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Introduction

Let G be a Lie group, and let M and N be real analytic G-manifolds. We denote by
CG,∞
vSW (M,N) the set of G-equivariant, C∞ maps from M to N , endowed with the

very-strong-weak topology. This topology was introduced by S. Illman in [I3], and
its name is due to the fact that the idea behind it is to ”mix” together the very-
strong and the weak topologies on C∞,G(M,N). In this way one obtains a topology
that should be regarded as the most appropriate for the set C∞,G(M,N), because
it allows to avoid some pathological situations that may occur in the very-strong
(and even in the strong C∞) case. For this reason it is natural and important to
try to investigate a classic approximation problem in transformation groups in the
context of the very-strong-weak topology. In fact, this Thesis is concerned with the
following question: is it possible to approximate a map f ∈ CG,∞

vSW (M,N) with a real
analytic, G-equivariant map? Our main result is Theorem A below, see Theorem
4.2.2.

Theorem A Let G be a good Lie group (i.e., G can be embedded as a closed sub-
group in a Lie group with only finitely many connected components), and let M and

N be real analytic, proper G-manifolds. Then Cω,G(M,N) is dense in C∞,G
vSW (M,N).

A fundamental step in the proof of Theorem A is to prove the approximation
result for the compact case. Note that in this case the very-strong-weak topology
coincides with the very-strong one, that is, CG,∞

vSW (M,N) = CG,∞
vS (M,N) when G is

compact. Thus we prove the following result, see Corollary 3.3.2.

Theorem B Let K be a compact Lie group, and let M and N be two real analytic
K-manifolds. Then Cω,K(M,N) is dense in C∞,K

vS (M,N).
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A similar approximation result was previously proven by Illman under the addi-
tional assumption that the number of K-isotropy types in N is finite (see Theorem
7.2 in [I2]). We generalize Illman’s result following the work of F. Kutzschebauch in
the case of the strong C∞ topology. Using tools from Riemannian differential geom-
etry we construct a map C (”center”), which allows to average maps in C∞(M,N)
which are suitably close to a K-equivariant map. We call these maps ”almost K-
equivariant”. In fact we prove the following result, see Theorem 3.3.1.

Theorem C Let K be a compact Lie group, and let M and N be two real analytic
K-manifolds. There exists in C∞

vS(M,N) an open neighborhood M ⊃ C∞,K
vS (M,N)

of almost K-equivariant maps and a continuous map

C : M → C∞,K
vS (M,N),

which is a retraction and preserves real analyticity.

By means of the ”non-linear” average C we are then able to prove Theorem
B without having to turn to embedding results, for which the assumption on the
number of K-isotropy types in N would have been strictly necessary.

We complete the proof of Theorem A basicly following the work presented by
Illman and Kankaanrinta in [I-Ka1] and [I-Ka2] for the case of the strong-weak
topology. A crucial result is Theorem D below, which describes the behavior of the
very-strong-weak topology with respect to the twisted product (see Theorem 4.1.4).

Theorem D Let G be a Lie group, and let H < G be a closed subgroup. Assume
M is a smooth H-manifold, and N a smooth G-manifold. Then there exists a
homeomorphism

µ : C∞,H
vSW (M,N) → C∞,G

vSW (G×H M,N), f 7→ µ(f).

In the proof of Theorem A an important role is also played by Theorem 1.2.4,
the real analytic version of Abels’ Theorem, due to Kutzschebauch (see [Ku1]; see
also [H-H-Ku]).

In Chapter 1 we set some notation and give a review of the basic tools from
differential geometry and transformation groups that will be involved in this work.
In particular we describe Riemannian structures of G-manifolds.

In Chapter 2 we discuss the possible choices for a topology on the sets C∞(M,N)
and C∞,G(M,N). We also give some technical results and prove some basic prop-
erties of the very-strong-weak topology.

Chapter 3 is concerned with the compact case: we construct a continuous, ”non-
linear” average for smooth, almost G-equivariant maps between two G-manifolds,
and thus prove the approximation result in Theorem B.

Finally, in Chapter 4 we prove Theorem D and Theorem A.
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Chapter 1. G-manifolds

In this Chapter we introduce most of the tools and basic facts that are going to
be used in this Thesis. In fact, we give a short review of some fundamental results
involving actions of Lie groups on manifolds and describe Riemannian structures on
such manifolds.

1.1. Basic definitions

In this section we set some notation and establish some basic facts that are going to
be needed further on. The reader is assumed to be familiar with the definitions and
results given in the following; for further details, see for example [W] and [Kaw].
We will assume all topological spaces to be Hausdorff, and manifolds will be always
taken to be second countable and connected. Furthermore, the word ”manifold” will
mean ”manifold without boundary”, unless something else is explicitely specified.
In this work we will mainly deal with smooth (C∞) and real analytic (Cω) manifolds.
Recall that if Ω is an open subset of R

m, a map f : Ω → R is said to be real analytic
if for any a ∈ Ω there exists a power series that converges to f(x), for every x in
a neighborhood of a. A vector-valued real function is real analytic if each of its
components is Cω. By an abuse of notation we will use the expression ”r ≤ ω”,
meaning that ”r ≤ ∞, or r = ω”. If 0 ≤ r ≤ ω, and M and N are two Cr-manifolds,
we will denote by Cr(M,N) the set of all Cr maps from M to N .

It can be useful to recall the following basic result about manifolds:

Theorem 1.1.1. Let M be a manifold. Then

(i) There exists an exhaustion of M , i.e. a countable open cover {Vj}j∈N of M
such that V j is compact and V j ⊂ Vj+1, for every j ∈ N.

(ii) M is paracompact. In fact, each open cover of M has a countable, locally
finite refinement consisting of open sets with compact closures.

Proof. See [W], Lemma 1.9. �

We say that a continuous map f : X → Y between two topological spaces is
of finite type if for each locally finite family {Ai}i∈Λ of subsets of X, the family
{f(Ai)}i∈Λ is locally finite in Y , see [I-Ka1], page 145. Furthermore, f is said to be
proper if f−1(B) ⊂ X is compact, for every compact subset B ⊂ Y .

Lemma 1.1.2. Let X and Y be topological spaces, and assume that Y is locally
compact. Then every proper map f : X → Y is closed and of finite type.

Proof. The first claim is a standard fact, for the second one see Lemma 1.8 in
[I-Ka1]. �

By a Lie group G we mean a topological group which is also a real analytic
manifold, and such that the multiplication map G × G → G, (g, g̃) 7→ gg̃, and the
map G → G, g 7→ g−1, are real analytic. A map f : G1 → G2 between two Lie
groups is called a homomorphism of Lie groups if f is a real analytic map and a group
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homomorphism. Recall that every closed subgroup of a Lie group is a Lie group
(see for example [Hel], Theorem II.2.3, or [Kaw], Theorem 3.36). Furthermore, if H
is a closed, normal subgroup of a Lie group G, then the quotient space G/H is also
a Lie group, and the projection π : G → G/H is a homomorphism of Lie groups
(see [Kaw], Corollary 3.41). If G is a Lie group with only finitely many connected
components, then there exists a maximal compact subgroup K of G. Any two
maximal compact subgroups are conjugate in G (see [Ho], Theorem XV.3.1). A Lie
group will be called ”good” if it can be embedded as a closed subgroup in a Lie
group with only finitely many connected components (see [I-Ka2], page 169).

A (continuous) action of a Lie group G on a manifold M is a continuous map

Ψ : G×M →M, (g, x) 7→ gx = Ψ(g, x),

such that

1. ex = x, for all x ∈M , where e is the identity element of G.
2. g̃(gx) = (g̃g)x, for all g, g̃ ∈ G and x ∈ M .

We can now give the following:

Definition 1.1.3. Let G be a Lie group. A smooth ( real analytic) G-manifold is
a smooth (real analytic) manifold M on which G acts by a smooth (real analytic)
action.

Definition 1.1.4. Let M and N be smooth G-manifolds, where G is a Lie group.
A map f : M → N is called G-equivariant if f(gx) = gf(x), for all g ∈ G and
x ∈ M . For 0 ≤ r ≤ ω, we denote the set of all Cr G-equivariant maps from M to
N by Cr,G(M,N).

Given a positive integer n, we denote by GL(n,R) the set of all real, invertible
square matrices of order n. A representation of a Lie group G is a continuous
homomorphism ρ : G→ GL(n,R), for some n ∈ N, n ≥ 1. We denote by R

n(ρ) the
corresponding linear representation space, i.e. the Euclidean space R

n on which G
acts by the following action:

Φρ : G× R
n → R

n, (g, x) 7→ gx = ρ(g)x.

By a well-known theorem every continuous homomorphism between Lie groups is
real analytic (see e.g. [Hel], Theorem II.2.6). Thus, Φρ is real analytic since ρ itself
is. Theorem 1.1.5 below states that by means of the Haar integral it is possible, in
the compact case, to average maps which take their values in a linear representation
space (see [Kaw], Section 2.7):

Theorem 1.1.5. Let K be a compact Lie group, and let M be a smooth (real
analytic) K-manifold. Let ρ : K → GL(n,R) be a representation of K for some
n ∈ N, n ≥ 1, and f : M → R

n(ρ) a smooth (real analytic) map. Then the map

A(f) : M → R
n(ρ), x 7→

∫

K

kf(k−1x) dk,
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is a K-equivariant smooth (real analytic) map.

Proof. See [Ka], Theorem 1.16. �

Let now G be a Lie group, and let M be a smooth G-manifold. For every g ∈ G
the map

Ψg : M →M, x 7→ gx,

is a diffeomorphism of M (see [Kaw], Lemma 1.29 and Section 3.2). If x ∈ M , the
isotropy subgroup of x is the closed subgroup of G

Gx = {g ∈ G | gx = x}.
Note that if G is compact, then Gx is compact for all x ∈ M . If H is a closed
subgroup of G, we call its conjugacy class [H] a G-isotropy type, and we say that a
G-isotropy type [H] appears in M if there exists x ∈M such that [Gx] = [H].

The orbit of x ∈M is the (G-invariant) subset of M

Gx = {gx ∈M | g ∈ G}.
We denote by M/G the set of all the orbits of G on M , and by π the natural
projection π : M →M/G, x 7→ Gx. Then M/G endowed with the quotient topology
is called the orbit space of M , and π is a continuous, open map. Assume that G
is compact: then M/G is a Hausdorff, locally compact space, and the projection
π : M → M/G is a proper map (see [Kaw], Proposition 1.58). Thus, by Lemma
1.1.2, if G is compact the projection π is a closed map of finite type.

Let G be a Lie group, and let H ⊂ G be a closed subgroup. Given a smooth (real
analytic) H-manifold M , it is always possible to construct an induced G-manifold
as follows: let H act on G×M by

(1) H × (G×M) → (G×M), (h, (g, x)) 7→ (gh−1, hx).

Then the twisted product G ×H M is defined as the orbit space of the action (28).
We denote by

p : G×M → G×H M, (g, x) 7→ [g, x],

the natural projection. Recall that under the assumptions aboveG×HM is a smooth
(real analytic) manifold (see [I1], Section 4). Now, an action of G on G ×H M is
naturally obtained by

G× (G×H M) → G×H M, (ḡ, [g, x]) 7→ [ḡg, x],

and this action is smooth (real analytic) (see again [I1], Section 4).
If N is a smooth (Cω) G-manifold, and f : M → N is a smooth (Cω), H-

equivariant map, then the map

µ(f) : G×H M → N, [g, x] 7→ gf(x),

is smooth (Cω) and G-equivariant (see [I1], Lemma 4.1). On the other hand, con-
sider the closed embedding

i : M → G×H M, x 7→ [e, x].
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Then, if z ∈ C∞,G(G ×H M,N) we have that µ−1(z) = z ◦ i. Thus we have a
canonical bijection

µ : C∞,H(M,N) → C∞,G(G×H M,N), f 7→ µ(f),

which preserves real analyticity, that is,

µ(Cω,H(M,N)) = Cω,G(G×H M,N).

Later on we will need the following result:

Lemma 1.1.6. Let H be a closed subgroup of a Lie group G, and assume M is an
H-manifold. Then the natural inclusion i : M → G ×H M , x 7→ [e, x], induces a
homeomorphism

ī : M/H → (G×H M)/G.

Proof. See [Kaw], Proposition 1.90. �

1.2. Proper actions and slices

Let G be a Lie group and let M be a smooth G-manifold. If B is a subset of M ,
we denote

G[B] = {g ∈ G | gB ∩ B 6= ∅}.
Definition 1.2.1. The action of G on M is called proper if G[B] is compact for
every compact subset B of M .

It is well known that Definition 1.2.1 is equivalent to the following definition:

Definition 1.2.2. The action Φ : G×M →M , (g, x) 7→ gx, is called proper if the
map

Φ∗ : G×M →M ×M, (g, x) 7→ (gx, x),

is a proper map.

Proper actions form a special and very important class of actions. Clearly every
compact action (that is, every action of a compact group) is proper; the converse
is not true, but proper actions share with the compact case some fundamental
properties that make the theory of G-manifolds (and, more generally, of G-spaces)
much more interesting and rich. We review in the following some of these properties.
Fore more details and proofs the reader is referred to [Pa].

Let then M be a proper G-manifold. Then for each x ∈M the isotropy subgroup
Gx ⊂ G is compact, and the orbit Gx is closed in M . Furthermore, the orbit space
M/G is Hausdorff and locally compact. If the action of G on M is proper and
free, then M/G can be given a smooth manifold-structure so that the projection
π : M →M/G is a smooth, principal G-bundle.

Proposition 1.2.3. Let G be a Lie group, and let the closed subgroup H ⊂ G act
on the smooth manifold M by a proper action. Then the action of G on G×HM is
proper.
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Proof. See [I-Ka1], Lemma 3.10. �

We end this section with a fundamental result about proper actions, namely the
real analytic version of Abels’ theorem, Theorem 1.2.4 below. This theorem is due
to Kutzschebauch (see [Ku1], Satz 2.5.3; see also [H-H-Ku]). The smooth version
of Theorem 1.2.4 was proved by Abels in [A]. First we recall the notion of ”slice”:
let then H be a closed subgroup of a Lie group G and, for 0 ≤ r ≤ ω, let M be a
Cr G-manifold and S an H-invariant, Cr submanifold of M . We say that S is a Cr

H-slice in M if GS is open in M and the map

µ : G×H S → GS, [g, x] 7→ gx,

is aG-equivariant Cr diffeomorphism (note that, in general, µ is a Cr, G-equivariant,
surjective map). If x ∈ S and H = Gx we call S a slice at x. If GS = M we call S
a global slice.

The above definition of slice is the same used by Illman (see for example [I1]),
and in [Br] and [Kaw] for the compact case. The definition given by Palais in [Pa]
is slightly different, but the two definitions are equivalent (see [I1], Lemma 5.2).

Theorem 1.2.4. Let J be a Lie group with only finitely many connected components,
and let K be a maximal compact subgroup of J . Let M be a real analytic, proper
J-manifold. Then there exists a global Cω K-slice in M .

Proof. See [Ku1], Satz 2.5.3. �

1.3. Riemannian G-manifolds

We will now recall some basic results in differential geometry: for more details and
proofs the reader is referred for example to [K-N] and [W]. Throughout this section
let N be a n-dimensional smooth manifold. We will denote by TpN the tangent
space at p ∈ N to N , and by TN = ∪p∈NTpN the tangent bundle of N . Let
M be a smooth manifold, and let φ : M → N be a C∞ map: we will denote by
φ∗ : TqM → Tφ(q)N the differential of φ at q ∈ M . If φ∗ : TqM → Tφ(q)N is
a monomorphism for each q ∈ M , then φ is called an immersion. If φ is also a
homeomorphism onto its image φ(M) then φ is called an embedding. Note that a
subset M ⊂ N is a smooth submanifold if and only if it is the image of a smooth
embedding (see [H], Theorem 1.3.1).

It is a well-known fact that N can be given a smooth Riemannian metric g; then
g induces a distance function d on N , and the topology of the metric space (N, d)
is the same as the manifold topology (see [K-N], Vol. I, Proposition IV.3.5).

Let Ξ(N) be the algebra of smooth vector fields onN . To a Riemannian manifold
(N, g) is associated a unique Riemannian connection ∇; then the (Riemannian)
curvature tensor field on N is the (3-linear) map

R : Ξ(N) × Ξ(N) × Ξ(N) → Ξ(N)

R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z.
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Let p ∈ N , let P be a two-dimensional subspace of TpN and let v, w ∈ P be linearly
independent; denote by

|v ∧ w| =
√

g(v, v)2
pg(w,w)2

p − g(v, w)2
p 6= 0

the area of the parallelogram spanned by v and w. The real number

K(P ) = K(v, w) =
g(R(v, w)w, v)p

|v ∧ w|2
is independent of the choice of the basis of P , and it is called the sectional curvature
of P at p (see for example [Hel], Theorem I.12.2).

Recall that given p ∈ N and v ∈ TpN there exists a unique maximal geodesic
γv : Iv → N such that γv(0) = p and γ̇v0 = v. Denote by [0, `v) the non-negative
part of the maximal interval Iv where γv is defined, and let E ⊂ TN be the set of
vectors v ∈ TN such that `v > 1, i.e. such that γv is defined for every t ∈ [0, 1].
The exponential map is then defined as follows:

exp : E → N, v 7→ exp(v) = γv(1).

For p ∈ N , the exponential map at p is the map expp := exp |Ep
, where Ep =

E ∩ TpN . The exponential map is a real analytic map and, for every p ∈ N , expp
is a diffeomorphism in a neighborhood U of 0 ∈ TpN onto a neighborhood V of p
in N : in this case V is called a normal neighborhood of p. Sufficiently small balls
around p are normal: in fact it is possible to find r ∈ R+ such that the restriction

expp : Er(0) → Br(p) = {q ∈ N | d(p, q) < r}
is a diffeomorphism (here Er(0) = {v ∈ TpN | |v| < r} denotes the usual euclidean
ball of center 0 ∈ TpN and radius r). If V is a normal neighborhood of p, we can get
coordinate functions on V in the following way: let {e1, ..., en} be an orthonormal
basis of TpN , and let θ be the naturally induced isomorphism θ : R

n → TpN ,
θ(t1, ..., tn) =

∑n
i=1 tiei. Then we can define ψ : V → R

n by ψ = θ−1 ◦ (expp)
−1,

that is ψ(expp(
∑n

i=1 xiei)) = (x1, ..., xn) ∈ R
n; then ψ is clearly a diffeomorphism

onto an open subset of R
n. The pair (V, ψ) is called a normal chart at p ∈ N , and

(x1, ..., xn) ∈ R
n are called normal coordinates of the point x = expp(

∑n
i=1 xiei).

Let (N, g) be a smooth Riemannian manifold, and let d be the distance function
induced by g on N . The following, crucial result states the existence of what we
will call a ”convexity function” on N :

Proposition 1.3.1. There exists a continuous function r : N → R+ such that for
every p ∈ N the ball

B := Br(p)(p) = {q ∈ N : d(q, p) < r(p)}
is geodesically convex, that is,

1. B is a normal neighborhood of each of its points, i.e. for every q ∈ B the ex-
ponential map expq : TqN → N gives a diffeomorphism from a neighbourhood
of 0 in TqN onto B.
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2. Any two points of B can be joined by a unique minimizing geodesic, and this
is the unique geodesic joining the two points and lying in B.

Proof. For each p ∈ N there exists a positive number a ∈ R such that, if 0 < r < a,
the conditions 1 and 2 above are satisfied (see [K-N], Vol. I, Theorem III.8.7 and
Theorem IV.3.6). Then we can follow the proof given in [K-N], Vol.I, Lemma on
page 174: for each p ∈ N let r(p) > 0 be the supremum of r > 0 for which the
conditions 1 and 2 are true. If r(p) = ∞ for some p ∈ N , then r(q) = ∞ for every
q ∈ N (see Theorem 1.4.1), and any positive continuous function on N (for example
a constant function) has the properties required in the proposition. Assume that
r(p) < ∞ for every p ∈ N . We claim that the function r : p 7→ r(p), p ∈ N , is
continuous: it will be enough to show that |r(p) − r(q)| ≤ d(p, q), for all p, q ∈ N .
Without loss of generality, we may assume that r(p) > r(q). If d(p, q) ≥ r(p),
then clearly |r(p) − r(q)| < d(p, q). If d(p, q) < r(p), then Br′(q) ⊂ Br(p)(p), where
r′ = r(p) − d(p, q), is geodesically convex. Hence r(q) ≥ r(p) − d(p, q), that is,
|r(p) − r(q)| ≤ d(p, q), and so the claim is proved. �

Remark 1.3.2. Let p ∈ N , r and B = Br(p)(p) be as in Proposition 1.3.1. Then,
for every ρ ∈ R such that 0 < ρ ≤ r(p) the ball Bρ(p) satisfies the conditions 1. and
2. in Proposition 1.3.1. This fact will allow us to replace a fixed convexity function
r : N → R+ with a smaller one, when needed.

In Chapter 3 we will use the following result:

Proposition 1.3.3. Let (N, g) be a real analytic Riemannian manifold, and let d
be the distance function induced by g on N . Let r be like in Proposition 1.3.1. Then
the restriction

d2| : Br(y)(y) × Br(y)(y) → R≥0

is real analytic, for all y ∈ N .

Proof. See [K-N], Vol. I, Theorem IV.3.6. �

A diffeomorphism f : N → N is an isometry if

g(f∗v, f∗w)f(p) = g(v, w)p, for every v, w ∈ TpN, p ∈ N.

In this case, f clearly preserves distances, i.e. d(f(p), f(q)) = d(p, q), for every p,
q ∈ N .

Now, let K be a compact Lie group, and let (N, g) be a smooth (real analytic)
Riemannian K-manifold. Each k ∈ K can be considered as a smooth (real analytic)
diffeomorphism k : N → N , p 7→ k(p) = kp; thus we denote with k∗ : TpN → TkpN
the differential of k at p ∈ N .

Definition 1.3.4. We say that the Riemannian metric g is K-invariant if

g(k∗v, k∗w)kp = g(v, w)p,

for every p ∈ N , k ∈ K and v, w ∈ TpN .
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Remark 1.3.5. If the Riemannian metric g is K-invariant, then clearly for every
k ∈ K the map k : N → N is an isometry: then we say that K is a group of
isometries on N . As already remarked, in this case the induced distance function d
is also K-invariant, i.e.

d(p, q) = d(kp, kq), ∀ k ∈ K, ∀ p, q ∈ N.

The invariance of the Riemannian distance d on N implies that if γ : [a, b] → N
is a geodesic, then the curve kγ : [a, b] → N , t 7→ k · γ(t), is also a geodesic (see
[Kaw], Section 4.2). Furthermore, the fact that K is a group of isometries on N
also implies that the sectional curvatures at a point p ∈ N are the same as at the
point kp ∈ N , for each k ∈ K.

In the next Proposition we show that, if K is a group of isometries on N , then
the convexity function constructed in Proposition 1.3.1 can be assumed to be K-
invariant:

Proposition 1.3.6. Let K be a compact Lie group, and let (N, g) be a smooth
Riemannian K-manifold. Furthermore, assume that the metric g is K-invariant.
Then there exists a continuous, K-invariant function r : N → R+ such that the ball
Br(p)(p) is geodesically convex, for every p ∈ N .

Proof. By Remark 1.3.5, the image k ·B of a convex ball B ⊂ N under the isometry
k ∈ K is still convex. This fact implies that if we fix onN a function r : N → R+ like
in Proposition 1.3.1, we can always assume r to be K-invariant: in fact, let p ∈ N
and k ∈ K, and assume that r(q) < ∞ for every q ∈ N (otherwise we can choose
r to be constant, and hence K-invariant). From the construction of r in the proof
of Proposition 1.3.1, we have that the convexity of k · Br(p)(p) = Br(p)(kp) implies
that r(p) ≤ r(kp). On the other hand, the convexity of k−1 ·Br(kp)(kp) = Br(kp)(p)
implies r(kp) ≤ r(p), and we are done. �

We will end this section by recalling a few basic facts about tubular neighborhoods
(see [H], Section 4.5; see also [Kaw] or [B] for the equivariant case). Let M ⊂ N be
a submanifold. The normal (vector) bundle of M in N is the quotient bundle

ν = (TN |M)/TM.

If N is Riemannian (i.e., we have a metric on TN), TM has an orthogonal comple-
ment TM⊥ in TN |M , and TM⊥ is isomorphic to ν (see [Kaw], Theorem 2.40 and
Corollary 2.41, equivariant case). Thus, ν is canonically endowed with a metric; if
ρ : M → R+ is continuous we set:

D(ν, ρ) = {v ∈ ν | v ∈ νx, ‖v‖ ≤ ρ(x), x ∈M}.
A tubular neighborhood of M in N is a pair (φ, ν), where ν = (π, E,M) is the
normal bundle of M and φ : E → N is an embedding, such that the following two
conditions are satisfied:

1. φ|M = idM , where M is identified with the zero-section of ν.
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2. φ(E) is an open neighborhood of M in N .

A closed tubular neighborhood of radius ρ ∈ C(M,R+) of M ⊂ N is then an embed-
ding D(ν, ρ) → N which is the restriction of a tubular neighborhood (φ, ν) of M .
Thus, in this case, each fiber D(ν, ρ)x, x ∈ M , is homeomorphic to the closed unit
disc Dn−m ⊂ R

n−m, and hence compact. Moreover, the projection π| : D(ν, ρ) →M
is a proper map. In fact, let F ⊂ M be compact: then there exist bundle charts
(U1, ϕ1),...,(Us, ϕs), s ∈ N, and compact subsets Fj ⊂ Uj, 1 ≤ j ≤ s, such that
F = ∪sj=1Fj ⊂ ∪sj=1Uj. Thus,

π−1(F ) = ∪sj=1π
−1(Fj) ∼= ∪sj=1(Fj ×Dn),

and ∪sj=1(Fj ×Dn) is compact. Later on it will be convenient to refer to the open
set T = φ(E) as a tubular neighborhood of M . Thus we will have a retraction
p : T → M associated to T , such that (p, T,M) is a vector bundle whose zero-
section is the inclusion M → T .

The following is a fundamental result in differential topology:

Theorem 1.3.7. Let M ⊂ N be a submanifold. Then there exists a tubular neigh-
borhood of M in N , and this is unique up to isotopy.

Proof. See [H], Theorems 4.5.2 and 4.5.3. �

1.4. A complete, invariant Riemannian metric

A Riemannian manifold N (or a Riemannian metric g on N) is said to be (geodesi-
cally) complete if every maximal geodesic is defined for all t ∈ R. We have the
following important result:

Theorem 1.4.1. Let (N, g) be a Riemannian manifold. The following are equiva-
lent:

1. N is geodesically complete.
2. N is a complete metric space with respect to the distance function induced by
g.

3. Every bounded subset of N (with respect to d) is relatively compact.
4. There exists p ∈ N such that expp is defined on all of TpN .
5. For every p ∈ N expp is defined on all of TpN .

Moreover, any of the above conditions implies:
If p, q ∈ N , then there exists a geodesic γ from p to q with `(γ) = d(p, q).

Proof. See [Hel], Theorems I.10.3 and I.10.4, and following remark. �

We are interested in working on a real analytic K-manifold (K compact Lie
group) with a Cω, K-invariant Riemannian metric which is also complete, thus we
would like to be able to guarantee the existence of such a metric. We have the
following fundamental result:
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Theorem 1.4.2. Let N be a real analytic K-manifold, where K is a compact Lie
group. Then there exists on N a real analytic, K-invariant Riemannian metric g.

Proof. The existence of the metric g is proved, for example, in [Ka], Theorem 1.17.
We would only like to sketch here the idea of the proof: first of all, by Grauert’s
embedding theorem (see [G], Theorem 3), there exists a proper real analytic em-
bedding ϕ : N → R

n for some n ∈ N. The usual real analytic Riemannian metric
of the euclidean space R

n induces a real analytic metric g′′ on ϕ(N) in the obvious
way: then, the ”pull back” g′ of g′′ through ϕ is a real analytic Riemannian metric
on N . Averaging g′ over the compact group K with the Haar integral, one obtains
a real analytic, K-invariant Riemannian metric g on N . �

Thus, we are only left to obtain the completeness of the metric. In the smooth
case without any group action we have the following proposition, which states that it
is always possible to construct on a smooth Riemannian manifold (N, g) a complete
Riemannian metric by a suitable conformal change of g, i.e., by multiplication of g
by a positive differentiable function:

Proposition 1.4.3. Let (N, g) be a C∞ Riemannian manifold. Then there exists a
positive C∞ function f : N → R+ such that the metric g̃ := f · g is complete.

Proof. Since N is Hausdorff, locally compact and second countable, there exists an
exhaustion of N , i.e. a family {Ui}i∈N of open subsets of N such that:

1. U i is compact, ∀ i ∈ N.
2. U i ⊂ Ui+1, ∀ i ∈ N.
3. N =

⋃

i∈N
Ui.

(Convention: U0 = ∅). Let d be the distance function induced by g on N , and let
n > 0. Clearly we have that, for every p ∈ Un, d(p, U

c
n+1) > 0, and hence by the

compactness of Un we can define

dn := d(Un, U
c
n+1) > 0.

Now, using partition of unity it is possible to construct a differentiable, positive
function f : N → R+ such that

f | (Un+1 \ Un) >
1

d2
n

, for all n > 0.

Then we can define a new Riemannian metric on N by

g̃(v, w)p := f(p)g(v, w)p ∀ p ∈ N, ∀ v, w ∈ TpN.

Let d̃ and l̃ be the distance and length induced on N by g̃.
Claim: (N, g̃) is complete.
Proof of the claim: First we notice that for every n > 0 the distance between Un

and U c
n+1 in the new metric g̃ is bigger than 1. In fact, let p ∈ Un and q ∈ U c

n+1,



Approximation of G-equivariant maps in the very-strong-weak topology 17

and let γ ∈ Γp,q, γ : [a, b] → N . Then there exist c, d ∈ [a, b] such that γ1 = γ |
[c, d] ⊂ Un+1 \ Un, and γ(c) ∈ ∂Un, γ(d) ∈ ∂Un+1. Then we have:

˜̀(γ) ≥ ˜̀(γ1) =

∫ d

c

g̃(γ̇t, γ̇t)
1
2 dt =

∫ d

c

f(γt)
1
2g(γ̇t, γ̇t)

1
2 dt >

>

∫ d

c

(

1

d2
n

)
1
2

g(γ̇t, γ̇t)
1
2 dt =

1

dn

∫ d

c

g(γ̇t, γ̇t)
1
2 dt =

1

dn
`(γ1) ≥

1

dn
· dn = 1.

Now we will prove the completeness of (N, g̃) by showing that balls in the new
metric are relatively compact: by Theorem 1.4.1 this will be enough to show that
the metric g̃ is complete. Thus, let B := Br(x) = {y ∈ N : d̃(x, y) < r}, where
x ∈ N and r ∈ R+. Compactness of B will follow if we show that there exists
n̄ ∈ N

∗ such that B ⊂ Un̄ ⊂ U n̄.
Let m ∈ N

∗ be such that x ∈ Um \ Um−1, and take n̄ = m + [r] + 1, where [r]
is a positive integer such that [r] ≤ r < [r] + 1. Suppose on the contrary that
there exists y ∈ B such that y ∈ U c

n̄, and let γ : [a, b] → N be a piecewise regular
curve such that γ(a) = x and γ(b) = y. Take a0, a1, ..., ar+1 ∈ [a, b] such that
a < a0 < ... < ar+1 ≤ b, and, for every i = 0, ..., n̄, ai is the largest real number
in [a, b] such that γ(ai) ∈ Um+i. Denote γi := γ | [ai, ai+1], i = 0, ..., r and
γa := γ | [a, a0], γb := γ | [ar+1, b]. Then, for every i = 0, ..., r, we have that
˜̀(γi) ≥ d̃(ai, ai+1) ≥ d̃(U i, U

c
i+1) > 1, and therefore:

˜̀(γ) = ˜̀(γa) +
r
∑

i=0

˜̀(γi) + ˜̀(γb) > ˜̀(γa) + ˜̀(γb) + r > r.

Since the above inequality is true for every γ ∈ Γx,y, we can write

d̃(x, y) = inf
γ∈Γx,y

˜̀(γ) ≥ r,

and we get a contradiction since we assumed y ∈ B. �

Now, in the real analytic case one can not use partitions of unity; nevertheless,
we have the following important theorem, which was proved by Grauert ([G]):

Theorem 1.4.4. Let M be a real analytic manifold, {Vi}i∈N and {Wi}i∈N open
locally finite coverings of M , such that Wi ⊂⊂ Vi, and let xi1, ..., x

i
n be real analytic

coordinates in Vi. Then, if f : M → R is a Cs function and {ci}i∈N is a sequence

of positive numbers, there exists a real analytic function f̃(x) in M which satisfies
the inequalities:

| ∂|α|(f̃(x) − f(x))/∂ixα1
1 · · · ∂ixαn

n |< ci in Wi

(where 0 ≤ |α| = α1 + ...+ αn ≤ s, 0 ≤ s <∞).

Proof. See [G], Proposition 8. �

We are now able to prove the following result:
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Theorem 1.4.5. Let K be a compact Lie group, and let N be a real analytic K-
manifold. Then there exists on N a real analytic, K-invariant, complete Riemann-
ian metric.

Proof. Fix on N a real analytic, K-invariant Riemannian metric g (which exists
by Theorem 1.4.2). We know by Proposition 1.4.3 that there exists a positive
function f : N → R+ such that the metric fg is complete (but, in general, neither
real analytic nor K-invariant). Without loss of generality, we can choose in the
construction of f an exhaustion of N by K-invariant subsets: for example, given any
exhaustion {Ai}i∈N of N , it will be enough to consider the family {Ui := KAi}i∈N.
Let then f : N → R+ be a differentiable function such that for every n > 0 we have:

f | (Un+1 \ Un) >
1

d2
n

,

where dn := d(Un, U
c
n+1). Now f is in particular a continuous function, hence we

can apply Theorem 1.4.4 with s = 0 to our N and f : it is clear that it is possible to
choose the sequence {ci}i∈N and the coverings {Wi}i∈N, {Vi}i∈N in such a way that

f̃ is a positive real analytic function with the property:

(2) f̃ | (U i+1 \ Ui) >
1

d2
i

, for all i ∈ N
∗.

(In fact, since for every n > 0 the set Un+1 \ Un is compact, it is possible to cover
it with a finite number of open subsets of N).

Next step is to average f̃ over the compact group K. Define

h : N → R ; h(x) =

∫

K

f̃(kx) dk,

where
∫

K
denotes the Haar integral on K. By the properties of the Haar integral

the function h is positive, real analytic and K-invariant (i.e. h(kx) = h(x), for all
x ∈ N and k ∈ K). Furthermore, for every n ∈ N and x ∈ Un+1 \ Un, we have:

(3) h(x) =

∫

K

f̃(kx) dk >

∫

K

1

d2
n

dk =
1

d2
n

(by (2) since, by the K-invariance of the sets Ui, x ∈ Un+1 \ Un implies kx ∈
Un+1 \ Un).
Thus, if we multiply g by h, we obtain a Riemannian metric g̃ := h · g which is still
real analytic and K-invariant, that is

g̃((Φk)∗X, (Φk)∗Y )kx = h(kx)g((Φk)∗X, (Φk)∗Y )kx) = h(x)g(X, Y )x = g̃(X, Y )x

for every x ∈ N , k ∈ K and X, Y ∈ TN . Moreover, using (3), we can show the
completeness of g̃ by repeating the proof of the ”claim” in the last part of the proof
of Proposition 1.4.3. �
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Chapter 2. The very-strong-weak topology

In this Chapter we describe some of the possible topologies for the space C∞(M,N)
and its subset C∞,G(M,N). In particular we introduce the very-strong-weak topol-
ogy on C∞,G(M,N) and discuss some of its properties.

2.1. Topologies on C∞(M,N)

Let M and N be two real analytic manifolds of dimension m and n, respectively,
and consider the set C∞(M,N) of all C∞ maps from M to N . We will describe
in this section two of the possible choices for a topology on C∞(M,N), namely the
so called ”strong C∞ topology” and the ”very-strong topology”. We will need the
following two definitions:

Definition 2.1.1. Let f ∈ C∞(U,Rn), where U is an open subset of R
m, and let

B ⊂ U be compact. If r is a non-negative integer, the Cr-norm of f on B is defined
as

‖f‖rB := max{|Dαfj(x)| | x ∈ B, 1 ≤ j ≤ n, 0 ≤ |α| ≤ r},
where α = (α1, ..., αm) is a multi-index of length |α| = α1 + ...+αm, and Dαfj(x) =
∂|α|fj(x)

∂x
α1
1 ...∂xαm

m
.

Definition 2.1.2. Let r be an integer, 0 ≤ r < ∞, suppose f ∈ C∞(M,N), and
let ε > 0 be a real number (or ε = ∞). Let (U, ϕ) and (V, ψ) be charts in M and
N , respectively, and let B be a compact subset of U such that f(B) ⊂ V . An
elementary Cr neighborhood of f in C∞(M,N) is a set of the form

N r(f ;B, (U, ϕ), (V, ψ), ε) =

= {h ∈ C∞(M,N) | h(B) ⊂ V, ‖ψ ◦ f ◦ (ϕ)−1 − ψ ◦ h ◦ (ϕ)−1‖rϕ(B) < ε}.

From now on we will always use the notation N r(f ;B, (U, ϕ), (V, ψ), ε) to in-
dicate a set of the form given in 2.1.2. In the particular case when N = R

n and
(V, ψ) = (Rn, id), we will use the simpler notation N r(f ;B, (U, ϕ), ε).
Now consider the family of all sets of the form

Sr =
⋂

i∈Λ

N r(f ;Bi, (Ui, ϕi), (Vi, ψi), εi),

where f ∈ C∞(M,N) and the family {Bi}i∈Λ is locally finite in M . It is easy to
verify that this family is a basis for a topology on C∞(M,N), which is called the
”strong Cr topology”; a set like Sr is called a ”basic Cr-strong neighborhood of f ”.
The strong Cr topology is the topology usually used on Cr(M,N), and the strong
Cr topology on C∞(M,N) is the relative topology from Cr(M,N).

The strong C∞ topology, introduced by Mather in [Ma], Section 2, is then defined
as follows (see also [H], Section 2.1):
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Definition 2.1.3. The strong C∞ topology on C∞(M,N) is the topology which has
as a basis the union of all strong Cr topologies on C∞(M,N), for 0 ≤ r < ∞. We
denote by C∞

S (M,N) the set C∞(M,N) endowed with this topology.

Now, for r <∞ the Cr strong topology is naturally the most appropriate topol-
ogy to use on the space Cr(M,N). The case r = ∞ is instead much more complex.
Clearly, for each s < ∞ the Cs strong topology is often inadequate for the space
C∞(M,N). Nevertheless, even the C∞ strong topology, which in fact is not a
”genuine” topology on C∞(M,N), seems to have some limitations. Before bringing
this discussion any further, let us first give the definition of very-strong topology.
This was first introduced by Cerf in [C], Definition I.4.3.1; here we will use the
(equivalent) definition given in Definition 1.1 of [I2]:

Definition 2.1.4. The very-strong topology on C∞(M,N) is the topology which
has as a basis the family of all sets of the form

(4) NvS =
⋂

i∈Λ

N ri(f ;Bi, (Ui, ϕi), (Vi, ψi), εi),

where f ∈ C∞(M,N), 0 ≤ ri < ∞, i ∈ Λ, and the family {Bi}ı is locally finite
in M . A set like U is called a basic very-strong neighborhood of f . We denote by
C∞
vS(M,N) the set C∞(M,N) endowed with the very-strong topology.

Remark 2.1.5. Note that Definitions 2.1.1, 2.1.3 and 2.1.4 can be given also in the
case in which M and N are assumed to be smooth manifolds with boundary (see
[H], Chapter 2).

Clearly, the very-strong topology on C∞(M,N) is always at least as fine as the
strong C∞ topology, i.e. the map

id : C∞
vS(M,N) → C∞

S (M,N)

is continuous. In fact, the crucial difference between the C∞-strong and the very
strong topology on C∞(M,N) (when M is not compact) is that in (4) one can have

sup
i∈Λ

{ri} = ∞.

Thus, if we consider for example the classical result by Whitney concerning approx-
imation of C∞ maps by Cω maps (see [W], Lemma 6), we see that only in terms of
very-strong topology we have the right means to express the involvement of partial
derivatives of increasingly high order as one approaches the boundary of the maps’
domain. In fact, Whitney’s result contains deeper information than the C∞-strong
topology can capture. There are other reasons to believe that the very-strong topol-
ogy is a better topology for the set C∞(M,N) than the C∞-strong is: for example,
in order to continuously glue together two maps in C∞(M,N) one has to use the
very-strong topology (see [I2], Lemma B and sections 8 and 9).
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However, for a more exhaustive discussion on the role of the very-strong topology
and its relation to the strong C∞ topology the reader is referred to [I2]. We would
only like to take into consideration here approximation results in the two topologies.

First of all, we remark that, in terms of the strong C∞ topology , Theorem 1.4.4
states that any smooth map in C∞

S (M,N) can be approximated arbitrarily well with
a real analytic one (see also [H], Theorem 2.5.1).

Furthermore, an analogous result was proved by Illman in the case of the very-
strong topology: in fact, we have the following

Theorem 2.1.6. Let M and N be real analytic manifolds. Then Cω(M,N) is dense
in C∞

vS(M,N).

Proof. See [I2], Theorem 4.4. �

Both Grauert’s and Illman’s result were proved using the Grauert-Morrey em-
bedding theorem for real analytic manifolds (see [G], Theorem 3).

2.2. Elementary neighborhoods

In this section we present some technical results which will be needed later. Lemma
2.2.1 and Lemma 2.2.3 below are in fact given by Lemma 2.1 in [I-Ka1] and Lemma
2.1 in [I2], respectively. They both involve elementary neighborhoods, and they are
very useful when working with any of the usual topologies on C∞(M,N) and its sub-
sets. In particular, Corollary 2.2.2 allows us to replace an elementary neighborhood
with neighborhoods whose charts satisfy specific conditions.

Lemma 2.2.1. Let M , N and P be C∞-manifolds, and let h : N → P be a C∞

map. Let f ∈ C∞(M,N), and let N = N r(h◦f, B, (U, ϕ), (W,ω), ε), 1 ≤ r <∞, be
an elementary neighborhood of h∗(f) = h ◦ f ∈ C∞(M,P ). Then there exist finitely
many elementary neighborhoods Mj = N r(f, Bj, (U, ϕ), (Vj, ψj), εj) of f , 1 ≤ j ≤ t,
such that

t
⋃

j=1

Bj = B,

and

h∗(

t
⋂

j=1

Mj) ⊂ N .

Proof. Let y ∈ f(B). We can choose two open, relatively compact neighborhoods
V ∗
y and Vy of y and a chart (V ′

y , ψ
′
y) at y in N such that

y ∈ V ∗
y ⊂ V

∗
y ⊂ Vy ⊂ V y ⊂ V ′

y ⊂ h−1(W ).

Then the family {V ∗
y }y∈f(B) is an open covering of f(B), and since f(B) is compact

in N there exist V ∗
1 , ..., V

∗
t such that

f(B) ⊂ V ∗
1 ∪ ... ∪ V ∗

t .
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For 1 ≤ j ≤ t denote

Dj = V
∗
j , and Bj = B ∩ f−1(Dj).

Then we have:

B =
t
⋃

j=1

Bj,

and
f(Bj) ⊂ Dj ⊂ Vj ⊂ V j ⊂ V ′

j ⊂ h−1(W ), 1 ≤ j ≤ t.

Denote ψj = ψ′
j|Vj, and note that, for each j = 1, ..., t, (Vj, ψj) is also a chart at

yj ∈ Vj in N . Thus 0 ∈ ψj(Vj), 1 ≤ j ≤ t, and we can find for each j = 1, ..., t a
positive number εj such that

En(εj) ⊂ ψj(Vj), 1 ≤ j ≤ t

(where En(εj) = {x ∈ R
n | max1≤i≤n |xi| < εj}, 1 ≤ j ≤ t). For 1 ≤ j ≤ t, define

the elementary neighborhoods of f

Mj = N r(f ;Bj, (U, ϕ), (Vj, ψj), ε).

Fix j ∈ {1, ..., t}, and assume that f̃ ∈ Mj: this means that f̃(Bj) ⊂ Vj and

||ψj ◦ f̃ ◦ ϕ−1 − ψj ◦ f ◦ ϕ−1||rϕ(Bj)
< εj.

Then, in particular,

max
a∈ϕ(Bj )

{|(ψj ◦ f̃ ◦ ϕ−1 − ψj ◦ f ◦ ϕ−1)(a)i|} < εj, 1 ≤ j ≤ t.

Hence for each j = 1, ..., t we have

(ψj ◦ f̃ ◦ ϕ−1 − ψj ◦ f ◦ ϕ−1)(a) ∈ En(εj) for every a ∈ ϕ(Bj),

that is,

(5) (ψj ◦ f̃ ◦ ϕ−1 − ψj ◦ f ◦ ϕ−1)(ϕ(Bj)) ⊂ ψj(Vj).

Now, since ψj(Vj) ⊂ ψj(V j) ⊂ ψ′
j(Vj), and ψj(V j) is compact, we have that

(6) ||ω ◦ h ◦ ψ−1
j ||rψj(Vj)

≤ ||ω ◦ h ◦ ψ−1
j ||r

ψj(V j)
<∞.

Thus by 3.3.7 and 6 follows that we can choose εj to be so small that f̃ ∈ Mj

implies

||(ω ◦ h ◦ ψ−1
j )(ψj ◦ f̃ ◦ ϕ−1) − (ω ◦ h ◦ ψ−1

j )(ψj ◦ f ◦ ϕ−1)||rϕ(Bj)
=

||ω ◦ h ◦ f̃ ◦ ϕ−1 − ω ◦ h ◦ f ◦ ϕ−1||rϕ(Bj)
< ε.

Since
⋃t
j=1 ϕ(Bj) = B, we have shown that, with a suitable choice for the εj,

1 ≤ j ≤ t, it follows from f̃ ∈ ⋂t
j=1 Mj that

||ω ◦ h ◦ f̃ ◦ ϕ−1 − ω ◦ h ◦ f ◦ ϕ−1||rϕ(B) < ε.
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Furthermore, f̃ ∈ ⋂t
j=1 Mj implies that

f̃(B) = f̃(
t
⋃

j=1

Bj) ⊂
t
⋃

j=1

Vj ⊂ h−1(W ),

that is, (h◦ f̃)(B) ⊂ W . This shows that if f̃ ∈ ⋂t
j=1 Mj, then h∗(f̃) ∈ N , i.e. that

h∗(

t
⋂

j=1

Mj) ⊂ N ,

and the claim is proved. �

Corollary 2.2.2. Let 1 ≤ r < ∞, and let N = N r(f ;B, (U, ϕ), (V, ψ), ε) be an
elementary Cr neighborhood of f ∈ C∞(M,N). For t ∈ N, let {Bj}1≤j≤t be a
family of compact subsets of M , and {(Vj, ψj)}1≤j≤t a family of charts of N , such
that the following conditions are satisfied:

(a) B = ∪tj=1Bj

(b) f(Bj) ⊂ Vj ⊂ Vj ⊂ V ′
j ⊂ V , where (V ′

j , ψ
′
j) are charts in N , ψj = ψ′

j |Vj
and

V j are compact, 1 ≤ j ≤ t.

Then there exists εj > 0, 1 ≤ j ≤ t, such that if we set Nj = N r(f ;Bj, (U, ϕ), (Vj, ψj), εj),
then ∩tj=1Nj ⊂ N .

Proof. It is enough to take N = P and h = idN in Lemma 2.2.1 above. �

Lemma 2.2.3. Let M , N and P be C∞-manifolds, and let (f, h) ∈ C∞(M,N) ×
C∞(N,P ). Let N = N r(h ◦ f, B, (U, ϕ), (W,ω), ε), 1 ≤ r < ∞, be an elemen-
tary neighborhood of Γ(f, h) = h ◦ f ∈ C∞(M,P ). Then there exist finitely many
elementary neighborhoods Mj = N r(f, Bj, (U, ϕ), (Vj, ψj), εj) of f , and M′

j =
N r(h;Kj, (V

′
j , ψ

′
j), (W,ω), δj) of h, 1 ≤ j ≤ t, such that

Γ(
t
⋂

j=1

(Mj ×M′
j)) ⊂ N .

Proof. Like in the proof of Lemma 2.2.1 we can consider for 1 ≤ j ≤ t the following
subspaces of N :

f(Bj) ⊂ Dj ⊂ Vj ⊂ V j ⊂ V ′
j ⊂ h−1(W ),

where Dj and V j are compact, and (V ′
j , ψ

′
j) and (Vj, ψj = ψ′

j|Vj) are charts ofN . Re-
call also that Bj ⊂ M is compact, and B = ∪tj=1Bj. In particular, we can choose for
1 ≤ j ≤ t positive numbers εj, so that if we set Mj = N r(f ;Bj, (U, ϕ), (Vj, ψj), εj),
1 ≤ j ≤ t, then from

f̃ ∈
t
⋂

j=1

Mj
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follows

(7) ||ω ◦ h ◦ f̃ ◦ ϕ−1 − ω ◦ h ◦ f ◦ ϕ−1||rϕ(B) <
ε

2
.

Now, fix j ∈ {1, ..., t}. Since ϕ(Bj) is compact we have that

||ψj ◦ f ◦ ϕ−1||rϕ(Bj)
<∞.

Then we can find a finite number Cj such that

||ψj ◦ f̃ ◦ ϕ−1||rϕ(Bj)
< Cj, for every f̃ ∈ Mj.

Denote

M′
j = N r(h;V j, (V

′
j , ψ

′
j), (W,ω), δj), 1 ≤ j ≤ t.

Then for each j ∈ {1, ..., t} we can choose δj to be so small that for each h̃ ∈ M′
j,

that is, for each h̃ : N → P such that h̃(V j) ⊂ W and

||ω ◦ h̃ ◦ (ψ′
j)

−1 − ω ◦ h ◦ (ψ′
j)

−1||r
ψ′

j(V
′
j)
< δj,

we have

||[ω ◦ h̃ ◦ (ψ′
j)

−1 − ω ◦ h ◦ (ψ′
j)

−1](ψ′
j ◦ f̃ ◦ ϕ−1)||rϕ(Bj)

<
ε

2
,

that is,

||ω ◦ h̃ ◦ f̃ ◦ ϕ−1 − ω ◦ h ◦ f̃ ◦ ϕ−1||rϕ(Bj)
<
ε

2
.

Since
⋃t
j=1 ϕ(Bj) = B, we have shown that, with a suitable choice for the δj,

1 ≤ j ≤ t, it follows from h̃ ∈ ⋂t
j=1 M′

j that

(h̃ ◦ f)(B) ⊂ W,

and

(8) ||ω ◦ h̃ ◦ f̃ ◦ ϕ−1 − ω ◦ h ◦ f̃ ◦ ϕ−1||rϕ(B) <
ε

2
.

Thus, if (f̃ , h̃) ∈ ⋂t
j=1(Mj ×M′

j), then

(f̃ ◦ h̃)(B) ⊂ W,

and from (7) and (8) follows that

||ω ◦ h̃ ◦ f̃ ◦ ϕ−1 − ω ◦ h ◦ f ◦ ϕ−1||rϕ(B) < ε.

Thus we have shown that

h̃ ◦ f̃ = Γ(f, h) ∈ N ,

and the claim is proved. �

The following Corollary is Lemma 2.3 in [I-Ka1]:
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Corollary 2.2.4. Under the same assumptions and notation of Lemma 2.2.3, let
N = N r(h ◦ f, B, (U, ϕ), (W,ω), ε), 1 ≤ r < ∞, be an elementary neighborhood of
f ∗(h) = h◦f ∈ C∞(M,P ). Then there exist finitely many elementary neighborhoods

M′
j = N r(h;Kj, (V

′
j , ψ

′
j), (W,ω), δj)

of h, 1 ≤ j ≤ t, such that

f ∗(
t
⋂

j=1

M′
j) ⊂ N . �

Now, let M and N be two real analytic manifolds of dimension m and n, re-
spectively, let g be a Riemannian metric on N and d the induced distance function.
We will end this section by showing how we can conveniently express a basis for the
C0-strong topology on C∞(M,N) in terms of the Riemannian structure on N (see
[H], Section 2.1). In fact, let f ∈ C∞(M,N), and let ε > 0 be a real number (or
ε = ∞). Let (V, ψ) be a chart in N , and let B be a compact subset of M such that
f(B) ⊂ V . Then an elementary C0 neighborhood of f in C∞(M,N) is a set of the
form

N 0(f ;B, (V, ψ), ε) = {h ∈ C∞(M,N) | h(B) ⊂ V, ‖ψ ◦ f(x) − ψ ◦ h(x)‖0
B < ε},

where ‖ · ‖0 is the norm in R
n defined as follows: if z = (z1, ..., zn2) ∈ R

n, then
‖z‖0 = max{|z1|, ..., |zn|}. Note that ‖ · ‖0 is equivalent to the standard norm in R

n.
A basis for the strong C0 topology on C∞(M,N) is given by all the basic C0-strong
neighborhoods of f , i.e. all sets of the form

S0 =
⋂

i∈Λ

N 0(f ;Bi, (Vi, ψi), εi),

where f ∈ C∞(M,N) and the family {Bi}i∈Λ is locally finite.
Now, for every f ∈ C∞(M,N), and for every positive continuous function δ :

M → R+ denote

M(f ; δ) = {h ∈ C∞(M,N) | d(f(x), h(x)) < δ(x), ∀ x ∈M}.
Theorem 2.2.5. The family B = {M(f ; δ) | f ∈ C∞(M,N), δ ∈ C0(M,R+)} is
a basis for the strong C0 topology on C∞(M,N).

Proof. Let δ : M → R+ be a positive continuous function, and let f ∈ C∞(M,N).
First we will prove that it is possible to find a basic C0-strong neighborhood (of
f) which is contained in M(f, δ): let {Bi}i∈Λ be a locally finite family of compact
subsets of M such that:

-
⋃

i∈ΛBi = M , and
- for every i ∈ Λ there is a chart (V ′

i , ψ
′
i) in N such that f(Bi) ⊂ V ′

i .

For the existence of the family {Bi} see for example [K-N], Theorem IV.3.7. For
every i ∈ Λ consider an open subset Vi ⊂ N such that its closure is compact, and
the following holds:

f(Bi) ⊂ Vi ⊂ V i ⊂ V ′
i .
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Then (Vi, ψi), where ψi = ψ′ |Vi
, is a chart in N . Define, for every i ∈ Λ,

δi := min{δ(x) | x ∈ Bi} > 0.

Now consider, for each i ∈ Λ, the homeomorphism

(ψ′
i)
−1 : ψ′

i(V
′
i ) → V ′

i ⊂ N.

Since ψ′
i(V i) is compact, the restriction

(ψ′
i)
−1| : ψ′

i(V i) → V ′
i

is uniformly continuous, and thus for every i ∈ Λ there exists εi > 0 such that

∀ z, z′ ∈ ψ′
i(V i), ‖z − z′‖0 < εi ⇒ d((ψ′

i)
−1(z), (ψ′

i)
−1(z′)) < δi.

In particular we have that

(∗) ∀ z, z′ ∈ ψi(Vi), ‖z − z′‖0 < εi ⇒ d(ψ−1
i (z), ψ−1

i (z′)) < δi.

For every i ∈ Λ consider the following elementary C0-neighborhood of f :

Ni := N 0(f ;Bi, (Vi, ψi), εi).

We now claim that

S :=
⋂

i∈Λ

Ni ⊂ M(f, δ).

In fact, let h ∈ S. We have to show that d(f(x), h(x)) < δ(x), for every x ∈ M .
Now, if x0 ∈ M there exists i0 ∈ Λ such that x0 ∈ Bi0 . Since in particular h ∈
Ni0 = N 0(f ;Bi0, (Vi0, ψi0), εi0), we have that

h(Bi0) ⊂ Vi0 ⊂ V i0 ⊂ V ′
i0
,

and thus:

ψi0 ◦ f(xi0), ψi0 ◦ h(xi0) ∈ ψi0(Vi0) and ‖ψi0 ◦ f(xi0) − ψi0 ◦ h(xi0)‖0 < εi0 .

By (∗) this implies that

d((ψi0)
−1 ◦ ψi0 ◦ f(xi0), (ψi0)

−1 ◦ ψi0 ◦ h(xi0)) = d(f(xi0), h(xi0)) < δi0 ≤ δ(xi0),

and so our claim is proved.
In order to complete the proof of the theorem it will be enough to show the

converse statement to the above, i.e. that given a basic C0-strong neighborhood S
it is possible to find h ∈ C∞(M,N) and a continuous positive function δ : M → R+

such that M(h; δ) ⊂ S. Let then S =
⋂

i∈Λ N 0(f ;Bi, (Vi, ψi), εi) be a basic C0-
strong neighborhood of f ∈ C∞(M,N). For each i ∈ Λ choose an open subset Ui
of N with compact closure, and such that

f(Bi) ⊂ Ui ⊂ U i ⊂ Vi.

Now, for every i ∈ Λ the restriction

ψi |: U i → ψi(U i)
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is uniformly continuous (again since U i is compact), and thus for every i ∈ Λ there
exists µi > 0 such that

∀ y, y′ ∈ U i, d(y, y′) < µi ⇒ ‖ψi(y) − ψi(y
′)‖0 < εi.

Choose, for each i ∈ Λ, a real number 0 < δi ≤ µi such that

Bδi(f(x)) = {y ∈ N | d(f(x), y) < δi} ⊂ U i,

for every x ∈ Bi. This is always possible since f(Bi) and U i are compact, and hence
d(f(Bi), U i) > 0. Thus if x ∈ Bi, and y ∈ N is such that d(f(x), y) < δi, this will
imply that y ∈ U i ⊂ Vi and hence that ‖ψi ◦ f(x) − ψi(y)‖0 < εi. Suppose that we
can find a continuous positive function δ : M → R+ which satisfies the following
property:

(∗∗) δ(x) ≤ δi, ∀ x ∈ Bi.

Then we claim that M(f ; δ) ⊂ S. In fact, let h ∈ M(f ; δ). Then, for every
x ∈ Bi we have that d(f(x), h(x)) < δ(x) ≤ δi, hence h(x) ∈ U i ⊂ Vi, and
‖ψi ◦ f(x) − ψi ◦ h(x)‖0 < εi. In other words we have that, for every i ∈ Λ,

h(Bi) ⊂ Vi,

and

‖ψi ◦ f(x) − ψi ◦ h(x)‖0 < εi, ∀ x ∈ Bi,

i.e. h ∈ S. So, it remains to show that given any locally finite family {Bi}i∈Λ

of compact subsets of M and given a family of positive real numbers {δi}i∈Λ it
is always possible to construct a positive continuous function δ : M → R+ that
satisfies the property (∗∗). Let then {Bi}i∈Λ be such a family, and suppose first
that M = ∪i∈ΛBi. Now, each Bi has a neighborhood Ai such that the family
{Ai}i∈Λ is a locally finite open cover of M (see for example [I-Ka1], Lemma 1.1).
For every x ∈M let Wx be a neighborhood of x meeting only finitely many Ai, and
define for every x ∈M :

ηx = min{δi |Wx ∩ Ai 6= ∅} > 0.

Now define for every x ∈M constant maps

δx : Wx → R+ ; z 7→ ηx.

After relabeling the families {Wx} and {δx} by {Wα}α∈Γ and {δα}α∈Γ, respectively,
we now have that:

z ∈ Wα ∩ Ai ⇒ δα(z) = ηα ≤ δi.

Let {ϕα}α∈Γ be a (smooth) partition of unity subordinate to the cover {Wα}, and
define a map

δ : M → R+ ; δ(z) =
∑

α∈Γ

ϕα(z)δα(z).
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Then the map δ is C∞, and for every x ∈ Bi ⊂ Ai we have:

|δ(x)| = |
∑

α∈Γ

ϕα(x)δα(x)| ≤
∑

α∈Γ

|ϕα(x)||δα(x)| ≤
∑

α∈Γ

ϕα(x)δi = δi.

Thus the map δ has the properties required. Now assume that the family {Bi} does
not cover M , and denote W = M \ ∪ıBi. Then we can associate to the open set W
an arbitrary positive real number, say δ, and defining Wx and ηx, for every x ∈ ∪i∈Λ,
like before, we can repeat the above construction for the cover {W,Wx} of M and
the family {δ, δx}. In fact, in this case, we do not care about the behaviour of δ
outside ∪i∈ΛBi. Hence the theorem is completely proved. �

Remark 2.2.6. Note that in Theorem 2.2.5 d can be assumed to be any distance
function on M . Note also that although the definition of the basis B depends on the
metric d, the topology that B generates is independent of the choice of the metric.

2.3. Topologies on C∞,G(M,N)

Throughout this section let G be a Lie group, and let M and N be two smooth
G-manifolds. In the previous section we saw how the very-strong topology can
be considered as the most appropriate topology to be used on C∞(M,N). What
happens when we consider on the subset C∞,G(M,N) of G-equivariant map the
relative topology from C∞

vS(M,N)? In the case of the C∞ strong topology we have
the following result by Illman and Kankaanrinta:

Theorem 2.3.1. Let G be a non-compact Lie group which acts properly on two C r

manifolds M and N , 1 ≤ r ≤ ω. Then the strong Cr topology on Cr,G(M,N) is the
discrete topology.

Proof. See [I-Ka1], Proposition 4.7. �

Since the very-strong topology is more fine than the C∞ strong topology on
C∞(M,N), we obtain as a consequence of Theorem 2.3.1 the following

Corollary 2.3.2. Let G be a non-compact Lie group which acts properly on two C∞

manifolds M and N . Then the very-strong topology on C∞,G(M,N) is the discrete
topology.

Thus, for a very significant class of Lie group actions the very strong topology
on C∞,G(M,N) turns out to be completely ”useless”. In [I-Ka1] a new topology is
defined on the set Cr,G(M,N), 1 ≤ r ≤ ∞. This topology is called the strong-weak
topology, since the idea behind it is to ”mix” the strong and weak topologies on
Cr,G(M,N). Recall that the weak topology on Cr,G(M,N) has as a basis the family
of all sets of the form

Wr =
s
⋂

i=1

N r(f ;Bi, (Ui, ϕi), (Vi, ψi), εi),
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where s is finite. The strong-weak topology allows one to avoid the situation de-
scribed in Theorem 2.3.1, but in the case r = ∞ it has the same limitations that the
strong C∞ topology has (see Section 2.1). Then, in 2002, Illman defined a topology
that should be considered as the right one to be used on C∞,G(M,N) (see [I3]).
This topology was named the very-strong-weak topology, as it comes up as a mix-
ture between the very-strong and the weak topology on C∞,G(M,N). Before giving
the definition of very-strong-weak topology on C∞,G(M,N), we need the following:

Definition 2.3.3. Let G be a Lie group, and let M and N be two smooth G-
manifolds. Let p : M → M/G be the projection onto the orbit space. The very-
strong-weak topology on C∞(M,N) with respect to p : M → M/G is the topology
which has as a basis the family of all sets of the form

NvSW [p] =
⋂

i∈Λ

N ri(f ;Bi, (Ui, ϕi), (Vi, ψi), εi),

where f ∈ C∞(M,N), 1 ≤ ri < ∞ for i ∈ Λ, and the family {p(Bi)}i∈Λ is locally
finite in M/G. A set like NvSW [p] is called a basic neighborhood with respect to p
of f . We denote the set C∞(M,N) with this topology by C∞

vSW [p](M,N).

Remark 2.3.4. Note that the definition of very-strong-weak topology with respect
to p seen in Definition 2.3.3 above could be generalized to very-strong-weak topology
with respect to any ”phase map” p : M → Ω, where Ω is a topological space (see
Definition 1.6 in [I-Ka1] for the strong-weak topology case).

Lemma 2.3.5 below shows that the family of all basic neighborhoods with respect
to p forms in fact a basis for a topology on C∞(M,N).

Lemma 2.3.5. Under the assumptions of Definition 2.3.3 let f , f ′ ∈ C∞(M,N),
and let U and U ′ be two basic neighborhoods with respect to p of f and f ′, respectively.
Then, if f0 ∈ U ∩ U ′, there exists a basic neighborhood with respect to p of f0, say
U0, such that U0 ⊂ U ∩ U ′.

Proof. Assume that U =
⋂

i∈Λ Ni, where

Ni = N ri(f ;Bi, (Ui, ϕi), (Vi, ψi), εi), i ∈ Λ,

is an elementary neighborhood of f , 1 ≤ ri < ∞, and the family {p(Bi)}i∈Λ is
locally finite in M/G. Now, for each i ∈ Λ we can choose a positive real number
εi,0 such that the elementary neighborhood

Ni,0 = N ri(f0, Bi, (Ui, ϕi), (Vi, ψi), εi,0)

is such that Ni,0 ⊂ Ni. In fact, it is enough to choose εi,0 < εi − di, where di =
||ψi ◦ f0 ◦ ϕ−1

i − ψi ◦ f ◦ ϕ−1
i ||riϕi(Bi)

. Similarly, suppose that U ′ =
⋂

j∈Γ N ′
j , where

N ′
j = N sj(f ′;B′

j, (U
′
j, ϕ

′
j), (V

′
j , ψ

′
j), ε

′
j), j ∈ Γ,
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is an elementary neighborhood of f ′, 1 ≤ sj < ∞, and the family {p(B ′
j)}j∈Γ is

locally finite in M/G. Like before, we can choose for each j ∈ Γ an ε′j,0 such that
the elementary neighborhood

N ′
j,0 = N sj(f0, B

′
j, (U

′
j, ϕ

′
j), (V

′
j , ψ

′
j), ε

′
j,0)

is contained in N ′
j . Thus, since the family {p(Bi), p(B

′
j) | i ∈ Λ, j ∈ Γ} is locally

finite in M/G, we have that the set

U0 =
⋂

i∈Λ

Ni,0 ∩
⋂

j∈Γ

N ′
j,0

is a basic neighborhood of f0, and U0 ⊂ U ∩ U ′. �

Let now f ∈ C∞,G(M,N), and let 1 ≤ r <∞; we denote

N r,G(f ;B, (U, ϕ), (V, ψ), ε) = N r(f ;B, (U, ϕ), (V, ψ), ε)∩ C∞,G(M,N).

Definition 2.3.6 below is Definition 2 in [I3].

Definition 2.3.6. Let G be a Lie group, and let M and N be two smooth G-
manifolds. Let p : M → M/G be the projection onto the orbit space. The very-
strong-weak topology on C∞,G(M,N) is the relative topology of C∞,G(M,N) as a
subset of C∞

vSW [p](M,N). A basis for this topology is then given by the family of all
sets of the form

(9) NvSW =
⋂

i∈Λ

N ri,G(f ;Bi, (Ui, ϕi), (Vi, ψi), εi),

where f ∈ C∞,G(M,N), 1 ≤ ri <∞ for i ∈ Λ, and the family {p(Bi)}i∈Λ is locally
finite in M/G. A set of the form (9) is called a basic vsw-neighborhood of f . We

denote by C∞,G
vSW (M,N) the set C∞,G(M,N) endowed with the very-strong-weak

topology.

From Definition 2.3.6 follows, that the very-strong-weak topology is always at
least as fine as the weak C∞ topology, and at most as fine as the very-strong
topology. Thus, the identity map

id : C∞,G
vS (M,N) → C∞,G

vSW (M,N) → C∞,G
W (M,N)

is continuous. The idea behind the very-strong-weak topology is that when we
consider a family of compact sets in M , and we ”move” along an orbit, the very-
strong-weak topology behaves like the weak topology; on the other hand, if we
”move” in the direction which is perpendicular to the orbit, the very-strong-weak
topology behaves like the very-strong topology. Roughly speaking, the very-strong-
weak topology can range between the weak C∞ topology and the very-strong one in
correspondence to the fact that the projection map can ”range” from the constant
map to the identity. If for example the action is transitive (i.e. M is homogeneus),
then M/G is a one-point space, the projection p : M →M/G is the constant map,
and the very strong topology on C∞,G(M,N) coincides with the weak C∞ topology.
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If instead the action of G on M is trivial, then M/G = M , and the projection map
is the identity on M ; in this case, the very-strong-weak topology clearly coincides
with the very-strong one. More generally we have the two lemmas below:

Lemma 2.3.7. Let G be a compact Lie group, and let M and N be two C∞ G-
manifolds. Then

C∞,G
vSW (M,N) = C∞,G

vS (M,N).

Proof. Let f ∈ C∞,G(M,N), and let N =
⋂

i∈Λ N ri,G(f ;Bi, (Ui, ϕi), (Vi, ψi), εi) be
a basic neighborhood of f in the very-strong topology. It is enough to prove that
N is also a basic neighborhood of f in the very-strong-weak topology. Since G is
compact, the projection p : M →M/G is a proper map, and the orbit space M/G
is locally compact. Hence the map p is of finite type, and local finiteness of the
family {Bi}i∈Λ in M implies local fineteness of the family {p(Bi)}i∈Λ in M/G. �

Lemma 2.3.8. Let G be a Lie group, let M and N be C∞ G-manifolds, and assume
that the orbit space M/G is compact. Then

C∞,G
vSW (M,N) = C∞,G

W (M,N).

Proof. Let f ∈ C∞,G(M,N), and let N =
⋂

i∈Λ N ri,G(f ;Bi, (Ui, ϕi), (Vi, ψi), εi)
be a basic neighborhood of f in the very-strong-weak topology. Then the family
{p(Bi)}i∈Λ is locally finite in M/G, and since M/G is compact this means that
|Λ| <∞. Thus we can write

N =
s
⋂

i=1

N ri,G(f ;Bi, (Ui, ϕi), (Vi, ψi), εi),

where s < ∞. Then N is open in the weak C∞ topology, and this is enough to
prove the claim. �

2.4. Properties of the very-strong-weak topology

In this section we establish some basic properties of the very-strong-weak topology.
For the corresponding results in the case of the strong-weak topology see Section 4
in [I-Ka1].

Like for the other topologies mentioned in Section 2.1, the composition map
is not, in general, continuous in the very-strong-weak topology. By ”composition
map” we mean in the non-equivariant case the map

Γ : C∞(M,N) × C∞(N,P ) → C∞(M,P ), (f, h) 7→ h ◦ f,
where M , N and P are smooth manifolds. For a counterexample in the case of the
strong C∞ topology see [Ma], Remark 2 on page 259.

Nevertheless, also in the case of the very-strong-weak topology it is possible to
prove a series of very useful results, using the results in Section 2.2.
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Let then G and H be two Lie groups, and let θ : G → H be a continuous
homomorphism. If M is a G-manifold and N is an H-manifold we will say that a
map f : M → N is θ-equivariant if

f(gx) = θ(g)f(x), for all g ∈ G, x ∈M.

We will denote the set of all smooth, θ-equivariant maps fromM toN by C∞,θ(M,N).
Furthermore, we will refer to the ”induced map f̄ : M/G → N/H” as the (contin-
uous) map which makes the diagram

M

p

��

f
// N

q

��

M/G
f̄

// N/H

commute (here p and q are the projections). Now we can prove the following:

Proposition 2.4.1. Let G and H be two Lie groups, and let θ : G → H be a
continuous homomorphism. Let M and N be smooth G-manifolds, and let P be a
smooth H-manifold. If h : N → P is a C∞, θ-equivariant map, then the induced
map

h∗ : C∞,G
vSW (M,N) → C∞,θ

vSW (M,P ), f 7→ h ◦ f,
is continuous.

Proof. First, let p : M → M/G be the projection onto the orbit space of M , and
consider the map

ĥ∗ : C∞
vSW [p](M,N) → C∞

vSW [p](M,P ), f 7→ h ◦ f.
Let then f ∈ C∞

vSW [p](M,N), and let U =
⋂

i∈Λ Ni be a basic neighborhood with
respect to p of h ◦ f , where

Ni = N ri(h ◦ f ;Bi, (Ui, ϕi), (Wi, ωi), εi),

and the family {p(Bi)}i∈Λ is locally finite in M/G. By Lemma 2.2.1 there exist for
each i ∈ Λ finitely many elementary neighborhoods of f , say

Mij = N ri(f, Bij, (Ui, ϕi), (Vij, ψij), εij),

1 ≤ j ≤ t(i), such that

ĥ∗(

t(i)
⋂

j=1

Mij) ⊂ Ni.

Now, the family {p(Bij) | 1 ≤ j ≤ t(i), i ∈ Λ} is locally finite in M/G, and so we
have that

M =
⋂

i∈Λ

t(i)
⋂

j=1

Mij
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is a basic neighborhood of f in C∞
vSW [p](M,N), and

ĥ∗(M) ⊂
⋂

i∈Λ

Ni = U .

Hence we have shown that ĥ∗ is continuous. Now, since for every f ∈ C∞,G
vSW (M,N)

the composition map h ◦ f = h∗(f) : M → P is a θ-equivariant map, we have that
the continuity of

h∗ = ĥ∗| : C∞,G
vSW (M,N) → C∞,θ

vSW (M,P )

follows from the continuity of ĥ∗. �

Proposition 2.4.2. Let G and H be two Lie groups, and let θ : G → H be a
continuous homomorphism. Let M be a smooth G-manifold, and let N and P be
smooth H-manifolds. Assume f ∈ C∞,θ

vSW (M,N) is such that the induced map f̄ :
M/G→ N/H is of finite type. Then the induced map

f ∗ : C∞,H
vSW (N,P ) → C∞,θ

vSW (M,P ), h 7→ h ◦ f,
is continuous.

Proof. Let p : M →M/G and p′ : N → N/H be the projection onto the orbit space
of M and N , respectively. We first want to show that the map

f̂ ∗ : C∞
vSW [p′](N,P ) → C∞

vSW [p](M,P ), f 7→ h ◦ f,
is continuous. Let then h ∈ C∞

vSW [p′](N,P ), and let U =
⋂

i∈Λ Ni be a basic neigh-
borhood with respect to p of h ◦ f , where

Ni = N ri(h ◦ f ;Bi, (Ui, ϕi), (Wi, ωi), εi),

and the family {p(Bi)}i∈Λ is locally finite in M/G. By Corollary 2.2.4, there exist
finitely many elementary neighborhoods of h, say

M′
ij = N ri(h;Lij, (Vij, ψij), (Wi, ωi), δij),

1 ≤ j ≤ t(i), such that

f̂ ∗(

t(i)
⋂

j=1

M′
ij) ⊂ Ni.

Note that here we can choose the sets Lij to be such that

Li =

t(i)
⋂

j=1

Lij = f(Bi), for all i ∈ Λ.

Now f̄ is of finite type, and the family {p(Bi)}i∈Λ is locally finite in M/G, hence
the family

{f̄(p(Bi))}i∈Λ = {p′(f(Bi))}i∈Λ = {p′(Li)}i∈Λ
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is locally finite in N/H. Thus, the family

{p′(Lij) | i ∈ Λ, 1 ≤ j ≤ t(i)}
is also locally finite in N/H, and

M′ =
⋂

i∈Λ

t(i)
⋂

j=1

M′
ij

is a basic neighborhood of h in C∞
vSW [p′](N,P ). Furthermore, we have that

f̂ ∗(M′) ⊂
⋂

i∈Λ

Ni = U ,

which shows that f̂ ∗ is continuous. Now, since f ∈ C∞,θ
vSW (M,N) we have that for

each smooth, H-equivariant map h : N → P the map h ◦ f = f ∗(h) : M → P is
smooth and θ-equivariant. Thus the continuity of the restriction

f ∗ = f̂ ∗| : C∞,H
vSW (N,P ) → C∞,θ

vSW (M,P )

follows from the continuity of f̂ ∗. �

Using Proposition 2.4.1 and Corollary 2.2.2 it is possible to prove the so-called
”product theorem” (Theorem 2.4.3 below).

Theorem 2.4.3. Let G be a Lie group, and let M , N1 and N2 be C∞ G-manifolds.
Let G act on N1 ×N2 by the diagonal action, and let qi : N1 × N2 → Nj, j = 1, 2,
denote the projection maps. Then the natural bijection

ι : C∞,G
vSW (M,N1 ×N2) → C∞,G

vSW (M,N1) × C∞,G
vSW (M,N2), f 7→ (q1 ◦ f, q2 ◦ f),

is a homeomorphism.

Proof. A map f : M → N1 ×N2 is G-equivariant if and only if both its components
are G-equivariant maps. Hence it will be enough to show that if p : M → M/G
denotes the projection onto the orbit space of M , then the map

ι̂ : C∞
vSW [p](M,N1 ×N2) → C∞

vSW [p](M,N1) × C∞
vSW [p](M,N2), f 7→ (q1 ◦ f, q2 ◦ f),

is a homeomorphism. The map ι̂ is clearly bijective, and continuous by Proposition
2.4.1, hence it remains to show that ι̂−1 is continuous. Let (f1, f2) ∈ C∞

vSW [p](M,N1)×
C∞
vSW [p](M,N2), and set f = ι̂−1(f1, f2) ∈ C∞

vSW [p](M,N1 × N2). Let V =
⋂

i∈Λ Ni

be a basic neighborhood of f in C∞
vSW [p](M,N1 × N2). By Corollary 2.2.2 we can

assume that, for each i ∈ Λ, Ni is of the form

Ni = N ri(f ;Bi, (Ui, ϕi), (V
1
i × V 2

i , ψ
1
i × ψ2

i ), εi),

where (V j
i , ψ

j
i ) is a chart of Nj, for j = 1, 2. Denote

N j
i = N ri(fj;Bi, (Ui, ϕi), (V

j
i , ψ

j
i ), εi), j = 1, 2.
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Then, clearly, ι̂−1(N 1
i × N 2

i ) ⊂ Ni. Thus, for j = 1, 2, the set U j =
⋂

i∈Λ N j
i is a

basic neighborhood of fj = qj ◦ f in C∞
vSW [p](M,Nj), and

ι̂−1(U1 × U2) ⊂
⋂

i∈Λ

Ni = V,

and this proves the claim. �

We end this section with two results regarding the very-strong-weak topology
and proper G-manifolds:

Proposition 2.4.4. Let G be a Lie group, and let M and N be two proper C∞ G-
manifolds. Let P be a G-manifold, and let f : M → N be a G-equivariant, proper
C∞ map. Then the induced map

f ∗ : C∞,G
vSW (N,P ) → C∞,G

vSW (M,P ), h 7→ h ◦ f,
is continuous.

Proof. If f is proper, we have that the induced map f̄ : M/G→ N/G is also proper
(see [I-Ka1], Lemma 3.7). Since N/G is locally compact this implies that f̄ is of
finite type (see [I-Ka1], Lemma 1.8), and hence the claim follows from Proposition
2.4.2. �

Lemma 2.4.5. Let G be a Lie group, and let M and N be two smooth G-manifolds.
Assume that the action of G on N is proper, and let V ⊂ N be open and G-invariant.
Then the set C∞,G(M,V ) is open in C∞,G

vSW (M,N).

Proof. Follows by Lemma 4.8 in [I-Ka1], since the identity map

id : C∞,G
vSW (M,N) → C∞,G

SW (M,N)

is continuous (here C∞,G
SW (M,N) denotes C∞,G(M,N) with the strong-weak topol-

ogy). �

Chapter 3. The compact case: a non-linear average

In this Chapter we prove that if K is a compact Lie group, then each smooth, K-
equivariant map between two K-manifolds can be approximated arbitrarily well in
the very-strong topology with a real analytic, K-equivariant map. An analogous
result was previously proven by S. Illman under the additional assumption that the
number of K-isotropy types in N is finite. We generalize Illman’s result following
the work of F. Kutzschebauch in the case of the strong C∞ topology (see [Ku2]).

3.1. Center of mass

The Riemannian ”center of mass” is a generalization of the notion of ”center of
gravity” (see [K-N], Theorem 9.1). It was introduced in the paper [Gr-Kar] (see
also [Gr]), and it will be crucial for the construction of a ”non-linear average” in the
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following sections. For a description of other interesting applications of the center
of mass the reader is referred to section 2 in [Kar2].

Let then (N, g) be a Riemannian manifold. We can give the following:

Definition 3.1.1. Let Bρ(p) be a Riemannian ball of radius ρ > 0 around p ∈ N .
We will say that the ball Bρ(p) is strongly convex if it is geodesically convex and
one of the following two conditions is satisfied:

(i) The sectional curvatures of N in Bρ(p) are at most 0.
(ii) The sectional curvatures of N in Bρ(p) are at most ∆ > 0, and ρ < π

4
· 1√

∆
.

The following theorem was proven by Karcher:

Theorem 3.1.2. Let K be a compact Lie group, and let (N, g) be a complete Rie-
mannian manifold. Assume that η : K → N is a smooth map whose image η(K) is
contained in a strongly convex ball Bρ(p). Consider the function

Φη : Bρ(p) → R, Φη(y) =
1

2

∫

K

d2(y, η(k)) dk.

Then Φη has only interior minima on the compact ball Bρ(p). Furthermore, Φη

is a strictly convex function on Bρ(p). Thus, the function Φη obtains its minimum

at exactly one point Cη in Bρ(p), and Cη ∈ Bρ(p).

Proof. See [Kar2], Theorem 1.2. See also [Gr-Kar]. �

Remark 3.1.3. Under the same assumptions and notation of Theorem 3.1.2, let
η : K → Bρ′(p

′) ⊂ Bρ(p) be a smooth map, where Bρ′(p
′) and Bρ(p) are two strongly

convex balls in N . Denote

Φη : Bρ(p) → R, y 7→ 1

2

∫

K

d2(y, η(k)) dk,

and

Φη′ : Bρ′(p′) → R, y 7→ 1

2

∫

K

d2(y, η(k)) dk.

Then clearly Cη = Cη′ .

We can now give the following

Definition 3.1.4. Let K be a compact Lie group, and let (N, g) be a complete
Riemannian manifold. We will call a smooth map η : K → N almost constant if
there exists a strongly convex ball Bρ(p) in N such that

η(K) ⊂ B 1
3
ρ(p) ⊂ Bρ(p).

Example Let N be a complete, simply connected Riemannian manifold of non-
positive curvature: in this case, the exponential map expp : TpN → N is a diffeo-
morphism for every p ∈ N (see [K-N], Vol. II, Theorem VIII.8.1). Thus, every ball
in N is strongly convex, and hence every map η : K → N is almost constant.
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If a map η : K → B 1
3
ρ(p) ⊂ Bρ(p) is almost constant, it follows from Theorem

3.1.2 and Corollary 3.1.3 that Φη takes its minimum value at only one point Cη in

Bρ(p), and Cη ∈ B 1
3
ρ(p). In the following lemma we prove that Cη does not depend

on the choice of the ball Bρ(p).

Lemma 3.1.5. Let η : K → N be an almost constant map such that

η(K) ⊂ B 1
3
ρ1

(p1) ⊂ Bρ1(p1),

and

η(K) ⊂ B 1
3
ρ2

(p2) ⊂ Bρ2(p2),

where Bρ1(p1) and Bρ2(p2) are two strongly convex balls in N . Denote

η1 : K → Bρ1(p1), k 7→ η(k),

and

η2 : K → Bρ2(p2), k 7→ η(k).

Then Cη1 = Cη2 .

Proof. Without loss of generality, we may assume that ρ1 ≤ ρ2. Since η(K) ⊂
B 1

3
ρ1

(p1) ∩ B 1
3
ρ2

(p2), we can write by the triangle inequality:

d(p1, p2) ≤ d(p1, η(k)) + d(η(k), p2) <
1

3
ρ1 +

1

3
ρ2 ≤

2

3
ρ2

(here k ∈ K). Thus

B 1
3
ρ1

(p1) ⊂ Bd(p1,p2)+
1
3
ρ1

(p2) ⊂ B 2
3
ρ2+ 1

3
ρ1

(p2) ⊂ Bρ2(p2),

and hence, by Corollary 3.1.3, we have that Cη1 = Cη2 . �

The following definition follows naturally from Lemma 3.1.5:

Definition 3.1.6. Let η : K → N be an almost constant map. By Lemma 3.1.5
the point Cη ∈ N is uniquely determined by η. We will call Cη the center of mass
of the almost constant map η.

Lemma 3.1.7. Let η : K → N be an almost constant map. Then the following
properties are easy consequences of the construction of Cη:

1. If η is a constant map, i.e., η(k) = y0 for every k ∈ K, then Cη = y0.
2. If T : K → K is the left or right translation with respect to an element of K,

then η ◦ T : K → N is an almost constant map, and

Φη◦T (y) =
1

2

∫

K

d2(y, η(T (k))) dk =
1

2

∫

K

d2(y, η(k)) dk = Φη(y).

Thus, Cη◦T = Cη.
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3. If f : N → N is an isometry, the map f ◦ η : K → N is an almost constant
map (see Remark 1.3.5). Moreover,

Φf◦η(f(y)) =
1

2

∫

K

d2(f(y), f(η(k))) dk = Φη(y),

hence Cf◦η = f(Cη). �

Later on we will need the following estimate:

Proposition 3.1.8. Let η1, η2 : K → N be two almost constant maps, and assume
that there exists a strongly convex ball Bρ(p) in N such that η1, η2 : K → B 1

3
ρ(p) ⊂

Bρ(p). If δ ≤ K ≤ ∆ are lower and upper curvature bounds in B 1
3
ρ(p), then

(10) d(Cη1 , Cη2) ≤ (1 + c(δ,∆) · (2ρ)2) ·
∫

K

d(η1(k), η2(k)) dk,

where c(δ,∆) is a positive constant which depends on δ and ∆.

Proof. See [Kar2], Corollary 1.6. �

From now on let K be a compact Lie group, and let M and N be smooth
Riemannian manifolds. Furthermore, assume that N is complete.

Definition 3.1.9. We will call a continuous map θ : K ×M → N a mass distri-
bution if, for each x ∈M , the map

θx = θ(·, x) : K → N, k 7→ θx(k) = θ(k, x),

is almost constant.

Definition 3.1.10. Let θ : K ×M → N be a mass distribution. We define the
center of θ to be the map

Ĉ(θ) : M → N, x 7→ Cθx
,

where, for every x ∈M , Cθx
is the center of mass of the map θx defined in 3.1.6.

Using Proposition 3.1.8, we are going to prove that the center of a mass distri-
bution is a continuous map. We first need Lemma 3.1.11 below:

Lemma 3.1.11. Let A be a compact topological space, X a topological space and
Y = (Y, d) a metric space. Let f : A×X → Y be a continuous map, and fix x′ ∈ X.
Then for every ε > 0 there exists a neighborhood V of x′ such that

d(f(a, x), f(a, x′)) < ε, ∀ a ∈ A, ∀ x ∈ V.

Proof. Consider the map

χ : A×X → R, (a, x) 7→ d(f(a, x), f(a, x′)).

The map χ is continuous since χ = d ◦ (f × f) ◦ (idA×X × (idA× cx′)) ◦φ, where φ is
the natural homeomorphism from A×X onto the diagonal of (A×X) × (A×X),
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and cx′ : X → X is the constant map with value x′. Thus, for every a′ ∈ A we can
find a neighborhood Ua′ × Vx′ of (a′, x′) in A×X such that

|χ(a, x) − χ(a′, x′)| = d(f(a, x), f(a, x′)) < ε, ∀ (a, x) ∈ Ua′ × Vx′.

Now, the family {Ua′}a′∈A is an open covering of A, hence, since A is compact, it
is possible to find a finite subfamily {Uai

| i = 1, ..., n} such that ∪ni=1Uai
= A.

Furthermore, in correspondence to each Uai
we can consider the neighborhood Vi of

x′ so that, for i = 1, ..., n, we have:

d(f(a, x), f(a, x′)) < ε, ∀ (a, x) ∈ Uai
× Vi.

Let V := ∩ni=1Vi; then we can write:

d(f(a, x), f(a, x′)) < ε, ∀ a ∈ A, ∀ x ∈ V,

and the claim is proved. �

Proposition 3.1.12. Let K be a compact Lie group, let M and N be smooth Rie-
mannian manifold, and assume that N is complete. Let θ : K ×M → N be a mass
distribution, and let Ĉ(θ) : M → N be its center. Then Ĉ(θ) is a continuous map.

Proof. Let x′ ∈ M . By Lemma 3.1.11, for every ε > 0 there exists a neighborhood
V of x′ such that, for all k ∈ K, and for all x ∈ V ,

(11) d(θ(k, x), θ(k, x′)) < ε.

Since θ(·, x′)(K) ⊂ N is compact, we can choose ε > 0 to be so small that the
inequality (11) implies that, for every x ∈ V , the images of the almost constant
maps θx and θx′ are contained in the same ball B 1

3
ρ(p) (where Bρ(p) is a strongly

convex ball in N). Let δ and ∆ be lower and upper curvature bounds in B 1
3
ρ(p),

respectively: by Proposition 3.1.8 and (11) it now follows that, for every x ∈ V ,

d(Cθx
, Cθx′

) ≤ (1 + c(δ,∆) · (2ρ)2) ·
∫

K

d(θ(k, x), θ(k, x′)) dk <

< (1 + c(δ,∆) · (2ρ)2) · ε,
and this shows that the map Ĉ(θ) is continuous. �

3.2. Non-linear average

In this section K will be a compact Lie group. We saw in Chapter 2 how the very-
strong-weak topology should be considered as the most appropriate topology for the
set C∞,G(M,N): nevertheless, by Lemma 2.3.7 we can reformulate and discuss the
approximation problem in the compact case in terms of very-strong topology. The
following result was proven by Illman:

Theorem 3.2.1. Let M and N be real analytic K-manifolds, and assume that
the number of K-isotropy types in N is finite. Then Cω,K(M,N) is dense in

C∞,K
vS (M,N).
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Proof. See [I2], Theorem 7.2. �

We are going to generalize Theorem 3.2.1 by dropping out the assumption on the
K-isotropy types. Let us first consider the case when N = R

n(ρ) is a representation
space for K. We saw in Section 1.1 that, under the assumptions of Theorem 1.1.5,
we have an ”averaging” map

A : C∞(M,Rn(ρ)) → C∞,K(M,Rn(ρ)), f 7→ A(f) =

∫

K

kf(k−1)dk ,

which is a retraction and preserves real-analyticity. Now, the map A is continuous
in the very-strong topology (see [I2], Theorem 6.4), thus if f ∈ C∞,K(M,Rn(ρ)) it
is possible to first approximate f with a real analytic map using the non-equivariant
result by Illman (Theorem 2.1.6), and then average continuously with A. Let now N
be again any real analytic K-manifold. In this case one needs to have an equivariant,
real analytic embedding of N into some linear K-space, because by means of the
map A we can only average maps which take their values in a linear space. Since
the existence of such an embedding is only granted under the additional assumption
that the number of K-isotropy types in N is finite (see [M-S], theorem 1.1), one
gets the result stated in Theorem 3.2.1.

Thus, in order to avoid embeddings we need to be able to (continuously) as-

sociate to each map f ∈ C∞
vS(M,N) a map f̃ ∈ C∞,K

vS (M,N), in such a way that

C∞,K
vS (M,N) is fixed, and real analyticity is preserved. We will show that such a

”non-linear average” exists for those maps in C∞
vS(M,N) which are suitably C0-close

to K-equivariant maps.
In the following let M and N be real analytic K-manifolds, and assume that on

N a real analytic, complete, K-invariant Riemannian metric is fixed.

Definition 3.2.2. Let h ∈ C∞(M,N). We will say that h is an almost K-
equivariant map if the map

θh : K ×M → N, (k, x) 7→ kh(k−1x),

is a mass distribution, or, equivalently, if for every x ∈M the map

θh,x : K → N, x 7→ kh(k−1x),

is almost constant.

Definition 3.2.3. Let h ∈ C∞(M,N) be an almost K-equivariant map. Then by

Definition 3.1.10 the associated mass distribution θh has a well defined center Ĉ(θh):
in this case we will call it the center of the almost K-equivariant map h, and we
will denote it by

C(h) : M → N, x 7→ C(h)(x) = Ĉ(θh)(x) = Cθh,x
.

Proposition 3.2.4. The center C(h) : M → N of an almost K-equivariant map h ∈
C∞(M,N) is a continuous, K-equivariant map. Furthermore, if h is K-equivariant,
then C(h) = h.
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Proof. If h ∈ C∞(M,N) is almost K-equivariant, then C(h) : M → N is continuous
by Proposition 3.1.12. Furthermore, C(h) is K-equivariant: in fact, let g ∈ K, and
consider the isometry ḡ : N → N , y 7→ gy. Then it is easy to see that

θh,gx = ḡ ◦ θh,x ◦ Lg−1 ,

where Lg−1 : K → K denotes the left translation with respect to g−1 ∈ K. Thus,
by Properties 2 and 3 in Lemma 3.1.7, we have for every g ∈ K:

C(h)(gx) = Cθh,gx
= Cḡ◦θh,x◦Lg−1

= Cḡ◦θh,x
= gCθh,x

= gC(h)(x).

Note that if h is K-equivariant, then h is also almost K-equivariant. In fact, in this
case the map

θh,x : K → N, k 7→ h(x),

is constant for every x ∈M . By Property 1 in Lemma 3.1.7 we have that C(h)(x) =
Cθh,x

= h(x) for every x ∈M , i.e. C(h) ≡ h. �

Now we construct in Lemma 3.2.5 below a special convexity function (see Propo-
sition 1.3.1):

Lemma 3.2.5. Let N be a real analytic K-manifold, where K is a compact Lie
group. Assume that g is a complete, K-invariant, real analytic Riemannian metric
on N , and let d be the induced Riemannian distance. Then there exists a continuous,
K-invariant ”strong-convexity function” on N , that is, a function r : N → R+ such
that for every y ∈ N the ball Br(y)(y) = {z ∈ N | d(y, z) < r(y)} is strongly convex.

Proof. By Proposition 1.3.6 we can fix on N a K-invariant convexity function, that
is, a continuous, K-invariant function r′ : N → R+ such that, for every y ∈ N , the
ball Br′(y)(y) is geodesically convex. Moreover, we can assume that r′(y) < π

4
, for

all y ∈ N (see Remark 1.3.2). For each y ∈ N let ∆y denote the maximum of the

sectional curvatures of N in Br′(y)(y), and consider the function

∆ : N → R, y 7→ ∆y.

By Proposition A.3 (eventually replacing r′ with a smaller function), ∆ is continuous
and K-invariant. We define r : N → R+ in the following way:

(12) r(y) =

{

r′(y) if ∆y ≤ 1,

r̄(y) if ∆y ≥ 1,

where

r̄ : {y ∈ N | ∆y > 0} → R, y 7→ r̄(y) :=
1

√

∆y

· r′(y).

Now, if y ∈ N is such that ∆y = 1, we clearly have that r′(y) = r̄(y). Thus, since
both r′ and r̄ are continuous and K-invariant, the map r is also continuous and
K-invariant. Let y ∈ N : by Definition 3.1.1, if −∞ < ∆y ≤ 0 the ball Br(y)(y)
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is strongly convex. Similarly, if 0 < ∆y ≤ 1, the ball Br(y)(y) is strongly convex
because

r(y) = r′(y) <
π

4
≤ π

4
· 1
√

∆y

.

Assume now that ∆y > 1. We have that the ball Br(y)(y) is geodesically convex
since r̄(y) < r′(y). Furthermore, since we chose r′ < π

4
, we have that r̄(y) < π

4
1√
∆y

,

and hence Br(y)(y) is strongly convex. �

Thus, let M , N and K be as before, and fix on N a K-invariant strong-convexity
function r : N → R+ like in Lemma 3.2.5. For every f ∈ C∞,K(M,N) we define

M(f) = {h ∈ C∞(M,N) | d(f(x), h(x)) < εr(f(x)), for every x ∈M},
where ε is a positive real number such that ε < 1

3
. Furthermore, we will use the

following notation:
Mω(f) = M(f) ∩ Cω(M,N),

and
MK(f) = M(f) ∩ C∞,K(M,N).

Proposition 3.2.6. Let f ∈ C∞,K
vS (M,N), and let M(f) be as above. Then every

h ∈ M(f) is almost K-equivariant.

Proof. Let h ∈ M(f), fix x ∈M and consider the map

θh,x : K → N, k 7→ kh(k−1x).

Then for every k ∈ K we have:

d(f(x), kh(k−1x)) = d(f(kk−1x), kh(k−1x)) = d(kf(k−1x), kh(k−1x)) =

= d(f(k−1x), h(k−1x)) < εr(f(k−1x)) = εr(k−1f(x)) = εr(f(x)),

thus
θh,x(K) ⊂ Bεr(f(x))(f(x)) ⊂ Br(f(x))(f(x)).

Since 0 < ε < 1
3
, and Br(f(x))(f(x)) is strongly convex, the map θh,x is almost

constant. �

We saw in 3.2.3 that each almost K-equivariant map h has a well defined center,
that is we can associate to h the continuous, K-equivariant map

C(h) : M → N, x 7→ C(h)(x) = Cθh,x
.

Thus, by Proposition 3.2.6 we can define a map

Cf : M(f) → C0,K(M,N), h 7→ Cf (h) = C(h),

such that
Cf | MK(f) = id.

Furthermore, we will show in Proposition 3.2.8 that for every h ∈ M(f) the map
Cf (h) is C∞, and moreover it is real analytic if h ∈ Mω(f). First we need the
following lemma:
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Lemma 3.2.7. For all fixed x0 ∈ M there exists a neighborhood A(x0) ⊂ M of x0

such that

(13) Bεr(f(x))(f(x)) ⊂ Br(f(x0))(f(x0)) ∀ x ∈ A(x0).

Proof. Denote B0 := Br(f(x0))(f(x0)), and let y ∈ B0. Since r is continuous, there
exists a neighborhood V of f(x0) such that for every y ∈ V we have:

d(y, f(x0)) + εr(y) < r(f(x0)),

that is, Bεr(y)(y) ⊂ B0. By continuity of f , there exists a neighborhood A(x0) of x0

in M such that f(x) ∈ V , for every x ∈ A(x0), and the claim is proved. �

Proposition 3.2.8. Let f ∈ C∞,K(M,N). If h ∈ M(f), then C(h) ∈ C∞,K(M,N).
In particular, if h ∈ Mω(f) then C(h) is real analytic.

Proof. Fix x0 ∈ M , and let A(x0) ⊂ M be a neighborhood of x0 for which the
property (13) in Lemma 3.2.7 holds. Consider for every h ∈ M(f) the map

K × A(x0) × Br(f(x0))(f(x0)) → R≥0

(k, x, y) 7→ d2(y, kh(k−1x)).

By Proposition 1.3.3, and since the action of K on N is real analytic, the map above
is smooth (real analytic) if h is smooth (real analytic). Integration over K preserves
smoothness (real analyticity), hence for every h ∈ M(f) the map

Φh : A(x0) × Br(f(x0))(f(x0)) → R

(x, y) 7→ Φh(x, y) = Φh,x(y) =
1

2

∫

K

d2(y, kh(k−1x))dk

is smooth (real analytic) if h is smooth (real analytic). Now take charts (U, ϕ) in M
and (V, ψ) in N such that A(x0) ⊆ U and Br(f(x0))(f(x0)) ⊆ V (for example we can
take (V, ψ) to be the normal chart given by expf(x0) : Tf(x0)N → N), and consider
the corresponding local representation of Φh, i.e. the smooth (or real analytic, if h
is real analytic) map

Φ̃h := Φh ◦ (ϕ−1 × ψ−1) : Ũ × Ṽ → R

(here Ũ = ϕ(A(x0)) ⊂ R
m and Ṽ = ψ(Br(f(x0))(f(x0))) ⊂ R

n, with m = dimM and
n = dimN). From now on, by abuse of notation, we will identify x ∈ A(x0) and

y ∈ Br(f(x0))(f(x0)) with their coordinates ϕ(x) ∈ Ũ and ψ(y) ∈ Ṽ , respectively.
By (13) we have that for every x ∈ A(x0) the value

Cf(h)(x) = Φh(x, ·)−1( min
y∈Br(f(x0))(f(x0))

Φh(x, ·))

is the unique solution of

(14) αh(x, y) = d2Φ̃h(x, y) = 0,



44 Elena Ravaioli

where αh = d2Φ̃h is the smooth (or real analytic, if h is real analytic) map Ũ × Ṽ →
R
n that associates to every pair (x, y) ∈ Ũ × Ṽ the linear map

d2Φ̃h(x, y) : R
n → R,

that is

d2Φ̃h(x, y) =

(

∂Φ̃h,x

∂y1

(y), ...,
∂Φ̃h,x

∂yn
(y)

)

∈M1,n(R).

Now consider the partial differential

d2αh(x, y) = dαh,x(y) : R
m × R

n → R
n

(where αh,x = αh(x, ·) = dΦ̃h,x( · ) : R
n → R

n, for all x ∈ Ũ). By Theorem 3.1.2

Φ̃h,x is strictly convex in Br(f(x))(f(x)), for every x ∈ Ũ (see also [Kar2], Theorem
1.2). Hence we have that

∂2Φ̃h

∂y2
(x, y) := d2αh(x, y) =

(

∂2Φ̃h,x

∂yi∂yj
(y)

)

i,j=1,...,n

∈ Mn(R)

is positive definite in y = Cf (h)(x). In other words, by what we have seen so far we

have a smooth (or real analytic) map αh : Ũ × Ṽ → R
n such that for every x ∈ Ũ :

αh(x, Cf (h)(x)) = 0,

and

rank(d2αh)(x, Cf(h)(x)) = n.

Hence, by the implicit function theorem (See [Na], Theorem 1.3.5, Corollary 1.3.9
and Remark 1.3.10), we have that the unique map

Ũ → Ṽ , x 7→ Cf (h)(x),
is smooth (real analytic) if h is smooth (real analytic). �

Remark 3.2.9. Let

dCf (h)(x) =

(

∂Cf (h)i
∂xj

(x)

)

i=1,...,n
j=1,...,m

∈Mn,m(R).

Using the local description of Cf (h) described in the proof of Proposition 3.2.8, the
implicit function theorem gives us the following expression for the differential of
Cf (h) at x ∈ M (actually at x ∈ Ũ), which we will use later (see [Na], Lemma
1.3.7):

dCf (h)(x) = −[(d2αh)(x, Cf (h)(x))]−1 · ((d1αh)(x, Cf (h)(x))) =

= −
(

∂2Φ̃h

∂y2
(x, Cf (h)(x))

)−1

·
(

∂2Φ̃h

∂x∂y
(x, Cf(h)(x))

)

,
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where

∂2Φ̃h

∂x∂y
(x, y) :=

(

∂2Φ̃h,x

∂yi∂xj
(y)

)

i=1,...,n
j=1,...,m

∈Mn,m(R).

Thus we have shown that for every f ∈ C∞,K(M,N) there exist a set M(f) and
a map

Cf : M(f) → C∞,K(M,N),

such that

(15) Cf | MK(f) = id,

and

(16) Cf | Mω(f) ⊂ Cω,K(M,N).

Example (linear case) Let N = R
n(ρ) be a linear representation space for

K, and consider on N the usual euclidean distance. Since K(N) = 0, and N is
simply connected, every C∞ map η : K → N is almost constant. Thus, every
h ∈ C∞(M,Rn(ρ)) is almost K-equivariant. In particular, if η : K → N we have
that

Φη(y) =
1

2

∫

K

n
∑

i=1

(yi − η(k)i)
2 dk.

Using the properties of the Haar integral (see [Kaw], Theorem 2.34) we obtain:

dΦη(y) =
1

2

(

...,

∫

K

d

dyj

n
∑

i=1

(yi − η(k)i)
2 dk, ...

)

=
1

2

(

...,

∫

K

2(yi − η(k)i) dk, ...

)

=

= y −
∫

K

η(k) dk,

hence

Cη =

∫

K

η(k) dk.

Thus, if h ∈ C∞(M,Rn(ρ)), and θh is the mass distribution associated to it, we
have that

C(h) : M → R
n, x 7→

∫

K

θh(k)(x) dk =

∫

K

kh(k−1x) dk,

that is, in the linear case the map C(h) coincides with the map A(h) defined in
Section 1.1, for all h ∈ C∞(M,Rn(ρ)).
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3.3. Approximation result in the compact case

In Section 3.2 we saw how classic results on approximation of smooth maps between
two manifolds M and N are obtained by using embeddings. We also mentioned
the fact that in the equivariant case the use of embeddings requires an additional
assumption on the number of isotropy types in N . Instead, the use of the ”non-
linear” average constructed using the center of mass gives us the possibility to
approximate equivariant maps directly, without turning to embeddings. In fact, we
have Theorem 3.3.1 below:

Theorem 3.3.1. Let K be a compact Lie group, and let M and N be two real
analytic K-manifolds. There exists in C∞

vS(M,N) an open neighborhood M ⊃
C∞,K
vS (M,N) of almost K-equivariant maps and a continuous map

C : M → C∞,K
vS (M,N),

which is a retraction and preserves real analyticity, i.e.

(17) C |C∞,K
vS

(M,N)= idC∞,K
vS

(M,N),

and

(18) C(Mω) = Cω,K
vS (M,N).

(where Mω = M∩ Cω
vS(M,N)).

Corollary 3.3.2. Let K be a compact Lie group, and let M and N be two real
analytic K-manifolds. Then Cω,K

vS (M,N) is dense in C∞,K
vS (M,N).

Proof of Corollary 3.3.2. Assume that the map C in Theorem 3.3.1 exists,
and let U be a non-empty open subset of C∞,K

vS (M,N). We want to show that

U ∩ Cω,K
vS (M,N) 6= ∅. Since C is continuous and, by (17), surjective, it follows that

C−1(U) is non-empty and open in M, and hence open in C∞
vS(M,N). Then, by

Theorem 2.1.6, we have that C−1(U) ∩ Cω
vS(M,N) 6= ∅. Hence

∅ 6= C(C−1(U) ∩ Cω
vS(M,N)) = C(C−1(U) ∩M∩ Cω

vS(M,N)) =

= CC−1(U) ∩ C(M∩ Cω
vS(M,N)) = U ∩ Cω,K

vS (M,N). �

The rest of this section will be devoted to the proof of Theorem 3.3.1. In the
following, K will denote a compact Lie group, and M and N will be two real analytic
K-manifolds. Furthermore, we will assume that on N a real analytic, complete, K-
invariant metric is fixed (see Theorem 1.4.5), and that r : N → R+ is a K-invariant

strong-convexity function on N . For every f ∈ C∞,K
vS (M,N), let then

M(f) = {h ∈ C∞(M,N) | d(f(x), h(x)) < εr(f(x)), for every x ∈M},
where 0 < ε < 1/3, and let

Cf : M(f) → C∞,K
vS (M,N)
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be the map defined in Section 3.2. By Theorem 2.2.5, the set M(f) is open in the
strong C0 topology, and hence also in the very-strong topology. Thus the set

M :=
⋃

f∈C∞,K
vS

(M,N)

M(f) ⊂ C∞
vS(M,N)

is an open neighborhood of C∞,K
vS (M,N). Furthermore, the map

C : M → C∞,K
vS (M,N), C |M(f)= Cf ,

is well-defined, and it satisfies properties (17) and (18) (by (15) and (16), respec-
tively). Thus, to complete the proof of Theorem 3.3.1, it will be enough to prove

that Cf is continuous in the very-strong topology, for all f ∈ C∞,K
vS (M,N).

Lemma 3.3.3. The map Cf : M(f) → C∞,K
vS (M,N) is continuous in the strong C0

topology.

Proof. By Theorem 2.2.5 a basis for the strong C0 topology on M(f) is given by
all the sets of the form

M(g, δ) := {h ∈ M(f) | d(g(x), h(x)) < δ(x), ∀ x ∈M},
where g ∈ M(f) and δ ∈ C0(M,R+) are arbitrary. So, let h ∈ M(f). For every
ε ∈ C0(M,R+) we would like to find a (without loss of generality) K-invariant
function δ : M → R+ such that:

h1 ∈ M(h, δ) ⇒ Cf (h1) ∈ M(Cf(h), ε).
Suppose then h1 ∈ M(h, δ), with δ ∈ C0,K(M,R+), and consider for every x ∈ M
the almost constant maps θh,x , θh1,x : K → N . Then for every k ∈ K we have that:

d(θh,x(k), θh1,x(k)) = d(kh(k−1x), kh1(k
−1x)) = d(h(k−1x), h1(k

−1x)) < δ(x).

Now, for each x ∈ M the images θh,x(K) and θh1,x(K) are contained in the same
strongly convex ball Bεr(f(x))(f(x)) ⊂ Br(f(x))(f(x)). Let then ∆x and δx be re-
spectively the maximum and the minimum of the sectional curvatures of N in the
closure of Bεr(f(x))(f(x)), for every x ∈ M . By Proposition A.3 and Proposition
3.1.8, we get for every x ∈M :

d(Cf(h)(x), Cf (h1)(x)) ≤ (1 + a(x)(2r(f(x)))2) ·
∫

K
d(θh,x(k), θh1,x(k)) dk <

< (1 + a(x)(2r(f(x)))2) ·
∫

K
δ(x) dk = (1 + a(x)(2r(f(x)))2) · δ(x) =: γ(x),

where a(x) ∈ R is a positive constant that depends continuously on x. Then clearly
γ : M → R+ is continuous, and δ can be chosen so that γ(x) ≤ ε(x), for all x ∈M .
Thus Cf is continuous in the strong C0 topology. �

For every h ∈ C∞
vS(M,N) we defined:

θh : K ×M → N, (k, x) 7→ kh(k−1x).

We have the following Lemma:
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Lemma 3.3.4. The map

Θ : C∞
vS(M,N) → C∞

vS(K ×M,N), h 7→ θh,

is continuous.

Proof. See Lemma 6.3 in [I2] for the case N = R
n. If N is any smooth K-manifold

the proof goes exactly in the same way. �

Consider the map

χ : C∞
vS(M,N) → C∞

vS(M ×K,N ×K), g 7→ g × id.

Then χ is continuous (see Corollary 3.2 in [I2]); the proof uses the fact that by the
compactness of K, the natural projection p1 : M ×K →M is proper. Now, in our
situation we would like the map

χ : C∞
vS(K ×M,N) → C∞

vS(K ×M ×N,N ×N), g 7→ g × id,

to be continuous; unfortunately, we cannot apply Corollary 3.2 in [I2] as long as N
is not compact. Nevertheless, due to the fact that we are only interested in a special
class of maps, it will be enough to prove Proposition 3.3.5 below.

First we notice that the graph of our f ∈ C∞,K
vS (M,N), i.e., the set

Gf = {(x, f(x)) | x ∈M} ⊂M ×N,

is a closed, K-invariant submanifold of M × N . In fact, Gf is the image of the
smooth embedding

(19) φ : M →M ×N, m 7→ φ(m) = (m, f(m)).

Thus, by Theorem 1.3.7 there exists a tubular neighborhood (p′, E,Gf ) of Gf in
M × N , where E ⊂ M × N and p′ : E → Gf is a retraction. Fix on N two
K-invariant convexity functions R and R such that

R(y) > R(y) > r(y), for all y ∈ N

(in fact, we can always replace r with a smaller function). Consider then the re-
striction T of E to the disc bundle whose radius is the continuous function

(20) r′ : Gf → R+, r′(x, f(x)) = R(f(x)).

By the properties of R, this means

T = {v ∈ E | v ∈ E(x,f(x)), ‖v‖ ≤ r′(x, f(x)), (x, f(x)) ∈ Gf} =

= {(x, y) ∈ E | d(y, f(x)) ≤ R(f(x)), x ∈M}.
Denote

(21) p := p′ | T → Gf , (x, y) 7→ (x, f(x)).

Note that the projection p is proper. Now T is a manifold with boundary; hence
we are allowed to consider the space

C∞
vS(K × T,N ×N)



Approximation of G-equivariant maps in the very-strong-weak topology 49

(see Remark 2.1.5), and we can define the map

χ′ : Θ(M(f)) → C∞
vS(K × T,N ×N),

θh 7→ θh × id.

Thus we can prove:

Proposition 3.3.5. Let Θ : M(f) → C∞
vS(K×M,N) be as in Lemma 3.3.4. Then

the map

χ′ : Θ(M(f)) → C∞
vS(K × T,N ×N),

θh 7→ θh × id,

is continuous.

Proof. By Proposition 3.1 in [I2], there exists a homeomorphism

ι : C∞
vS(K × T,N ×N) → C∞

vS(K × T,N) × C∞(K × T,N)

g 7→ (q1 ◦ g, q2 ◦ g),
where q1 and q2 are the natural projections of N ×N onto the first and the second
factor, respectively. Hence it will be enough to show that the maps

(1) Θ(M(f)) → C∞
vS(K × T,N), θh 7→ q1 ◦ (θh × id)

(2) Θ(M(f)) → C∞
vS(K × T,N), θh 7→ q2 ◦ (θh × id)

are continuous. Now, let

p1 : K × T → K ×M, (k, x, y) 7→ (k, x)

and

p2 : K × T → N, (k, x, y) 7→ y

be projection maps. Then the map in (2) is the constant map from Θ(M(f)) to
the element p2 ∈ C∞

vS(K × T,N), and thus it is continuous. Furthermore, it is easy
to see that for every θh ∈ Θ(M(f)) we have that q1 ◦ (θh× id) = θh ◦ p1. Hence the
map in (1) equals the map

p∗1 : Θ(M(f)) → C∞
vS(K × T,N)

θh 7→ θh ◦ p1.

By Proposition 2.5 in [I2], it will be enough to show that p1 is a proper map. We
have:

p1 = idK × (φ−1 ◦ p) : K × T →M,

where φ is the embedding of M into M × N defined in 19 and p : T → Gf is the
bundle projection defined in (21). Since φ is a homeomorphism onto its image and
p is proper, the claim is proved. �

Note that for every h ∈ M(f) and for every (k, x, y) ∈ K × T , we have that

(θh × id)(k, x, y) = (kh(k−1x), y) ∈ Bεr(f(x))(f(x)) × BR(x)(f(x)).
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Thus, if R is the function defined in (20) we have:

χ′ : Θ(M(f)) → C∞
vS(K × T,∪x∈M(BR(x)(f(x)) × BR(x)(f(x))).

For every h ∈ M(f) consider the map:

Φh : T → R, (x, y) 7→ 1

2

∫

K

d2(kh(k−1x), y) dk.

Proposition 3.3.6. The map

Φ : M(f) → C∞
vS(T,R),

h 7→ Φh,

is continuous.

Proof. Let Θ and χ′ be definied as in Lemma 3.3.4 and Proposition 3.3.5, respec-
tively. Let also

Â : C∞
vS(K × T,R) → C∞

vS(T,R),

where

Â(f) : T → R, x 7→ Â(f)(x) =

∫

K

f(k, x) dk.

We have that
Φ = Â ◦ d2

∗ ◦ χ′ ◦ Θ,

where

M(f)
Θ−→ Θ(M(f))

χ′

−→ C∞
vS(K × T,∪x∈M(BR(x)(f(x)) ×BR(x)(f(x)))) −→

d2∗−→ C∞
vS(K × T,R)

Â−→ C∞
vS(T,R).

Note that the map d2 is C∞ (actually real analytic) on each product of the type

BR(x)(f(x)) ×BR(x)(f(x))

(see 1.3.3), hence

d2 ∈ C∞
vS(∪x∈M(BR(x)(f(x)) × BR(x)(f(x))),R),

and d2
∗ is well defined. Now Θ and χ′ are continuous by Lemma 3.3.4 and Proposition

3.3.5, respectively. Furthemore, (d2)∗ is continuous by Proposition 2.6 in [I2], and

Â is continuous by Proposition 6.2 in [I2], hence the claim follows. �

Remark 3.3.7. For every x ∈ M let A(x) be a neighborhood of x like in Lemma
3.2.7. Since the neighborhood A(x) can be chosen as small as we like, we can also
assume that A(x) is contained in some chart (U, ϕ) of M , and that the following
property is satisfied:

(∗) x̃ ∈ A(x) ⇒ Bεr(f(x̃))(f(x̃)) ⊂ Br(f(x))(f(x)) ⊂ BR(x̃)(f(x̃)),

where R : N → R+ is the convexity function that we fixed as radius of our
closed tubular neighborhood T ⊃ Gf (the proof is similar to the proof of Lemma
3.2.7). In the following it will be useful to consider locally finite subfamilies of
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{A(x)}x∈M , say {A(xi)}i∈Λ: we will refer to them as families ”with the ∗-property”.
To each family {A(xi)}i∈Λ of M with the ∗-property we can associate the family
{Br(f(xi))(f(xi))}i∈Λ; note that if {A(xi)}i∈Λ is a cover of M then

f(M) ⊆ ∪x∈MBεr(f(x))(f(x)) ⊆ ∪i∈ΛBr(f(xi))(f(xi)) ⊆ N.

Note also that the second part of the inequality (∗) implies that, for every i ∈ Λ,
we have

A(xi) ×Br(f(xi))(f(xi)) ⊂ T.

Proposition 3.3.8. Let f ∈ C∞,K
vS (M,N) and let h ∈ M(f). Let

N = N r(h;D, (U, ϕ), (V, ψ), δ)

be an elementary Cr-neighborhood of h, 1 ≤ r <∞. Then there exist finitely many
elementary Cr-neighborhoods Nj = N r(h;Dj, (A(xj), ϕ), (Br(f(xj))(f(xj)), ψj), δj) of
h, 1 ≤ j ≤ t, such that the following conditions are satisfied:

(i) The family {A(xj)}j=1,...,t has the ∗-property.
(ii)

⋂t
j=1 Nj ⊂ N .

Proof. For every x ∈ D let A(x) ⊂ U be an open neighborhood of x with the
property (13). Then the family {A(x)}x∈D is an open cover of D, and since D
is compact we can find a finite subcover {A(xj)}j=1,...,t of D and compact subsets
Dj ⊂ A(xj), 1 ≤ j ≤ t, such that ∪tj=1Dj = D. Then for every x ∈ Dj ⊂ A(xj) we
have that h(x) ∈ Bεr(f(x))(f(x)) ⊂ Br(f(xj ))(f(xj)), hence h(Dj) ⊂ Br(f(xj))(f(xj)),
1 ≤ j ≤ t. Thus we can denote Vj := Br(f(xj))(f(xj)) and apply Corollary 2.2.2,
and the claim is proved. �

Corollary 3.3.9. Let f ∈ C∞,K
vS (M,N), and let h ∈ M(f). Let

S =
⋂

i∈Λ

N ri(h;Fi, (Ui, ϕi), (Vi, ψi), εi)

be any basic very-strong neighborhood of h. Then there exists a basic very-strong
neighborhood U of h such that U ⊂ S, and

U =
⋂

s∈Ω

N rs(h;Ds, (A(xs), ϕ̃s), (Br(f(xs))(f(xs)), ψ̃s), δs),

where the family {A(xs)}s∈Ω has the ∗-property. We will call a neighborhood like U
a ∗-basic very-strong neighborhood of h. �

Theorem 3.3.10. The map

Cf : M(f) → C∞,K
vS (M,N), h 7→ Cf (h)

is continuous in the very-strong topology.
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Proof. Let h ∈ M(f), and let S ′ =
⋂

i∈Λ N r′i(Cf(h);D′
i, (U

′
i , ϕ

′
i), (V

′
i , ψ

′
i), ε

′
i) be

a basic very-strong neighborhood of Cf (h). We want to find a basic very-strong
neighborhood U ′ of h such that

h̃ ∈ U ′ ⇒ Cf (h̃) ∈ S ′.

Since Cf (h) ∈ M(f), there exists by Corollary 3.3.9 a ∗-basic very-strong neighbor-
hood

S =
⋂

s∈Ω

N rs(Cf (h);Ds, (A(xs), ϕs), (Br(f(xs))(f(xs)), ψs), εs)

of Cf (h) such that S ⊂ S ′. We will use the notation Bs := Br(f(xs))(f(xs)), for every
s ∈ Ω. Now, fix s ∈ Ω, and for every z ∈ ϕs(Ds), consider the first derivatives of the
local representation of Cf (h) with respect to the charts A(xs) and Bs in the point
z, i.e.:

(22)
dCsf (h)l
dxq

(z) , l = 1, ..., n ; q = 1, ..., m.

By the formula given in (3.2.9), each of the terms in 22 depends continuously on
the second-order derivatives of the local representation Φs

h of the function Φh with
respect to the chart A(xs) × Bs, calculated in the point (z, Csf (h)(z)). Hence there
exists a positive real number µs,1 such that if Φh̃ ∈ Φ(M(f)) and if

∣

∣

∣

∣

∣

∂2Φs
h

∂yl∂yp
(z, Csf (h)(z)) −

∂2Φs
h̃

∂yl∂yp
(z, Csf (h̃)(z))

∣

∣

∣

∣

∣

< µs,1, l, p = 1, ..., n,

and
∣

∣

∣

∣

∣

∂2Φs
h

∂yl∂xq
(z, Csf (h)(z)) −

∂2Φs
h̃

∂yl∂xq
(z, Csf (h̃)(z))

∣

∣

∣

∣

∣

< µs,1, l = 1, ..., n; q = 1, ..., m,

for every z ∈ ϕs(Ds), then the following inequalities are satisfied:
∣

∣

∣

∣

∣

dCsf(h)l
dxq

(z) −
dCsf(h̃)l
dxq

(z)

∣

∣

∣

∣

∣

< εs , l = 1, ..., n ; q = 1, ..., m; z ∈ ϕs(Ds).

Similarly, from the same formula we can see that the values of the derivatives of
order t > 1 of Csf (h), calculated in z ∈ ϕs(Ds), depend continuously on the values of
the derivatives up to the order t+1 of Φs

h calculated in (z, Csf (h)(z)). Like before, it is
possible to find positive real numbers µs,ρ, ρ = 1, ..., rs, such that if Φh̃ ∈ Φ(M(f)),
and if

(23) |DαΦs
h(z, Csf (h)(z)) −DαΦs

h̃
(z, Csf (h̃)(z))| < µs,ρ, ∀α | 2 ≤ |α| ≤ ρ + 1,

for every z ∈ ϕs(Ds), then

(24) |DβCsf (h)(z) −DβCsf(h̃)(z)| < εs, ∀ β | |β| = ρ, ∀ z ∈ ϕs(Ds).
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Denote µs = min{µs,ρ | 1 ≤ ρ ≤ rs}, for every s ∈ Ω. Now, consider the basic
very-strong neighborhood of Φh:

N =
⋂

s∈Ω

N rs+1(Φh;Ds ×Bεr(f(xs))(f(xs)), (A(xs) ×Bs), ϕs × ψs), µs) ⊂

⊂ C∞
vS(T,R).

By Proposition 3.3.6, there exists a basic very-strong neighborhood U of h in
M(f) ⊂ C∞

vS(M,N) such that

h̃ ∈ U ⇒ Φh̃ ∈ N .

In particular, we have for every h̃ ∈ U , z ∈ ϕs(Ds) and s ∈ Ω:

|DαΦs
h(z, Csf (h)(z)) −DαΦs

h̃
(z, Csf (h)(z))| < µs, 0 ≤ |α| ≤ rs.

Now, since each term DαΦs
h̃
|A(xs)×Bs

is continuous, it is always possible to find a

positive real number ξs such that if h̃ ∈ U , z ∈ ϕs(Ds), and if

|Csf (h)(z) − Csf (h̃)(z)| < ξs ,

then the inequalities (23) (and hence also (24)) are satisfied. Denote by hs and

h̃s the local representations with respect to the charts A(xs) and Bs of h and h̃,
respectively. By Lemma 3.3.3, Cf is continuous in the strong C0 topology; hence,
for each s ∈ Ω there exists a δ′s > 0 such that

|hs(z) − h̃s(z)| < δ′s ⇒ |Csf(h)(z) − Csf(h̃)(z)| < ξs, ∀ z ∈ ϕs(Ds).

Similarly, for every s ∈ Ω we can find a positive δ′′s such that

|hs(z) − h̃s(z)| < δ′′s ⇒ |Csf(h)(z) − Csf (h̃)(z)| < εs, ∀ z ∈ ϕs(Ds).

If δs := min{δ′s, δ′′s} for all s ∈ Ω we define

U0 =
⋂

s∈Ω

N 1(h;Ds, (A(xs), ϕs), (Br(f(xs))(f(xs)), ψs), δs).

Then it is clear that if U ′ := U ∩ U0, then

h̃ ∈ U ′ ⇒ Φh̃ ∈ S ⊂ S ′,

and this proves the claim. �

Chapter 4. Approximation of smooth, G-equivariant maps

In this Chapter we show that the space C∞,G
vSW (G ×H M,N) is homeomorphic to

C∞,H
vSW (M,N). Using this result and the approximation result for the compact case

established in Chapter 3, we then prove our main result: if G is a good Lie group
which acts properly on the manifolds M and N , then every smooth, G-equivariant
map from M to N can be approximated in the very-strong-weak topology with a
real analytic, G-equivariant map.



54 Elena Ravaioli

4.1. Induced G-maps in the very-strong-weak topology

The results proved in this section are the very-strong-weak versions of the results
proved in Section 5 of [I-Ka1] for the strong-weak topology.

Let H be a closed subgroup of the Lie group G, and let M and N be two smooth
H-manifolds. Let G×H act on G by

(25) (G×H) ×G→ G, ((ḡ, h), g) 7→ ḡgh−1,

and on M and N by

(26) (G×H) ×M →M, ((ḡ, h), x) 7→ hx,

and

(27) (G×H) ×N → N, ((ḡ, h), y) 7→ hy,

respectively. Then we can consider the corresponding diagonal actions of G×H on
G×M and G×N , that is

(G×H) × (G×M) → G×M, ((ḡ, h), (g, x)) 7→ (ḡgh−1, hx),

and

(G×H) × (G×N) → G×N, ((ḡ, h), (g, y)) 7→ (ḡgh−1, hy),

respectively, and the set C∞,G×H
vSW (G ×M,G × N). It is then easy to see that the

map

χ : C∞,H
vSW (M,N) → C∞,G×H

vSW (G×M,G×N), f 7→ id× f,

is well defined. We have the following:

Proposition 4.1.1. Under the assumptions above, the map

χ : C∞,H
vSW (M,N) → C∞,G×H

vSW (G×M,G×N), f 7→ id× f,

is continuous.

Proof. Let q1 : G× N → G and q2 : G ×N → N be the projections. By Theorem
2.4.3 it is enough for us to prove the continuity of the maps

χ1 : C∞,H
vSW (M,N) → C∞,G×H

vSW (G×M,G), f 7→ q1 ◦ (id× f),

and

χ2 : C∞,H
vSW (M,N) → C∞,G×H

vSW (G×M,N), f 7→ q2 ◦ (id× f),

where the group G×H acts on G and N by the actions (25) and (27), respectively.

Now, the map χ1 associates to each f ∈ C∞,H
vSW (M,N) the following map:

q1 ◦ (id× f) : G×M → G, (g, x) 7→ q1(g, f(x)) = g,

that is,

χ1(f) = r1, for every f ∈ C∞,H
vSW (M,N),
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where r1 : G×M → G is the projection onto the first factor. Thus χ1 is a constant
map, and hence continuous. Denote by r2 : G ×M → M the projection onto the
second factor, and note that for each f ∈ C∞,H

vSW (M,N) we have

q2 ◦ (id× f) = f ◦ r2.
Thus the map χ2 equals the map

r∗2 : C∞,H
vSW (M,N) → C∞,G×H

vSW (G×M,N), f 7→ f ◦ r2.
Now, let π2 : G×H → H be the projection, and let z ∈ C∞,G×H

vSW (G×M,N). Then
for every (ḡ, h) ∈ G×H and (g, x) ∈M we have:

z((ḡ, h)(g, x)) = hz(g, x) = π2(ḡ, h)z(g, x),

hence
C∞,G×H
vSW (G×M,N) = C∞,π2

vSW (G×M,N).

Clearly, the map r2 : G×M →M is π2-equivariant. Furthermore, the induced map

r2 : (G×M)/(G×H) →M/H

is a homeomorphism, and hence of finite type. Thus, we can apply Lemma 2.4.2,
and the claim is proved. �

Let again H be a closed subgroup of a Lie group G, and let M be a smooth
H-manifold. We saw that the twisted product G×HM is defined as the orbit space
of the action

(28) H × (G×M) → (G×M), (h, (g, x)) 7→ (gh−1, hx).

We denote by
p : G×M → G×H M, (g, x) 7→ [g, x],

the usual projection. Recall also that there exists a canonical bijection

µ : C∞,H
vSW (M,N) → C∞,G

vSW (G×H M,N), f 7→ µ(f),

where
µ(f) : G×H M → N, [g, x] 7→ gf(x).

Note that µ preserves real analyticity. Our aim in this Section is to prove that µ is,
in fact, a homeomorphism. Let then π1 : G × H → G be the projection; consider
the map

p∗ : C∞,G
vSW (G×H M,N) → C∞,π1

vSW (G×M,N), z 7→ z ◦ p,
and let

χ : C∞,H
vSW (M,N) → C∞,G×H

vSW (G×M,G×N), f 7→ id× f,

be like in Proposition 4.1.1. Furthermore, let Φ : G×N → N , (g, y) 7→ gy, denote
the action of G on N : then Φ is π1-equivariant, hence we can consider the map

Φ∗ : C∞,G×H
vSW (G×M,G×N) → C∞,π1

vSW (G×M,N), q 7→ Φ ◦ q.
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Then we have the following commutative diagram:

C∞,H
vSW (M,N)

µ

��

χ
// C∞,G×H

vSW (G×M,G×N)
Φ∗

// C∞,π1

vSW (G×M,N)

C∞,G
vSW (G×H M,N)

p∗
22

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d
d

d

We will need the following two results:

Lemma 4.1.2. Let H be a Lie group, let M be a proper, free, C∞ H-manifold and
let p : M → M/H be the projection. Assume that ρ′ : M/H → Ω is a continuous
map, where Ω is a topological space, and take ρ′ and ρ = ρ′ ◦ p : M → Ω as phase
maps for M/H and M , respectively (see Remark 2.3.4). Then, if P is a smooth
manifold, the map

p∗ : C∞
vSW [ρ′](M/H,P ) → C∞,H

vSW [ρ](M,P ), k 7→ k ◦ p,
is a homeomorphism.

Proof. Note that, since the action of H on M is proper and free, M/H is a smooth
manifold. It is clear that p∗ is a bijective map. Furthermore, the continuity of p∗

follows from the continuity of f̂ ∗ in the proof of Proposition 2.4.2, when we take
generic phase maps instead of the projections. Note that, in this case, the induced
map p̄ : Ω → Ω is the identity map. Denote by

p∗∗ : C∞,H
vSW [ρ](M,P ) → C∞

vSW [ρ′](M/H,P ), z 7→ z̄,

the inverse of p∗: it remains to show that p∗∗ is continuous. Let then f ∈ C∞,H
vSW [ρ](M,P ),

and let U =
⋂

i∈Λ Ni be a basic neighborhood of p∗∗(f) = f̄ in C∞
vSW [ρ′](M/H,P ),

where
Ni = N ri(f̄ ;Li, (Vi, ψi), (Wi, ωi), εi), i ∈ Λ,

and the family {ρ′(Li)}i∈Λ is locally finite in Ω. Since the action of H on M is
proper and free, the projection p : M →M/H is a smooth principal H-bundle over
M/H. By Corollary 2.2.2 we can assume that for each i ∈ Λ there exists a bundle
chart ϕ̃ over Vi ⊂M/H, i.e. a C∞ diffeomorphism ϕ̃ : p−1(Vi) → R

q × Vi such that
p = pr2 ◦ ϕ̃ (here q =dimH, and pr2 : R

q × Vi → Vi is the projection). Thus, if we
set Ui = p−1(Vi), i ∈ Λ, we can find smooth maps ϕi : Ui → R

q × ψi(Vi) such that,
for every i ∈ Λ, (Ui, ϕi) is a chart in M and the diagram

R
q × ψi(Vi)

pr2
��

Ui

p|
��

ϕi

oo

ψi(Vi) Viψi

oo

commutes. We set

Ki = ϕ−1({0} × ψi(Li)) ⊂ Ui , i ∈ Λ.
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Then, since p(Ki) = Li, we have that

ρ(Ki) = (ρ′ ◦ p)(Ki) = ρ′(Li)

for i ∈ Λ, and so the family {ρ(Ki)}i∈Λ is locally finite in Ω. Thus, if we set

MH
i = N ri(f ;Ki, (Ui, ϕi), (Wi, ωi), εi) ∩ C∞,H(M,P ), i ∈ Λ,

we can define the following basic neighborhood of f in C∞,H
vSW [ρ](M,P ):

MH =
⋂

i∈Λ

MH
i .

Now, for any smooth, H-equivariant map k : M → P such that k(Ki) ⊂ Wi we
have that

k ◦ ϕ−1
i = k̄ ◦ ψi ◦ pr2 : R

q × ψi(Vi) → P,

and hence, since ϕi(Ki) = {0} × ψi(Li), we have for every i ∈ Λ:

||ωi ◦ k ◦ ϕ−1
i − ωi ◦ f ◦ ϕ−1

i ||riϕi(Ki)
= ||ωi ◦ k̄ ◦ ψ−1

i − ωi ◦ f̄ ◦ ψ−1
i ||riψi(Li)

.

It follows from the above equation that if k ∈ MH
i , then k̄ ∈ Ni. Thus p∗∗(MH) ⊂

U , and the claim is proved. �

Proposition 4.1.3. Let H be a closed, normal subgroup of a Lie group G, and let
π : G → G/H be the projection. Let M be a smooth G-manifold, such that the
action of H on M is proper and free. Let p : M →M/H denote the projection, and
let P be a smooth, G/H-manifold. Then the map

p∗ : C
∞,G/H
vSW (M/H,P ) → C∞,π

vSW (M,P ), k 7→ k ◦ p,
is a homeomorphism.

Proof. Note that, since H < G is closed and normal, the action of G on M induces
an action of G/H on M/H, and (M/H)(G/H) = M/G (see [Kaw], Proposition
1.59). Take the projection maps q′ : M/H → (M/H)(G/H) and q : M → M/G as
phase maps for M/H and M , respectively. Since q = q′ ◦ p we can apply Lemma
4.1.2, and thus the map

p∗ : C∞
vSW [q′](M/H,P ) → C∞,H

vSW [q](M,P ), k 7→ k ◦ p,
is a homeomorphism. Now consider the (continuous) restriction of p∗ to the space

C∞
vSW [q′](M/H,P ) ∩ C∞,G/H(M/H,P ) = C

∞,G/H
vSW (M/H,P ).

Now, if k : M/H → P is a G/H-equivariant map, we have for every g ∈ G and
x ∈M :

k ◦ p(gx) = k(gxH) = k(gH · xH) = gHk(xH) = π(g)k ◦ p(x).
Thus p∗(k) = k ◦ p : M → P is π-equivariant, and the converse is also true, hence

p∗(C
∞,G/H
vSW (M/H,P )) = C∞,π

vSW (M,P ),



58 Elena Ravaioli

and the claim is proved. �

We are now ready to prove a crucial result:

Theorem 4.1.4. Let G be a Lie group, and let H < G be a closed subgroup. Assume
M is a smooth H-manifold, and N a smooth G-manifold. Then the bijection

µ : C∞,H
vSW (M,N) → C∞,G

vSW (G×H M,N), f 7→ µ(f),

is a homeomorphism.

Proof. We saw before that

p∗ ◦ µ = Φ∗ ◦ χ : C∞,H
vSW (M,N) → C∞,π1

vSW (G×M,N),

where
χ : C∞,H

vSW (M,N) → C∞,G×H
vSW (G×M,G×N), f 7→ id× f,

Φ∗ : C∞,G×H
vSW (G×M,G×N) → C∞,π1

vSW (G×M,N), q 7→ Φ ◦ q,
and

p∗ : C∞,G
vSW (G×H M,N) → C∞,π1

vSW (G×M,N), z 7→ z ◦ p
(here π1 : G × H → G is the projection, and Φ is the action of G on N). Now,
the map χ is continuous by Proposition 4.1.1, and the map Φ∗ is continuous by
Proposition 2.4.1. Furthermore, {e} × H = H is a closed, normal subgroup of
G×H, which acts on G×M by

(29) H × (G×M) → G×M, (h, (g, x)) 7→ (gh−1, hx).

The action (29) is clearly free, and it is proper. Thus, we can apply Proposition
4.1.3, and so the map p∗ is a homeomorphism. This shows that the map µ is
continuous. Consider now the inverse map µ−1. If i : M → G ×H M , x 7→ [e, x],
denotes the natural inclusion, we have that

µ−1 = i∗ : C∞,G
vSW (G×H M,N) → C∞,H

vSW (M,N).

Since the induced map
ī : M/H → (G×H M)/G

is a homeomorphism (see Lemma 1.1.6), and hence of finite type, i∗ is continuous
by Proposition 2.4.1, and the claim follows. �

We end this section by remarking an important consequence of Lemma 4.1.2
above (see also Corollary 5.3 in [I-Ka1] for the ”strong-weak” case):

Theorem 4.1.5. Let H be a Lie group, and let M be a proper, free, smooth H-
manifold. Let p : M →M/H denote the projection, and let P be a smooth manifold.
Then the map

p∗ : C∞
vS(M/H,P ) → C∞,H

vSW (M,P ), f 7→ f ◦ p,
is a homeomorphism.

Proof. It is enough to take ρ′ = id : M/H →M/H in Lemma 4.1.2. �
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4.2. Approximation result

Before proving our main result, Theorem 4.2.2, we need to prove the approximation
result in the case when G is a Lie group with only finitely many connected compo-
nents. The strong-weak topology form of Theorem 4.2.1 below is Proposition 2.1 of
[I-Ka2]: in that proof use is made of the Corollary on page 19 in [Ku2]. that is, the
equivariant approximation result for a compact Lie group in the case of the strong
C∞ topology. In the case of the very-strong-weak topology, we instead have to rely
on our result, Corollary 3.3.2.

Theorem 4.2.1. Let G be a Lie group with only finitely many connected compo-
nents, and let M and N be real analytic G-manifolds. If the action of G on M is
proper, then Cω,G(M,N) is dense in C∞,G

vSW (M,N).

Proof. Let K be a maximal compact subgroup of G. By the real analytic version
of Abels’ theorem, Theorem 1.2.4, there exists in M a global K-slice, that is, a
K-invariant, real analytic submanifold S of M such that M can be written in the
form G×K S. Then by Theorem 4.1.4 we have a homeomorphism

µ : C∞,K
vSW (S,N) → C∞,G

vSW (G×K S,N), f 7→ µ(f),

and
µ(Cω,K

vSW (S,N)) = Cω,G
vSW (G×K S,N).

Now, since K is compact we have by Lemma 2.3.7 that

C∞,K
vS (S,N) = C∞,K

vSW (S,N) ∼= C∞,G
vSW (G×K S,N),

and
Cω,K
vS (S,N) = Cω,K

vSW (S,N) ∼= Cω,G
vSW (G×K S,N).

Since Cω,K
vS (S,N) is dense in C∞,K

vS (S,N) by Corollary 3.3.2, the claim is proved.
�

We now come to our main theorem. It establishes the very-strong-weak topology
version of Theorem II in [I-Ka2], where the corresponding result is proved for the
strong-weak topology.

Theorem 4.2.2. Let G be a good Lie group, and let M and N be real analytic,
proper G-manifolds. Then Cω,G(M,N) is dense in C∞,G

vSW (M,N).

Proof. Let f ∈ C∞,G
vSW (M,N), and let U be a basic neighborhood of f in the very-

strong-weak topology. We can assume that the good Lie group G is a closed sub-
group of a Lie goup J with only finitely many connected components. Thus we
can construct the induced J-manifolds J ×G M and J ×G N , which are both real
analytic and proper. We denote by

i1 : M → J ×GM, x 7→ [e, x]

and
i2 : N → J ×G N, y 7→ [e, y]
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the (G-equivariant, real analytic, closed) canonical embeddings of M and N into

J ×GM and J ×G N , respectively. We define a map f̃ in the following way:

f̂ : J ×GM → J ×G N, [j, x] 7→ [j, f(x)].

Then f = i−1
2 ◦ f̂ ◦ i1, and

f̂ ∈ C∞,J
vSW (J ×GM,J ×G N).

Now, we can consider on J ×G N the induced action of G, that is

G× J ×G N → J ×G N, (g, [j, y]) 7→ [gj, y].

Then J ×GN is a real analytic, proper G-manifold, and we can apply Theorem I in
[I-Ka] to its G-invariant, real analytic, closed submanifold N : thus there exist a G-
invariant, open neighborhood W of N , and a G-equivariant, real analytic retraction
q : W → N in J ×G N . Thus we can write

f = q ◦ f̂ ◦ i1.
Now, the map

q∗ : C∞,G
vSW (M,W ) → C∞,G

vSW (M,N), α 7→ q ◦ α,

is continuous by Proposition 2.4.1. Moreover, by Lemma 2.4.5 the space C∞,G
vSW (M,W )

is open in C∞,G
vSW (M,J×GN), thus the set q−1

∗ (U) is open in C∞,G
vSW (M,J×GN). Fur-

thermore, the map

i∗1 : C∞,J
vSW (J ×GM,J ×G N) → C∞,G

vSW (M,J ×G N), β 7→ β ◦ i1,
is continuous by Lemma 1.1.6 and Proposition 2.4.2. Thus we have that the set

W = (i∗1)
−1(q−1

∗ (U))

is an open neighborhood of f̂ in C∞,J
vSW (J ×G M,J ×G N). Since J is a Lie group

with only finitely many connected components, we can now apply Theorem 4.2.1,
hence we can find a map

ĥ ∈ W ∩ Cω,J
vSW (J ×GM,J ×G N).

Now define

h = q∗(i
∗
1(ĥ)),

that is, h = q ◦ ĥ ◦ i1. Then

h ∈ U ∩ Cω,G
vSW (M,N),

and the claim is proved. �
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Appendix A.

We start by proving a technical result, which will be needed in the proof of Propo-
sition A.3.

Lemma A.1. Let (N, g) be a smooth Riemannian manifold, and let f : N → R

be a continuous function. Let y ∈ N , and assume that the ball BR(y), R > 0, is
geodesically convex. Furthermore, let r < 1

2
R be a positive real number, and let

∆ = max
z∈Br(y)

{f(z)}.

For every δ > 0, denote
∆+
δ = max

z∈Br+δ(y)
{f(z)}.

Then for every ε > 0 there exists δ > 0 such that

(30) ∆+
δ − ∆ < ε.

Proof. Clearly, ∆+
δ ≥ ∆ for each δ > 0. Since the function f is uniformly continuous

on the compact ball BR(y), we can find δ̄ > 0 such that for every z1, z2 ∈ BR(y)
with d(z1, z2) < δ̄ we have:

|f(z1) − f(z2)| < ε.

Thus, fix δ > 0 such that δ < min{δ̄, 1
2
R}. If ∆+

δ = ∆, the inequality (30) is
satisfied. Assume then ∆+

δ > ∆, and let

z0 ∈ Br+δ(y) \Br(y)

be such that
f(z0) = ∆+

δ .

Consider the radial geodesic γ : I → N from y to z0, and denote

z̄0 = γ(I) ∩ ∂Br(y).

Clearly d(z0, z̄0) ≤ δ < δ̄, hence we have

|f(z0) − f(z̄0)| = |∆+
δ − f(z̄0)| < ε.

Now ∆ ≥ f(z̄0), that is, we can write ∆ = f(z̄0) + η, where η ≥ 0. Thus we get:

∆+
δ − ∆ = ∆+

δ − (f(z̄0) + η) ≤ ∆+
δ − f(z̄0) < ε,

and this proves the claim. �

Remark A.2. With the same assumptions and notation of Lemma A.1, let δ > 0
be the real number constructed in the proof of A.1 for which the inequality (30)
holds. If δ < r denote

∆−
δ = max

z∈Br−δ(y)
{f(z)}.

Then it is easy to prove that also the inequality

∆ − ∆−
δ < ε
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is satisfied.

Proposition A.3. Let (N, g) be a smooth, Riemannian manifold on which a com-
pact Lie group K acts by isometries, and assume that f : N → R is a continuous,
K-invariant function. Let R : N → R+ be a K-invariant convexity function on N ,
and define r : N → R+ by r(y) = 1

2
R(y), y ∈ N . Then the function

∆ : N → R, y 7→ ∆y = max
z∈Br(y)(y)

{f(z)},

is continuous and K-invariant.

Proof. First we prove the invariance of ∆: let then y ∈ N , and k ∈ K. Since g and
r are K-invariant, we have that

Br(ky)(ky) = kBr(y)(y).

Thus we can write, using invariance of f :

∆ky = max
z∈Br(ky)(ky)

{f(z)} = max
x∈Br(y)(y)

{f(kx)} = max
x∈Br(y)(y)

{f(x)} = ∆y,

and the claim is proved. It remains to show that ∆ is continuous. Let y ∈ N , and
let ε > 0. By Lemma A.1 and Remark A.2 there exists 0 < δ < r(y) such that, if
we denote

∆+
y,δ = max

z∈Br(y)+δ(y)
{f(z)}

and
∆−
y,δ = max

z∈Br(y)−δ(y)
{f(z)},

then the following inequalities are satisfied:

(31) ∆+
y,δ − ∆y <

ε

2
,

(32) ∆y − ∆−
y,δ <

ε

2

(clearly, ∆−
y,δ ≤ ∆y ≤ ∆+

y,δ). Now, since r is continuous, we can choose ρ > 0 such
that

|r(y)− r(y1)| + d(y, y1) ≤ δ, ∀ y1 ∈ Bρ(y),

that is,
r(y)− (δ − d(y, y1)) ≤ r(y1) ≤ r(y) + (δ − d(y, y1)).

The inequality above implies that for every y1 ∈ Bρ(y) we get

z ∈ Br(y1)(y1) ⇒ d(z, y) ≤ r(y1) + d(y, y1) ≤ r(y) + δ,

and
w ∈ Br(y)−δ(y) ⇒ d(w, y1) ≤ r(y) − δ + d(y, y1) ≤ r(y1),

that is,

(33) Br(y)−δ(y) ⊂ Br(y1)(y1) ⊂ Br(y)+δ(y).
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Thus, if y1 ∈ Bρ(y) we get by 33 that

∆−
y,δ ≤ ∆y1 ≤ ∆+

y,δ,

and hence, by (31) and (32),

|∆y − ∆y1 | ≤ |∆+
y,δ − ∆−

y,δ| ≤ |∆+
y,δ − ∆y| + |∆y − ∆−

y,δ| <
ε

2
+
ε

2
= ε,

and the proof is completed. �

Bibliography
[A] Abels H., Parallelizability of proper actions, global K-slices and maximal compact

subgroups, Math. Ann. 212 (1974), 1–19.
[B] Bredon G., Introduction to Compact Transformation Groups, Pure and Applied

Mathematics, Vol. 46, Academic Press, New York, 1972.
[C] Cerf, J., Topologie de certains espaces de plongements, Bull. Soc. Math. France 89

(1961), 227–380.
[G] Grauert H., On Levi’s problem and the imbedding of real analytic manifolds, Ann.of

Math. 68, 2, (1958), 460–472.
[Gre] Greene R. E., C∞ convex functions and manifolds of positive curvature, Acta

Math. 137 (1976), 209–245.
[Gr] Grove K., Center of mass and G-local triviality of G-bundles, Proc. AMS 54 (1976),

352–354.
[Gr-Kar] Grove K., Karcher H., How to conjugate C 1-close group actions, Math. Z.

132 (1973), 11–20.
[H-H-Ku] Heinzner P., Hucklberry A., Kutzschebauch F., A real analytic version

of Abels’ theorem and complexifications of proper Lie group actions, Complex Analysis
and Geometry, Lecture Notes in Pure and Appl. Math. 173, Marcel Dekker, New
York, 1996.

[Hel] Helgason S., Differential Geometry and Symmetric Spaces, Pure and Applied
Mathematics, Vol. XII, Academic Press, New York, 1962.

[H] Hirsch M., Differential Topology, Graduate Texts in Mathematics, No. 33, Springer-
Verlag, New York, 1976.

[Ho] Hochschild G., The structure of Lie groups, Holden-Day Inc., San Francisco, 1965.
[I1] Illman S., Every proper smooth action of a Lie group is equivalent to a real analytic

action: a contribution to Hilbert’s fifth problem, Ann. of Math. Stud. 138 (1995),
189–220.

[I2] Illman S., The very-strong C∞ topology on C∞(M,N) and K-equivariant maps,
Osaka J. Math. 40 (2003), 409–428.

[I3] Illman S., Hilbert’s fifth problem and proper actions of Lie groups, Bak A. et al.
(eds.), Current Trends in Transformation Groups, Kluwer Academic Publishers 2002,
1–23.

[I-Ka1] Illman S., Kankaanrinta M., A new topology for the set C∞,G(M,N) of G-

equivariant smooth maps, Math. Ann. 316 (2000), 139–168.
[I-Ka2] Illman S., Kankaanrinta M., Three basic results for real analytic proper G-

manifolds, Math. Ann. 316 (2000), 169–183.



64 Elena Ravaioli

[Ka] Kankaanrinta M., Proper real analytic actions of Lie groups on manifolds, Ann.
Acad. Sci. Fenn., Ser. A I Math. Dissertationes 83 (1991), 1–41.

[Kar1] Karcher H., On Shikata’s distance between differentiable structures, Manuscripta
Math. 6 (1972), 53–69.

[Kar2] Karcher H., Riemannian center of mass and mollifier smoothing, Comm. on
Pure and Appl. Math. 30 (1977), 509–541.

[Kaw] Kawakubo K., The theory of transformation groups, Oxford University Press,
New York, 1991.

[K-N] Kobayashi S., Nomizu K., Foundations of Differential Geometry Vol.I and II,
Interscience Publishers, New York-London-Sidney, 1963.

[Ku1] Kutzschebauch F., Eigentliche Wirkungen von Liegruppen auf reell-analytischen

Mannigfaltigkeiten, Schriftenreihe des Graduiertenkollegs Geometrie und Mathema-
tische Physik, Ruhr-Universität Bochum, Heft 5 (1994), 1–53.

[Ku2] Kutzschebauch F., On the uniqueness of the analyticity of a proper G-action,
Manuscripta Math. 90 (1996), 17–22.

[Ma] Mather J., Stability of C∞-mappings: II. Infinitesimal stability implies stability,
Ann. of Math. 89 (1969), 254–291.

[M-S] Matumoto T., Shiota M., Unique triangulation of the orbit space of a differ-

entiable transformation group and its applications, Homotopy Theory and Related
Topics, Adv. Stud. Pure Math. 9, Kinokuniya, Tokio, 1987, 41–55.

[Na] Narasimhan R., Analysis on real and complex manifolds, North-Holland Publishing
Company, Amsterdam, 1968.

[N] Nash J., The imbedding problem for Riemannian manifolds, Ann. of Math. 63 (1956),
20–63.

[N-O] Nomizu K., Ozeki H., The existence of complete Riemannian metric, Proc. Amer.
Math. Soc. 12 (1961), 889–891.

[Pa] Palais R. S., On the existence of slices for actions of non-compact Lie groups, Ann.
of Math. 73 (1961), 295–323.

[Se] Sernesi E., Geometria 2, Bollati Boringhieri, Torino, 1996.
[Sh] Shikata Y., On a distance function on the set of differentiable structures, Osaka J.

Math. 3 (1966), 65–79.
[W] Warner F., Foundations of Differentiable Manifolds and Lie Groups, Graduate

Texts in Mathematics, 94, Springer Verlag, New York, 1983.
[Wh] Whitney H., Analytic extensions of differentiable functions defined in closed sets,

Trans. Amer. Math. Soc. 36 (1934), 63–89.

Department of Mathematics and Statistics
P.O. Box 68, FI-00014 University of Helsinki, Finland
E-mail: elena.ravaioli@helsinki.fi



ANNALES ACADEMIÆ SCIENTIARUM FENNICÆ
MATHEMATICA DISSERTATIONES

101. Sarkola, Eino, A unified approach to direct and inverse scattering for acoustic and
electromagnetic waves. (95 pp.) 1995

102. Parkkonen, Jouni, Geometric complex analytic coordinates for deformation spaces of
Koebe groups. (50 pp.) 1995

103. Lassas, Matti, Non-selfadjoint inverse spectral problems and their applications to ran-
dom bodies. (108 pp.) 1995

104. Mikkonen, Pasi, On the Wolff potential and quasilinear elliptic equations involving mea-
sure. (71 pp.) 1996

105. Zhao Ruhan, On a general family of function spaces. (56 pp.) 1996

106. Ruuska, Vesa, Riemannian polarizations. (38 pp.) 1996

107. Halko, Aapo, Negligible subsets of the generalized Baire space ωω1

1
. (38 pp.) 1996

108. Elfving, Erik, The G -homotopy type of proper locally linear G -manifolds. (50 pp.)
1996

109. Huovinen, Petri, Singular integrals and rectifiability of measures in the plane. (63 pp.)
1997
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