (M, N), and let M(f) be as above. Then every
h € M(f) is almost K -equivariant.

Proof. Let h € M(f), fix x € M and consider the map
Ophe: K — N, kv~ kh(k ).
Then for every k € K we have:
d(f(z), kh(k—'z)) = d(f(kk~'z), kh(k™ x)) = d(kf(k~x), kh(k™1z)) =
= d(f(k7'2), h(k™2)) <er(f(k~'2)) = er(k™' f(2)) = er(f(2)),
thus

eh,x(K) C Ber(f(x))(f(x)) C Br(f(x))(f(x))

L and By (s (f(2)) is strongly convex, the map 6y, is almost

Since 0 < ¢ < 3,

constant. O

We saw in 3.2.3 that each almost K-equivariant map h has a well defined center,

that is we can associate to h the continuous, K-equivariant map
C(h): M — N, x+ C(h)(x) = C,,.
Thus, by Proposition 3.2.6 we can define a map
Cy: M(f)— C™"(M,N), hw Cs(h)=_C(h),
such that
Cr | ME(f) = id.

Furthermore, we will show in Proposition 3.2.8 that for every h € M(f) the map

Cs(h) is C*°, and moreover it is real analytic if h € M“(f). First we need the
following lemma:
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Lemma 3.2.7. For all fivzed xo € M there exists a neighborhood A(xy) C M of x
such that

(13) Ber(p(2))(f (7)) C Brp(ao))(f(z0)) V2 € A(20).

Proof. Denote By := By(f(y))(f(0)), and let y € By. Since r is continuous, there
exists a neighborhood V' of f(x¢) such that for every y € V' we have:

d(y, f(x0)) +er(y) < r(f(20)),

that is, B.,)(y) C By. By continuity of f, there exists a neighborhood A(x) of xo
in M such that f(z) € V, for every x € A(zy), and the claim is proved. O

Proposition 3.2.8. Let f € C5 (M, N). Ifh € M(f), thenC(h) € C*¥(M, N).
In particular, if h € M“(f) then C(h) is real analytic.

Proof. Fix o € M, and let A(zy) C M be a neighborhood of zy for which the
property (13) in Lemma 3.2.7 holds. Consider for every h € M(f) the map

K x A(zo) X Br(f(zo)) (f(%0)) = R
(k,2,y) — d*(y, kh(k™'2)).

By Proposition 1.3.3, and since the action of K on N is real analytic, the map above
is smooth (real analytic) if h is smooth (real analytic). Integration over K preserves
smoothness (real analyticity), hence for every h € M(f) the map

Dy, : A(SUO) X Br(f(xo))<f(330)) - R

(@20) = a(o.9) = Busly) = 5 [ Pl k()

is smooth (real analytic) if & is smooth (real analytic). Now take charts (U, ¢) in M
and (V, %) in N such that A(xg) C U and B, () (f(20)) € V (for example we can
take (V,9) to be the normal chart given by exp ) : Ttz N — IN), and consider
the corresponding local representation of @, i.e. the smooth (or real analytic, if h
is real analytic) map

Py =Dpo(ptxyy™):UxV —->R
(here U = p(A(x0)) € R™ and V = ¢(By(f(xo)) (f(20))) € R?, with m = dimM and

n = dim/N). From now on, by abuse of notation, we will identify z € A(zo) and
Y € Br(fo)) (f(z0)) with their coordinates p(x) € U and 9(y) € V, respectively.
By (13) we have that for every z € A(zg) the value

Cr(h)(z) = ®p(x, )t min Dy (x, -
) = o N, min (e )

is the unique solution of

(14) ap(z,y) = dgéh(:v,y) =0,
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where aj, = dy®, is the smooth (or real analytic, if h is real analytic) map UxV —
R” that associates to every pair (z,y) € U x V the linear map

dy®p(z,y) : R" — R,
that is
oDy, ,
oy

Od), 4
Oyn

d2(i)h(x7y) = ( (y>7>

Now consider the partial differential

doavp(z,y) = dap . (y) : R™ x R" — R"

(y)> € Ml,n<R)'

(where oy, = ap(z,-) = d®;.(-) : R* — R”, for all # € U). By Theorem 3.1.2
®y, . is strictly convex in By () (f(2)), for every x € U (see also [Kar2], Theorem
1.2). Hence we have that

azé)h . 0 (I)h:v
ayQ (xa y) = d2ah(x7 y) - (8%8%( ))Zjl ) € Mn(R)

et )

is positive definite in y = Cs(h)(x). In other words, by what we have seen so far we
have a smooth (or real analytic) map «y, : U x V — R™ such that for every z € U:

an(z,Cr(h)(x)) =0,

and
rank(dsay,)(x,Cr(h)(2)) = n.

Hence, by the implicit function theorem (See [Na], Theorem 1.3.5, Corollary 1.3.9
and Remark 1.3.10), we have that the unique map

U—V, x—Crh)(z),
is smooth (real analytic) if A is smooth (real analytic). O

Remark 3.2.9. Let
ey = (4@ e Mn®)

|
e
3

Using the local description of C¢(h) described in the proof of Proposition 3.2.8, the
implicit function theorem gives us the following expression for the differential of
Cr(h) at x € M (actually at € U), which we will use later (see [Na], Lemma
1.3.7):

dCy(h)(x) = —[(dzn)(x, Cy(h) ()]~

() (, s (h)(@))) =
— (G cm@)) - (53

(G @),
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where

.....

?dy, R

Thus we have shown that for every f € C° (M, N) there exist a set M(f) and
a map

Cr : M(f) — CK(M, N),

such that

(15) Cr | ME(f) = id,

and

(16) Cr | M®(f) C C(M, N).

Example (linear case) Let N = R"(p) be a linear representation space for
K, and consider on N the usual euclidean distance. Since K(N) = 0, and N is
simply connected, every C*° map n : K — N is almost constant. Thus, every
h € C®°(M,R"(p)) is almost K-equivariant. In particular, if n : K — N we have
that

(I)n(y) = %/}(Z(yl — 77(]{:),)2 dk.

Using the properties of the Haar integral (see [Kaw]|, Theorem 2.34) we obtain:

d®,(y) = % (/Kd%i(y —n(k)i)Qdk,..) = % </Kg(y —n(k:)i)dk:,,,,) =

:y—/Kn(k)dk,

Cn:/Kn(k) dk.

Thus, if h € C*(M,R"(p)), and 6, is the mass distribution associated to it, we
have that

hence

C(h): M — R™, xH/ Hh(k)(:v)dk:/ kh(k™z) dk,

that is, in the linear case the map C(h) coincides with the map A(h) defined in
Section 1.1, for all h € C°(M,R"™(p)).
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3.3. Approximation result in the compact case

In Section 3.2 we saw how classic results on approximation of smooth maps between
two manifolds M and N are obtained by using embeddings. We also mentioned
the fact that in the equivariant case the use of embeddings requires an additional
assumption on the number of isotropy types in N. Instead, the use of the "non-
linear” average constructed using the center of mass gives us the possibility to
approximate equivariant maps directly, without turning to embeddings. In fact, we
have Theorem 3.3.1 below:

Theorem 3.3.1. Let K be a compact Lie group, and let M and N be two real
analytic K-manifolds. There exists in C53(M, N) an open neighborhood M D
C%’K(M, N) of almost K -equivariant maps and a continuous map

C: M — C9"(M,N),

which 1s a retraction and preserves real analyticity, i.e.

(17) C ’CEZ‘,K(MJV): Z.dcsg,K(MvN),
and
(18) C(M¥) = Cyg" (M, N).

(where M® = M N C«%(M,N)).

Corollary 3.3.2. Let K be a compact Lie group, and let M and N be two real
analytic K -manifolds. Then C*;* (M, N) is dense in C¢™ (M, N).

Proof of Corollary 3.3.2. Assume that the map C in Theorem 3.3.1 exists,
and let U be a non-empty open subset of C’%K(M ,N). We want to show that
UNC(M,N) # 0. Since C is continuous and, by (17), surjective, it follows that
C~'(U) is non-empty and open in M, and hence open in CS(M, N). Then, by
Theorem 2.1.6, we have that C~*(U) N C%4(M, N) # (). Hence

0 #CCHU)NCys(M,N)) =C(CHU) NMNCis(M,N)) =
= CCUYNC(MNCY%(M,N))=UNC(M,N). o

The rest of this section will be devoted to the proof of Theorem 3.3.1. In the
following, K will denote a compact Lie group, and M and N will be two real analytic
K-manifolds. Furthermore, we will assume that on N a real analytic, complete, K-
invariant metric is fixed (see Theorem 1.4.5), and that r : N — R, is a K-invariant
strong-convexity function on N. For every [ € CSEK(M ,N), let then

M(f)={h e C®(M,N) | d(f(x),h(z)) <er(f(x)), foreveryxe M},
where 0 < ¢ < 1/3, and let
Cr = M(f) — Co§™ (M, N)
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be the map defined in Section 3.2. By Theorem 2.2.5, the set M(f) is open in the
strong C topology, and hence also in the very-strong topology. Thus the set
M= ) M) cCxEMM,N)

fecsy ™ (M,N)
is an open neighborhood of C;)g’K(M , N). Furthermore, the map
C:M— C"(M,N), Clmp=Cs,

is well-defined, and it satisfies properties (17) and (18) (by (15) and (16), respec-
tively). Thus, to complete the proof of Theorem 3.3.1, it will be enough to prove
that Cy is continuous in the very-strong topology, for all f € C’S;K(M ,IN).

Lemma 3.3.3. The map Cs : M(f) — C59%(M, N) is continuous in the strong C°
topology.

Proof. By Theorem 2.2.5 a basis for the strong C° topology on M(f) is given by
all the sets of the form

M(g,0) :={h e M(f) | dg(x), h(z)) < d(x), V& € M},
where g € M(f) and § € C°(M,R,) are arbitrary. So, let h € M(f). For every
e € C°(M,R,) we would like to find a (without loss of generality) K-invariant
function 6 : M — R, such that:
hy € M(h,0) = Cs(h1) € M(Cs(h),€).
Suppose then hy € M(h,d), with § € CO%(M,R,), and consider for every z € M
the almost constant maps 0, ., , 0y, » : K — N. Then for every k € K we have that:
d(0h (k) 0n, (k) = d(kh(k™'x), khy (k™ z)) = d(h(k~'2), hy (k" '2)) < 6(x).

Now, for each x € M the images 6}, ,(K) and 6y, ,(K) are contained in the same
strongly convex ball B.,(fu))(f(2)) C By(s@)(f(x)). Let then A, and J, be re-
spectively the maximum and the minimum of the sectional curvatures of N in the
closure of B..(f2))(f(%)), for every x € M. By Proposition A.3 and Proposition
3.1.8, we get for every x € M:

A(Cs(h) (a). cf<h1>< >> (1+ aa)(2r ) o dOnn (), O () b <
< (1+a(a)(2r ) b dk—1+a< )2r(f(2)))?) - 6(x) = (),

where a(x) € R is a positive constant that depends continuously on z. Then clearly
v : M — R, is continuous, and § can be chosen so that v(x) < €(x), for all x € M.
Thus C; is continuous in the strong C° topology. O

For every h € C2%(M, N) we defined:
Op : K x M — N, (k,2)~— kh(k™'2).

We have the following Lemma:
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Lemma 3.3.4. The map
O: C’;’g(M,N) — C;’g(K X M,N), hw 6,
18 continuous.

Proof. See Lemma 6.3 in [12] for the case N = R™. If N is any smooth K-manifold
the proof goes exactly in the same way. O

Consider the map
X:Cog(M,N)— Cog(M x K,N x K), g gxid.

Then y is continuous (see Corollary 3.2 in [I2]); the proof uses the fact that by the
compactness of K, the natural projection p; : M x K — M is proper. Now, in our
situation we would like the map

X:Cpe(Kx M,N) — Cp3(K x M x NN xN), g~ gxid,
to be continuous; unfortunately, we cannot apply Corollary 3.2 in [I2] as long as N
is not compact. Nevertheless, due to the fact that we are only interested in a special
class of maps, it will be enough to prove Proposition 3.3.5 below.
First we notice that the graph of our f € C’jg’K(M, N), i.e., the set
Gr={(z, f(z))|[r e M} C M x N,
is a closed, K-invariant submanifold of M x N. In fact, G; is the image of the
smooth embedding
(19) ¢: M —MxN, m— ¢(m)=(m,f(m)).

Thus, by Theorem 1.3.7 there exists a tubular neighborhood (p’, E,Gy) of Gy in
M x N, where E C M x N and p' : E — Gy is a retraction. Fix on N two
K-invariant convexity functions R and R such that

R(y) > R(y) > r(y), forall ye N

(in fact, we can always replace r with a smaller function). Consider then the re-
striction 7" of E' to the disc bundle whose radius is the continuous function

(20) r' Gy =Ry, 'z, f(2) = R(f(2)).
By the properties of R, this means
T={veFE|veEusay, Il <r'(z f(z)), (x,f(z)) € G} =
={(z,y) € E[d(y, f(z)) < R(f(x)), x € M}.
Denote
(21) p=p|T—Gs (x,y)— (z f(x))

Note that the projection p is proper. Now T is a manifold with boundary; hence
we are allowed to consider the space

(K xT,N x N)
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(see Remark 2.1.5), and we can define the map
X OWM(f)) = C(K X T, N x N),
Qh — Qh X id.
Thus we can prove:
Proposition 3.3.5. Let © : M(f) — C3(K x M, N) be as in Lemma 3.3.4. Then
the map
X1 OM(f)) = C(K x T, N x N),
Hh — Gh X Zd,

18 continuous.

Proof. By Proposition 3.1 in [I2], there exists a homeomorphism

L C%(K x TN x N) — C%(K x T, N) x C*(K x T, N)

g (q10g,q2009),
where ¢; and ¢y are the natural projections of N x N onto the first and the second
factor, respectively. Hence it will be enough to show that the maps

(1) O(M(f)) = C5(K x T, N), O quo (0 x id)
(2) O(M(f)) = C(K x T, N), O gz o (0 x id)
are continuous. Now, let
priKxT—KxM, (ky) (k)
and
p2: KxT — N, (kx,y)—y

be projection maps. Then the map in (2) is the constant map from O(M(f)) to
the element py € Co3(K x T, N), and thus it is continuous. Furthermore, it is easy
to see that for every 6, € ©(M(f)) we have that g, o (6, x id) = 0}, o p;. Hence the
map in (1) equals the map

P OM(f)) — C5(K x T, N)
O — O, 0 py.
By Proposition 2.5 in [I2], it will be enough to show that p; is a proper map. We
have:
pL=idg x (¢ top): K xT — M,

where ¢ is the embedding of M into M x N defined in 19 and p : T" — Gy is the
bundle projection defined in (21). Since ¢ is a homeomorphism onto its image and
p is proper, the claim is proved. O

Note that for every h € M(f) and for every (k,z,y) € K x T, we have that
(eh X Zd)(kwr:y) = (kh‘(kilx)ay) S BET(f(J?))(f('T)) X BR(x)(f(‘r))
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Thus, if R is the function defined in (20) we have:
X' O(M(f)) = Co5(K X T, Uzenr (BRe) (f(2)) X Bp)(f(2)))-
For every h € M(f) consider the map:

1
&, : T —R, (z,y)— 5/ d*(kh(k™'z),y) dk.
K

Proposition 3.3.6. The map
®: M(f) — C5(T,R),
h — (I)h7
18 CcoNtINUOUS.
Proof. Let © and x’ be definied as in Lemma 3.3.4 and Proposition 3.3.5, respec-
tively. Let also )
A:CR(K xT,R) — Co3(T,R),

where

~

AT =R o AP = [ (b0
K

We have that R

d=Aod?oy 0O,

where

M(f) =2 O(M(f)) 5 C(K % T, Usent (Bry (f(x)) X By (F(2)))) —

L, 0%(K x T,R) & (T, R).

Note that the map d? is C* (actually real analytic) on each product of the type

By (f(2)) X B (f(2))
(see 1.3.3), hence

d* € C3%(Usen(Bry (f(2)) X By (f(2))), R),

and d? is well defined. Now © and ’ are continuous by Lemma 3.3.4 and Proposition
3.3.5, respectively. Furthemore, (d?), is continuous by Proposition 2.6 in [I2], and
A is continuous by Proposition 6.2 in [I2], hence the claim follows. O

Remark 3.3.7. For every « € M let A(z) be a neighborhood of x like in Lemma
3.2.7. Since the neighborhood A(z) can be chosen as small as we like, we can also
assume that A(x) is contained in some chart (U, ) of M, and that the following
property is satisfied:

(*) @€ A(x) = Barsa) (f(2)) C Brsa) (f(2)) C Bra)(f(2)),
where R : N — R, is the convexity function that we fixed as radius of our
closed tubular neighborhood T' O Gy (the proof is similar to the proof of Lemma
3.2.7). In the following it will be useful to consider locally finite subfamilies of
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{A(2)}renr, say {A(x;) biea: we will refer to them as families ”with the *-property”.
To each family {A(z;)}ien of M with the x-property we can associate the family
{Br(f@)) (f(x:)) }ien; note that if {A(x;)}iea is a cover of M then

F(M) € Urens Ber(pay (f (%)) € Uiea Br(raay (f(2:)) € N.

Note also that the second part of the inequality (%) implies that, for every i € A,
we have

Proposition 3.3.8. Let f € Co¢™ (M, N) and let h € M(f). Let
N =N"(h; D, (U, ), (V,¢),0)

be an elementary C"-neighborhood of h, 1 < r < oo. Then there exist finitely many
elementary C"-neighborhoods Ny = N7 (h; Dj, (A(x;), ©), (Br(s@,) (f(x5)),¥5), ;) of
h, 1 < j <t, such that the following conditions are satisfied:

(i) The family {A(x;)};=1
(i) MLy A C A

Proof. For every x € D let A(x) C U be an open neighborhood of x with the
property (13). Then the family {A(x)}.ep is an open cover of D, and since D
is compact we can find a finite subcover {A(x;)} =1, of D and compact subsets
D; C A(z;), 1 < j <t, such that U5_; D; = D. Then for every x € D; C A(z;) we
have that h(z) € Bep(s(a))(f(2)) C Br(fa,) (f(x;)), hence h(D;) C Br(f@) (f(x))),
1 < j <t Thus we can denote V; := B, (s, (f(x;)) and apply Corollary 2.2.2,
and the claim is proved. O

¢+ has the x-property.

-----

Corollary 3.3.9. Let f € C59% (M, N), and let h € M(f). Let
8 = ﬂer<h’7 Eu <U27 901)7 (‘/;71/12)7 Ei)
i€

be any basic very-strong neighborhood of h. Then there exists a basic very-strong

netghborhood U of h such thatU C S, and

U = (YN (h; Dy, (A(x2), 2a), (Brsay (£(22)), ), 62),

SEN

where the family {A(zs)}seq has the x-property. We will call a neighborhood like U
a x-basic very-strong neighborhood of h. O

Theorem 3.3.10. The map
Cp: M(f) — Co3"(M,N), hsCs(h)

s continuous in the very-strong topology.
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Proof. Let h € M(f), and let &' = ﬂieA/\/’rg(Cf(h);D;,(U{,gpé),(‘/;',@/);),sg) be
a basic very-strong neighborhood of C¢(h). We want to find a basic very-strong
neighborhood U’ of h such that

hed = Cph)es.

Since C¢(h) € M(f), there exists by Corollary 3.3.9 a *-basic very-strong neighbor-
hood
S = ﬂ NTS (Cf(h)a Dsa (A(I‘S), st)a (Br(f(ﬂcs))(f(xs))a ¢8)7 ES)
sEN

of C¢(h) such that S C &'. We will use the notation By := By(f(,)) (f(xs)), for every
s € Q. Now, fix s € , and for every z € p4(Dy), consider the first derivatives of the
local representation of Cy(h) with respect to the charts A(x;) and B; in the point
z, l.e.:

dC;(h);

(22) o

(2), l=1,..,m; ¢g=1,...,m.

By the formula given in (3.2.9), each of the terms in 22 depends continuously on
the second-order derivatives of the local representation ®; of the function ®; with
respect to the chart A(z,) x Bs, calculated in the point (2, C3(h)(2)). Hence there
exists a positive real number /i, such that if ®; € ®(M(f)) and if

% . 2 < s, U S
aylayp ! aylayzf) f ! p
and
< CS z CS h z o l =1, ... ; =1, ...
aylaxq( ’ f(h)(z)) aylaxq( ’ f( )( )) < 5,1 s eeey Ty s eee, M,

for every z € ¢4(Ds), then the following inequalities are satisfied:

Acy(hy . dCj(h)

dx, dx,

(2)

<eg, l=1,...,n; g=1,...m; z € pi(Dy).

Similarly, from the same formula we can see that the values of the derivatives of
order t > 1 of C3(h), calculated in 2 € ¢,(D;), depend continuously on the values of
the derivatives up to the order ¢+1 of ®; calculated in (2, C3(h)(z)). Like before, it is

possible to find positive real numbers fi5 5, p = 1, ..., 75, such that if ®; € d(M(f)),
and if

(23) (D0} (=, Ci()(2)) — DS (=, Ci)())| < rapr Vr | 2< Ja] < p b1,
for every z € ¢4(Ds), then
(24) ID7C}(h)(2) = DPC3(h)(2)] < s, VB | |B]=p, ¥z € (D).
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Denote s = min{yus, | 1 < p < rg}, for every s € Q. Now, consider the basic
very-strong neighborhood of ®y:

N - ﬂ NTS—H((I)h; DS X B€T(f($s))(f(x8))7 (A(xs) X Bs)v Ps X ¢s)a Ms) C

SEN

C Cog(T,R).
By Proposition 3.3.6, there exists a basic very-strong neighborhood U of h in
M(f) € C2(M, N) such that
hed = &;cN.
In particular, we have for every he U, z € ps(Dy) and s € (2
| D@, (2, C7(h)(2)) = D@3 (2,C3(h)(2))] < psy, 0 < o] <75

Now, since each term D*®? |4;,)xp, is continuous, it is always possible to find a
positive real number &, such that if he U, z € ps(Dy), and if

IC7(R)(2) = C;(R)(2)] < &,
then the inequalities (23) (and hence also (24)) are satisfied. Denote by h® and
h* the local representations with respect to the charts A(x,) and Bg of h and h,

respectively. By Lemma 3.3.3, C; is continuous in the strong C° topology; hence,
for each s € Q) there exists a . > 0 such that

|B°(2) = B*(2)] < 8, = [C}(B)(2) = C3(B)(2)] < &, V2 € py(Ds).
Similarly, for every s € {2 we can find a positive §” such that

h*(2) — B*(2)| < 07 = |C5(h)(2) — C3(R)(2)] < es, Yz € py(Dy).
If §5 := min{d’, 07} for all s € Q we define

Uy = ﬂ N1<h§ Dy, (A(zs), ©s), (Br(f(:cs))<f(x8>>7 Vs),0s).
s€E)
Then it is clear that if U’ := U N Uy, then

hed = d;eScCS,

and this proves the claim. O

Chapter 4. Approximation of smooth, G-equivariant maps

In this Chapter we show that the space C’Sg’v?/(G X M, N) is homeomorphic to
C’%VI;(M ,N). Using this result and the approximation result for the compact case
established in Chapter 3, we then prove our main result: if G is a good Lie group
which acts properly on the manifolds M and N, then every smooth, G-equivariant
map from M to N can be approximated in the very-strong-weak topology with a
real analytic, G-equivariant map.
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4.1. Induced G-maps in the very-strong-weak topology

The results proved in this section are the very-strong-weak versions of the results
proved in Section 5 of [[-Kal] for the strong-weak topology.

Let H be a closed subgroup of the Lie group G, and let M and N be two smooth
H-manifolds. Let G x H act on G by

(25) (Gx H)x G =G, ((g.h),g)—ggh™"
and on M and N by

(26) (GxH)xM — M, ((g,h),x)— hz,

and

27) (Gx H)x N =N, ((5,h),y) hy,

respectively. Then we can consider the corresponding diagonal actions of G x H on
G x M and G x N, that is

(GxH)x(GxM)—GxM, ((g,h),(g,2)) — (ggh™*, hx),
and
(Gx H)x (GxN)—GxN, ((g,h),(g,y)) — (g9h~", hy),

respectively, and the set CSZ’MG/XH(G X M,G x N). It is then easy to see that the
map

X Cog (M, N) — Cog? (G x MG x N),  f+sidx f,
is well defined. We have the following:

Proposition 4.1.1. Under the assumptions above, the map
X Co (M, N) — Co3 (G x MG x N), fridx f,
18 continuous.

Proof. Let ¢ : G X N — G and ¢» : G x N — N be the projections. By Theorem
2.4.3 it is enough for us to prove the continuity of the maps

X1: Cogm (M, N) — O (G x MG, f s qio(id x f),
and

Xz : Cogm (M, N) — Coi7 (G x MUN),  f+ g0 (id x f),
where the group G x H acts on G and N by the actions (25) and (27), respectively.
Now, the map x; associates to each f € C’%#(M, N) the following map:

@o(idx f):GxM—G, (g9,2)— qlyg, f(z)) =g,
that is,
xi1(f) =r, forevery f e CoGm(M,N),
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where r1 : G X M — G is the projection onto the first factor. Thus y; is a constant
map, and hence continuous. Denote by ro : G x M — M the projection onto the
second factor, and note that for each f € C°% (M, N) we have

go(idx f)=fors.
Thus the map 2 equals the map
TS C’%’JV{(M, N) — C’Sg’v(éXH(G x M,N), f+ fors.

Now, let w9 : G x H — H be the projection, and let z € C'Sg’v({;/XH(G x M, N). Then
for every (g,h) € G x H and (g,x) € M we have:

Z((ga h)(g,&?)) = hZ(g,SL’) = 7T2<§, h)z(g,x),
hence

CoE M (G x M, N) = C°5™(G x M, N).

v

Clearly, the map 79 : G x M — M is me-equivariant. Furthermore, the induced map
T (Gx M)/(Gx H)— M/H
is a homeomorphism, and hence of finite type. Thus, we can apply Lemma 2.4.2,

and the claim is proved. 0

Let again H be a closed subgroup of a Lie group G, and let M be a smooth
H-manifold. We saw that the twisted product G x gy M is defined as the orbit space
of the action
(28) H x (G x M) = (G x M), (h,(g,)) — (gh™, ha).

We denote by
p:GXM—GxgM, (g9,2)— [g,z],
the usual projection. Recall also that there exists a canonical bijection

p: Cogin (M, N) — Co5i(G xy MUN), - f e u(f),

where
Note that p preserves real analyticity. Our aim in this Section is to prove that p is,

in fact, a homeomorphism. Let then 7 : G X H — G be the projection; consider
the map

P CoSH(G Xy M,N) — Cogi (G x M, N), zr zop,
and let

X Com (M, N) — Co3 (G x M,G x N), fridx f,
be like in Proposition 4.1.1. Furthermore, let ® : G x N — N, (g,y) — gy, denote
the action of G on N: then ® is mj-equivariant, hence we can consider the map

@, : (G x M,G x N) = C°57 (G x M,N), q— ®og.
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Then we have the following commutative diagram:

X

Crgw (M, N) CoX (@ x M, G x N) —=Co (G x M, N)

.
I
CoS(G xy M, N)

We will need the following two results:

Lemma 4.1.2. Let H be a Lie group, let M be a proper, free, C*° H-manifold and
let p: M — M/H be the projection. Assume that p' : M/H — $ is a conlinuous
map, where § is a topological space, and take p' and p = p' op : M — Q as phase
maps for M/H and M, respectively (see Remark 2.3.4). Then, if P is a smooth
manifold, the map

p*: Coupy(M/H, P) — c;g[p](M, P), kw—kop,

18 a homeomorphism.

Proof. Note that, since the action of H on M is proper and free, M/H is a smooth
manifold. It is clear that p* is a bijective map. Furthermore, the continuity of p*
follows from the continuity of f *in the proof of Proposition 2.4.2, when we take
generic phase maps instead of the projections. Note that, in this case, the induced
map p : {2 — § is the identity map. Denote by

p** : ng’lfv{[p](Mv P) - gg‘W[p’](M/Hv P)? Z = 27

the inverse of p*: it remains to show that p** is continuous. Let then f € ng[p] (M, P),

and let U = (,c, NV; be a basic neighborhood of p**(f) = f in C°g (M/H, P),

vSWp']
where

Ni = N (f; Li, (Vi, i), (Wi, wi),60), i € A,
and the family {p'(L;)}ica is locally finite in Q. Since the action of H on M is
proper and free, the projection p : M — M/H is a smooth principal H-bundle over
M/H. By Corollary 2.2.2 we can assume that for each i € A there exists a bundle
chart @ over V; C M/H, i.e. a C* diffeomorphism ¢ : p~'(V;) — R? x V; such that
p = pra o @ (here ¢ =dimH, and pry : R? x V; — V} is the projection). Thus, if we
set U; = p~1(V;), i € A, we can find smooth maps ; : U; — RY x ¢;(V;) such that,
for every i € A, (U;, ;) is a chart in M and the diagram
R? x 4y(V;) <— U

Pi

]

¥i(V3) Vi

7
commutes. We set

K=o ({0} x ¢s(Ly)) c Uy, i€A.
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Then, since p(K;) = L;, we have that
p(Ki) = (p" 0 p)(K3) = p'(Ls)
for : € A, and so the family {p(K;)}ica is locally finite in Q. Thus, if we set
M = N (f; Ki, (Ui, 1), (Wi, wi), &) NCT (M, P), i € A,
we can define the following basic neighborhood of f in C’Sg’lvé[p](M , P):
M=\ M!
i€
Now, for any smooth, H-equivariant map k : M — P such that k(K;) C W; we
have that )
ko' =ko;opry: RY x 9 (V;) — P,

and hence, since ;(K;) = {0} x ¢;(L;), we have for every i € A:

lwiokow;t —wio fop |7t k) = llwiokoy" —wiofow ([,
It follows from the above equation that if K € M then k € NV;. Thus p**(MH) C

U, and the claim is proved. O

Proposition 4.1.3. Let H be a closed, normal subgroup of a Lie group G, and let
m : G — G/H be the projection. Let M be a smooth G-manifold, such that the
action of H on M s proper and free. Let p: M — M/H denote the projection, and
let P be a smooth, G /H-manifold. Then the map

p O (MJH, P) — C2%7 (M, P), ks kop,
18 a homeomorphism.

Proof. Note that, since H < (G is closed and normal, the action of G on M induces
an action of G/H on M/H, and (M/H)(G/H) = M/G (see [Kaw]|, Proposition
1.59). Take the projection maps ¢’ : M/H — (M/H)(G/H) and ¢ : M — M/G as
phase maps for M/H and M, respectively. Since ¢ = ¢’ o p we can apply Lemma
4.1.2, and thus the map

P": Clwigy(M/H, P) = Coga (M, P), ki kop,

is a homeomorphism. Now consider the (continuous) restriction of p* to the space

Cobwig(M/H, P)N C=C/"(M/H, P) = CoNSH (M H, P).

v v

Now, if k£ : M/H — P is a G/H-equivariant map, we have for every ¢ € G and
x e M:

kop(gxr) =k(grH)=k(gH -xH) = gHk(zH) = w(g9)k o p(z).
Thus p*(k) = kop: M — P is m-equivariant, and the converse is also true, hence

* o0,G/H 00,
pH(Cog/ " (M/H, P)) = Co%5(M, P),
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and the claim is proved. O

We are now ready to prove a crucial result:

Theorem 4.1.4. Let G be a Lie group, and let H < G be a closed subgroup. Assume
M is a smooth H-manifold, and N a smooth G-manifold. Then the bijection

p: Cogip(M,N) — Cogip (G xu MyN),  f = p(f),
1s a homeomorphism.
Proof. We saw before that

propu=>d,0x: Cout(M,N) — Couit (G x M, N),

where
X1 Cogw (M, N) — Coai ™ (G x M,G x N),  fridx [,
D, : O (G x M,G x N) = C5m(G x M,N), q— ®ogq,
and

P CoGS(G x g M,N) — OS5 (G x M,N), z+— zop
(here m : G x H — G is the projection, and ® is the action of G on N). Now,
the map x is continuous by Proposition 4.1.1, and the map &, is continuous by
Proposition 2.4.1. Furthermore, {e} x H = H is a closed, normal subgroup of
G x H, which acts on G x M by
(29) Hx (GxM)—GxM, (h(gx))— (gh™' hz).

The action (29) is clearly free, and it is proper. Thus, we can apply Proposition
4.1.3, and so the map p* is a homeomorphism. This shows that the map u is
continuous. Consider now the inverse map p=t. If i : M — G xyg M, z — e, ],
denotes the natural inclusion, we have that

ot =i, COS(G x g M,N) — Co5H (M, N).
Since the induced map )
is a homeomorphism (see Lemma 1.1.6), and hence of finite type, i, is continuous
by Proposition 2.4.1, and the claim follows. 0O

We end this section by remarking an important consequence of Lemma 4.1.2
above (see also Corollary 5.3 in [I-Kal] for the ”strong-weak” case):

Theorem 4.1.5. Let H be a Lie group, and let M be a proper, free, smooth H-
manifold. Letp: M — M/H denote the projection, and let P be a smooth manifold.
Then the map

p*: Cog(M/H, P) — Cigy(M, P), fr fop,
18 a homeomorphism.

Proof. 1t is enough to take p' =id: M/H — M/H in Lemma 4.1.2. O
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2. Approximation result

Before proving our main result, Theorem 4.2.2, we need to prove the approximation
result in the case when G is a Lie group with only finitely many connected compo-
nents. The strong-weak topology form of Theorem 4.2.1 below is Proposition 2.1 of
[[-Ka2]: in that proof use is made of the Corollary on page 19 in [Ku2]. that is, the
equivariant approximation result for a compact Lie group in the case of the strong
C® topology. In the case of the very-strong-weak topology, we instead have to rely
on our result, Corollary 3.3.2.

Theorem 4.2.1. Let G be a Lie group with only finitely many connected compo-
nents, and let M and N be real analytic G-manifolds. If the action of G on M 1is
proper, then C*%(M, N) is dense in C SW(M N).

Proof. Let K be a maximal compact subgroup of G. By the real analytic version
of Abels’ theorem, Theorem 1.2.4, there exists in M a global K-slice, that is, a
K-invariant, real analytic submanifold S of M such that M can be written in the
form G xg S. Then by Theorem 4.1.4 we have a homeomorphism

1 Cogn (S, N) — Coi (G x i S,N),  f e ulf),

and

w(Cy SW(Sv N))=C SW(G xx S, N).

Now, since K is compact we have by Lemma 2.3.7 that

Co9M (S, N) = Co%8 (S, N) = Co%8(G %k S, N),

and
Cei(S.N) = Cy (S, N) = Cuiy (G x ¢ S, N).

Since C%* (S, N) is dense in C0%™(S, N) by Corollary 3.3.2, the claim is proved.
O

We now come to our main theorem. It establishes the very-strong-weak topology
version of Theorem II in [[-Ka2], where the corresponding result is proved for the
strong-weak topology.

Theorem 4.2.2. Let G be a good Lie group, and let M and N be real analytic,
proper G-manifolds. Then C*C (M, N) is dense in Cog5 (M, N).

Proof. Let f € C’%’V?,(M, N), and let U be a basic neighborhood of f in the very-
strong-weak topology. We can assume that the good Lie group G is a closed sub-
group of a Lie goup J with only finitely many connected components. Thus we
can construct the induced J-manifolds J xg M and J xXg N, which are both real
analytic and proper. We denote by

iv: M — JxgM, x e x]

and
is: N—=JxgN, yr—ley]
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the (G-equivariant, real analytic, closed) canonical embeddings of M and N into
J Xg M and J xg N, respectively. We define a map f in the following way:

FidxeM—JxgN, [j.a]w [, f(x)).
Thenf:z;lofoil, and
feCsl(JxagM,J xaN).
Now, we can consider on J Xg N the induced action of GG, that is

GXJXGNﬁJXGNv (97[j7y])’_)[gjay]

Then J X N is a real analytic, proper G-manifold, and we can apply Theorem I in
[I-Ka] to its G-invariant, real analytic, closed submanifold N: thus there exist a G-
invariant, open neighborhood W of N, and a G-equivariant, real analytic retraction
q:W — Nin J xg N. Thus we can write

f:q0foi1.
Now, the map
G : COSH (M W) — Co95 (M, N), ar qoa,

is continuous by Proposition 2.4.1. Moreover, by Lemma 2.4.5 the space CS;IAG/(M W)
is open in C°%5 (M, J X N), thus the set ¢; (i) is open in C%5 (M, J x¢ N). Fur-
thermore, the map

PO (I xg M, J xg N) — CS98(M,J xg N), [ Boi,
is continuous by Lemma 1.1.6 and Proposition 2.4.2. Thus we have that the set
W= (i}) "¢, (U))

is an open neighborhood of f in Couit (J xg M, J xg N). Since J is a Lie group
with only finitely many connected components, we can now apply Theorem 4.2.1,
hence we can find a map

he WNC%h(J xg M, J xg N).
Now define

that is, h =qo hoi;. Then
heUunCs, (M,N),

and the claim is proved. O
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Appendix A.

We start by proving a technical result, which will be needed in the proof of Propo-
sition A.3.

Lemma A.1. Let (N, g) be a smooth Riemannian manifold, and let f : N — R
be a continuous function. Let y € N, and assume that the ball Br(y), R > 0, is
geodesically convex. Furthermore, let r < %R be a positive real number, and let

A= max {f(=)}.

zE€Br(y)

For every § > 0, denote

Ay = max {f(2)}.

ZeBT+5(y)
Then for every e > 0 there exists 6 > 0 such that
(30) Af —Ac<e

Proof. Clearly, A} > A for each 6 > 0. Since the function f is uniformly continuous

on the compact ball Bg(y), we can find 6 > 0 such that for every z, 22 € Bg(y)
with d(z1, 20) < § we have:

| f(21) - f(z)| <e.
Thus, fix § > 0 such that § < min{é,1R}. If Ay = A, the inequality (30) is
satisfied. Assume then AY > A and let

20 € Brys(y) \ Br(y)

be such that

Consider the radial geodesic v : I — N from y to 2y, and denote
zo =v(I) N OB.(y).

Clearly d(z, z)) < d < 0, hence we have

[f(20) = f(20)| = |27 — f()] <e.
Now A > f(%), that is, we can write A = f(Z) + 7, where n > 0. Thus we get:
Ay —A=A7 = (f(2) +n) <Af — f(2) <e,
and this proves the claim. O

Remark A.2. With the same assumptions and notation of Lemma A.1, let § > 0
be the real number constructed in the proof of A.1 for which the inequality (30)
holds. If § < r denote
A7 = max {f(2)}.
2€B,_s(y)
Then it is easy to prove that also the inequality

A—-Ay <c¢
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is satisfied.

Proposition A.3. Let (N, g) be a smooth, Riemannian manifold on which a com-
pact Lie group K acts by isometries, and assume that f : N — R is a continuous,
K-invariant function. Let R: N — R be a K-invariant convexity function on N,
and define r : N — Ry by r(y) = 3R(y), y € N. Then the function

A:N—-R, y—A,= max {f(2)},

zeBr(y)(y)

18 continuous and K-invariant.

Proof. First we prove the invariance of A: let then y € N, and k € K. Since g and
r are K-invariant, we have that

Thus we can write, using invariance of f:
Ay = max {f(2)} = max {f(kz)}= max {f(2)}=A4,,
zeBr(ky)(ky) xEBr(y)(y) xEBr(y)(y)

and the claim is proved. It remains to show that A is continuous. Let y € N, and
let ¢ > 0. By Lemma A.1 and Remark A.2 there exists 0 < § < r(y) such that, if

we denote
A;(S = max_{f(2)}
ZeBr(y)-Hi(y)
and
A,y = max {f(z)},
ZeBT(y)—é(y)
then the following inequalities are satisfied:
€
2 Ay— A7, <=
(3 ) Yy Pyl < 5

(clearly, A <A, < A;L s5)- Now, since r is continuous, we can choose p > 0 such
that

[7(y) = r(y)| +d(y,y1) <0, V y1 € By(y),
that is,
r(y) = (6 —d(y,y1)) < r(y1) <r(y) + (6 —dy, y1))-
The inequality above implies that for every y; € B,(y) we get
2 € Bryy(y1) = d(z,y) <v(y1) +d(y, ;1) <r(y) + 9,
and
w € Bry—s(y) = d(w,y1) <7(y) — 6 +d(y,y1) < rly),

that is,

(33) Bryy—5(y) C Bry)(y1) C Bry)+s(y)-
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Thus, if y; € B,(y) we get by 33 that
A;é < Ayl < A+

Y,07

and hence, by (31) and (32),
_ _ £ €
1Ay — Ay, | < |A;5 - Ay,5| < |A;5 — Ayl +1]A, - Ay,5| < B + 5= &

and the proof is completed. O
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