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Introduction

Consider the following predicates of set theory:
Cd(x) <> x 1is a cardinal,
Rg(x) «> x is a regular cardinal,
Pw(x,y) <« y is the powerset of x.

These are all examples of ﬂ1—predicates and it is trivial that Cd is
21(Rg) and Rg is 21(Pw). In this paper we shall study the following

two axioms:
(P) Pw is 21(Cd),

(R) Rgis x (cd).
Clearly (P) » (R). In Chapter 1 we consider various models of set
theory in which (P) and (R) hold and also discuss models in which (R)
holds but (P) is false. In Chapter 2 a model is constructed in which
(R) is false.

Let LI be the logic with the Hartig-quantifier
I xy A(x) B(y) <« card(A) = card(B),

and LIL the usual second order logic. By means of the A-operation

of abstract logic, axiom (P) can be characterized in terms of LI and
I1I
L7



() « a(LI) = a(Lil).
If the quantifier

R x y A(x,y) < {(a,b) | Ala,b)} has the order type

of a regular cardinal

is used, a similar characterization obtains for (R):
(R) <« A(LI) = A(LR).

Thus the consistency results of Chapters 1 and 2 give also information
of the relative strengths of the logics LI, LR and LII. Con-
sideration of these logics leads to some natural weakenings of (P) and
(R). These are discussed in Chapters 3 and 4. 1In particular, a model
is constructed in which the Ldwenheim number of LI is strictly less

than the Lowenheim number of LR.

Notation

Our notation is standard and follows in set theory mostly [2]
and in abstract model theory [9]. Our metatheory is ZFC. The symbols
k and A refer to cardinals. The cardinal number of a set x is
denoted by card(x). The symbols o, B, y and & refer to ordinals.
P(x) is the powerset of x and exp(k) is card( P(x)).

The decision problem of a logic L 1is the set of valid L-
sentences. The Lowenheim number of L is the least « such that if
© € L has a model, then @ has a model of power < x. The Hanf

number of L 1is the least «k such that if @ € L has a model of

power > k, then @ has arbitrarily large models.
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1. ! ic i de t

1.1. In this chapter we show that (P) holds in such inner models
as L, L[O#] and L{u] but fails to hold in models with generic reals.
This also shows that (R) does not imply (P). The chapter ends with
some results to the effect that the consistency of ~(R) is essentially
harder to obtain than that of ~(P).

1.2,Proposition. Suppose the set a 1is 21(Cd)-
definable and V = L{al. Then (P) holds.

Proof. Let «x = sup(wo,card(TC({a}))). Note that « 1is 21(Cd)-
definable. Suppose X > k. We prove at first that P\ < LX+[a].
Suppose therefore b < A. Let M <L[a] such that TCc({a}l), b € M
and card(M) = A (strictly speaking M < La[a] for a suitable a).

Let m: Mgz La[a] be the collapsing isomorphism, a < AY. Now w(p) =
{n(B) | B€ b} ={8 | BED} =Db. Therefore b €L [a] = L,+[a]. We
have proved P(A) < LX+[a]. Note that the predicate x = Lx+[a] is

a 21(Cd)-predicate of a and A. Now we have the following Xl(Cd)-
definition of Pw:

Pw(x,y) <> 321>k 3f3Iz3a (LA+[a]F= Pw(a,z) A

fi <X,y ,€>2<a ,2,€>Aa<A).

L or V =L[o%], then (P)

1.3.Corollary. If V

holds.
Proof. It suffices to recall the following 21(Cd)-definition
#,
of 0O :
Fo(v v)edt o L = olc c.)
'ERREELN cw 120 °C, 7

where CyseeesCpseessC —aTE the first w+1 uncountable cardinals.

1.4, Lemma. Suppose V = L[ul, where u 1is a normal
measure on a measurable cardinal. Them u s 21(Cd)—definable.

Proof. Suppose p is the underlying cardinal of u. We prove
at first that if Lo[u] B= "u is a normal measure on A", where o

and A are cardinals such that LO[U] reflects Cd, then X = p and



v =1yu. Suppose ac A and a € L[ul. Let M < L[uv] such that
7c({v}), a € M and card(M) < o. Let m: M La[u'] be the collapsing
isomorphism. Note that =(v) = {n(x) | x € v} =

{{n(B) | B € x} | x € v} ={x | x € v} = v, and hence v =vu'. Also
n(a) =a. As a<og, a€ La[U] c Lo[U]' Now it follows easily that
Llv] = "v 1is a normal measure on A". By [6], o is the smallest
ordinal which is measurable in an inner model. Therefore p < X.
Suppose p < A. By 6.7 and 5.8 of [6], UltX(L[u],u) = Llv]. It is
well-known that o' < i01(°) < p++, whence the cardinal 101(0) of
Ult1(L[u],u) is not a real cardinal. Note that X is a limit cardinal

in L{u] and hence also in V. Therefore (p) < A. Hence i01(o)

i
C1
is not a cardinal of UltA(L[u],u). Let f be a mapping which
collapses io1(p) in UltA(L[u],u). But

Plig,(e)) N urt (Llul,w) = Plig,(e)) N Ut (Llul,w),

101

and f 1is coded by a subset of i01(o). This contradiction shows that
p=A, Now v =y follows from the uniqueness of u (see [6]).

The following 21(Cd)—definition of u obtains:

XxX€pw < JvIocI (LG[U] E "u is a normal measure on A" A
Cd(r) A Cd(o) A XA <o AV a<o (Cila) «
LO[U] E= cd(a)) A x € v).

1.5.Corollary. If V=1Llul, vhere u <s a normal

measure on a measurable cardinal, then (P) holds.

1.6. The above results show that (P) is consistent with ZFC if
7F is consistent. Corollary 1.5 shows that (P) is also consistent
with a measurable cardinal. It remains an open problem whether (P) is
(relatively) consistent with a supercompact cardinal. We turn now to
the problem of independence of (P) and (R). 1In view of 1.2, a natural
candidate for a model of ~(P) is L[al, where a 1is a generic real:

1.,T.Proposition. Suppose M <is a countable model of
7FC and a s a real which is Cohen-generic over M. Then

Mla]l = ~(P).
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Proof. Let P be the set of Cohen-conditions. It is well-
known that P is homogeneous. Hence, if M[all= (P), then P |}—= (P).

Moreover, there is a single 21(Cd)—formula ¢(x,y) such that
P H—' VXxvy (PW(X,Y) hind cp(x,y)).

Let b={n<w | 2n € a}. Then b is P-generic over M and
b € Mla] but a € M[b]. Let c¢ be Pw) in M[bl. Then
M[b] E @(w,c). As M[b] and M[a] have the same cardinals,
Mla] = ©(w,c), that is, M[a]l = ¢ = P(w). But this is absurd
because M[a]l = a € ¢ and c € M[b], but a ¢ M[b]. This proves
that M[a] B ~(P).

1.8. Corollary. IfCon(ZF), then Con(ZFC + GCH + ~(P))
and Con(ZFC + ~GCH + ~(P)).

Proof. For the first claim, choose M in 1.7 such that
M = GCH. For the second claim, choose M such that M F= ~GCH.
Adding one generic real does not affect GCH or ~GCH.

1.9. Problem. Does Con(ZF) imply Con(ZFC + ~GCH + (P))?

1.10, The situation with (R) is more subtle., We shall show that
no generic extension of L can satisfy ~(R). The proof is based on
R. Jensen's "Marginalia'.

1.1, Proposition. If~(R), then o*  exists. Hence
(R) is true in every generic extension of a model of ZFL.

Proof. R. Jensen proves in [1]: If there is a singular limit
cardinal which is regular in L, then 6# exists. Thus if d#
does not exist, then a limit cardinal is regular if and only if it is

regular in L, that is,

Rg(k) < 3 A (k= A" v (k is a limit cardinal A

L+ F Re(x))),

which gives a 21(Cd)—definition for Rg.

1.12. Corollary. IfCon(ZF), then Con(ZFC + GCH + ~(P)
+ (R)) and Con(ZFC + ~GCH + ~(P) + (R)).

1.13. The axiom (R) is only interesting in the presence of large
cardinals. In fact, if there are no weakly inaccessible cardinals,
then
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Rg(x) <> 3 A (x = A7),

whence (R) holds. Thus ~(R) implies the existence of at least one
weakly inaccessible cardinal, and by 1.11, furthermore, of a proper
class of weakly compact cardinals in L (even in Lw ). Therefore:
1., Corollary. Let T = ZFC + there Is a proper class
of weakly compact cardinals. If T <Is consistent, then one cannot
prove in T that Con(T) implies Con(ZFC + ~(R)).
1.15. In contrast to 1.14 we shall prove shortly that Con(ZFC +

there are uncountably many measurable cardinals) does imply Con(ZFC +

~(R)).

5. The consistency of ~(R)

2.1. In this chapter we construct a Boolean extension in which
~(R) holds. Our starting point is a model with uncountably many
measurable cardinals, and we use an elaboration (essentially due to
Magidor) of the so called PFikry-forcing to find the required Boolean
extension. In view of 1.14 it seems legitimate to base the construction
on large cardinals, although it is not clear whether many measurables
are really needed.

2.2. Lemma. Suppose {p | o < w,} s a sequence of
measurable cardinals such that p, <P whenever a < B < Wy There

B8

18 a sequence {Ba la < w1} of complete Boolean algebras such that

the following hold for any o < W,

(1) B, ts a complete subalgebra of B for o < 8.

B
(2) Ba 18 homogeneous and preserves cardinals.

B
(3)  V'a F= exp(¥) = (exp(x))” for any cardinal «.

& for B < a.

J

(4) v b= or(s,)
B ,
(5) Voa k= B, s measurable for & 2 a.

Proof. Let Pa consist of all sequences {<pB’A8> I 8 < a} such

that Py is a finite sequence of elements of Ogs Py is empty bvut for

finitely many 8 < o, the set A, 1is in D_ and finally N A, > U p
B8 8 8 g
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where DS is a normal ultrafilter on Pg- Pa is partially ordered

as follows:

{<py s Ay > | B < a} s (< ag » By > | B < a}
o3

8 B

if and only if for all B < a, Pg extends s AB c BB and

1 c BS' This notion of forcing is a simplification of the cne
used in [8). The full power of Magidor's forcing is not needed,
mainly because we have no measurable limits of measurable cardinals.
The advantage of the simplification is that the homogeneity is fairly
easy to prove, whereas the homogeneity of Magidor's forcing is open
(to the author's knowledge). Let Bcl = RO(PQ). Proofs of (1) - (5)
can be found in [8] and [14].

2.3. Theor em. Suppose there are uncountably many measurable
cardinals. Then there is a complete Boolean algebra B such that B
preserves cardinals and exp(a), and VB E= ~(R).

Proof. Suppose {Da | o < wT} and {Ba | a < w]} are as in 2.2.
We claim that VBa = ~(R) for some a < w,. Suppose the contrary.

1

Then for every o < w,, Il (R) ][Ba >0. Let o<w,. As B is homo-

geneous, there is a 21(Cd)—formula wu(x) such that
B
Vo BV x (Rg(x) < wa(x)).

As the number of all 21(Cd)-formulae is wys there are a and B8 such
that « < 8 <w, and ¢h(x) = wB(x). By 2.2(5), vBa = ¢h(5a). As
B, and B, preserve cardinals, vBg = wa(ﬁa), and hence VOB = Rg(ﬁa),

which contiadicts 2.2(h).

2.4, Corollary. Let wl-MC be the statement "There are
uncountably many measurable cardinals". If Con(ZFC + w1—MC), then
Con(ZFC + w,~MC + GCH + ~(R)) and Con(ZFC + w ~MC + ~GCH + ~(R)).

Proof. Suppose M 1is a countable model of ZFC + w1-MC. By (5],
there is a generic extension N of M to a model of ZFC + w1-MC + GCH.
By 2.3, N can be generically extended to & model of ZFC + w1—MC + GCH +
~(R). Note that the algebra B in 2.3 leaves uncountably many of the
measurable cardinals measurable. To prove the second claim it suffices

to note that by [7] N can be so chosen that N [= ~GCH.
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3. A connection with generalized quantifiers

3.1. We relate the axioms (P) and (R) to the equivalence of certain
abstract logics. The above independence results can then be interpreted
as reflecting the relative strengths of these logics. This connection
with abstract logics also leads to problems of independence of certain
weaker forms of (P) and (R).

3.2. The following result was proved in [12]: A model class is
definable in A(LI) (A(LR), A(LH)) if and only if it is A1(Cd)—
(A1(Rg)—, A1(Pw)—, respectively) definable in set theory. For unex-
plained notation the reader is referred to [12] or [9]. The axiom (P)
is equivalent to saying that every A1(Pw)-predicate is A1(Cd)-definable.

Hence

(P) <« A(LI) A(LII).

Similarly,

A(LR).

(R) <+ A(LI)

Combined with the results of Chapter 2, this yields the consistency of

A(LI) = A(LII),
aLt) # oty + acn,
ar) # atl)y + ~ccH,

relative to the consistency of ZF, and also the consistency of

A(LI) # A(LR) + GCH,

A(LI) # A(IR) + ~GCH,

relative to the consistency of ZFC + m1—MC.

Using well-known preservation properties of the A-operation one

can prove that (P) implies the following axioms:
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(P1) LI and LII have the same Ldwenheim numbers.

(P2) LI and LII have recursively isomorphic decision problems.

(pP3) A(LI) and LII have the same Hanf numbers.

3.3. Problem. (P)implies (P1), (P2) and (P3). Are there
any other implications between these axioms?

3.4, A Boolean extension of L in which the decision problem of
LI is A; was constructed in [11]. Thus ~(P2) is consistent relative
te Con(ZF). In [13] a Boolean extension was constructed in which the
Hanf number of A(LI) is less than the Hanf number of X(LI) (see [12]
or [13] for a definition of X) and therefore less than the Hanf number
of L', Thus ~(P3) is consistent relative to Con(ZF).

Axiom (P1) has a purely set-theoretical form. It was proved in
[12] that the Liéwenheim number of LI (LR, LII) is supla | a is
ﬂ1(Cd)- (ﬂ1(Rg)—, ﬂ1(Pw)—, respectively) definable}. For any set D

of set-theoretical formulae let us define (whenever possible):

o(D) = supfla | a is definable by a formula of D}.

Then

(P1) > o(m (cd)) o(m. (Pw))

e o(l(ca)) = olm,).

Note that exp(w) is H2—definable. Therefore

(P1) -+ explw) < o(ﬂ1(Cd)).
In [11] we constructed a Boolean extension of L in which
o(ﬂ1(Cd)) < exp{w). Thus ~(P1) is consistent relative to Con(ZF).
This result is independently due to J. Stavi. For further and stronger
results in this direction see [10]. There is also a consistency result

for ~(P1) + GCH: In [14] we construct, starting with a proper class of



1k
measurable cardinals, a Boolean extension in which GCH holds and
o(ﬂ‘(Cd)) < the first measurable cardinal < o(nz).

This raises the following problem:
3.5. Problem. Does Con(ZF) Zmply Con(ZFC + GCH + ~(P1))?
3.6. If the above analysis of (P) is repeated for (R), a more

subtle situation emerges. As above, (R) implies

(R1) LI and LR have the same Léwenheim numbers, that is,

o(M (cd)) = o(M (Rg)).
(R2) LI and LR have recursively isomorphic decision problems.
(rR3) A(LI) and A(LR) have the same Hanf numbers.

Problem 3.3 can be restated for (R), (R1), (R2) and (R3). By
elaborating the construction used for ~(R) we shall shortly construct
models for ~(R1) and ~(R2).

3.7.Remark. Ifweuse the results of [12], we get the

following equivalences:

(P1) < ofa,(cd)) = o(a,).
(p3) = o(z,(ca)) = olz,).
(R1) < o(a,(cd)) = o(a,(Re)).
(R2) + o(g,(ca)) = o(z,(Re))

3.8, One may also consider the axiom

(P)' Pw is 21(Rg)

or, what amounts to the same: A(LR) = A(LII

). The results 1.7 and
1.8 carry over trivially to (P)'. Analogously one may define (p1)',
(p2)' and (P3)'. Apart form the result based on measurable cardinals,

all consistency results of 3.4 carry over to these modified axioms.
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L. Consistency results concerning (R1) and (R2

L. Lemma (In GB + Global Choice). Suppose GCH. Let
{Da | « € On} be a sequence of measurable cardinals such that a < B
implies a < p < Pgr There is an indexed family (B | « € On} of
complete Boolean algebras such that for every a € On the following
hold:

(1) = (5) as in 2.2.

(6) IF vBa k= ¥ is measurable, then « = py for some B 2 a.

Proof. The construction of {Ba | o < w1} in the proof of 2.2
can be continued over all ordinals. For a proof of (6) we refer to [8].

L,2, Theor em. If Con(ZFC + there is a proper class of meas-
urable cardinals), then Con(ZFC + ~(R1) + there is a proper class of
measurable cardinals).

Proof. Suppose M 1is a countable model of ZFC + there is a proper
class of measurable cardinals. By [5] M has a generic extension M'
to a model of ZFC + GCH + there is a proper class of measurable cardinals.
It is well-known (see [4]) that M' has a generic extension N to a
model of GB + Global Choice + GCH such that M' and N have the same
sets. Let {oa | « € On} be an ascending well-ordering of the measur-
able cardinals of N. If there is an a such that a =p , we let
N, Dbe the restriction of N to sets of rank less than a, and other-

wzse N1 = N. Now N1 is a model of GB + Global Choice + GCH + there

is a sequence {pa | « € On} of measurable cardinals such that a < B
implies a < Py < Py We shall work inside N1 for a moment. Let

G: On » On such that G(pa+) = pa+++ for a € On and G(a) = O other-
wise. Following Easton-forcing ([3]), we consider sets of conditions

p with the properties:

p < g {a} x w, X G(wu) x 2,

VBVY1VY2(~(<B,Y1 s Y, s 0>€EpaA

<B Y0 Yoo 1>€p)),

V B card({< Yios Yp s i>| <8, Yy Yoo i>€ep}) < wo
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Note that Lemma 35 of [3] still holds for this forcing. We modify the
proof of Theorem 10 in [T] to prove that each o = is still measurable
in the generic extension N2 of N1 in this forcing. Suppose F 1is

a normal ultrafilter on G in N1 and F' 1is the filter on Py

which is generated by F in N_. Suppose u denotes a subset of G

2
in N,. By Lemma 35 of [3] there is a condition p(k) in the generic

sequence and a set 1 such that (in the notation of [3])

(1) p€EN - pcT .
®u

@) pM Il ues,.
(iii) 1f vy < Py and q < p<k), then there is some p € I such
k .
that p U P decides the statement y € u and p is compatible
with q.

Note that card(l ) < P,s 85 P, is strongly inaccessible. Hence
also card(ll) < pu? We shall use the properties (i) - (iii) to prove
that N, satisfies u € F' v P, " U €F'., If q£& p(k) and

q |#~ B € u, then by (iii) there is some P € 1, compatible with q,
such that P, V] p(k) decides B € u. If P, U p(k) i}- B € u, then
Py U q IF— 8 ¢ u, which contradicts gq [F— B € u. Therefore

I~ g €u for some

p, U p |F— 8 € u. Conversely, if p_ U p'K

P, € I then there is a gq (= P, Up )< p such that q IF—

B € u. Thus we have proved

<o, | 3as0™ (alFgeun

k
U (e<o, | (p ™) [k g eun
o
P, € 1
Let us denote this set by X. If X 1is not in F, then
{B < °y | p(k) |- 8 € u} € F, whence N, = P, " U € F'. Suppose then
X is in F. By completeness there is a P, € M such that Y =
{B < oy | (p u p( |[l- B € ul € F. Note that Y is in N, and
|L- Y © u. Hence N2 B u € F'. We have proved that F' 1is an

ultrafilter. The pa—completeness of F' 1is proved similarly. Thus
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Py is measurable in N2.
We shall work now in N2. Let {Ba | « € on} be as in 4,1, To

finish the proof we construct an a € On such that

(*) V2 = ~(R1).

Let {wn(x) | n < w} be a recursive enumeration of all n1(Cd)-formu—

lae with one free variable., Let M(n) be the 21(Cd)—predicate

"n<wA3Ia~ ¢ (a)". Note that by homogeneity || M(3) ||Ba € 2 for
every a € On and n € w., Let o =0, If e is defined and there
isa B> a such that | M(R) |lBB =1, let o, be the least

such B, and otherwise = a . Let B8 = supla | n<w}. Let «x

a
ntl
be a cardinal such that VB EVn< & (M(n) »3 a < & (~_(a))).

Let a € On such that Py > K. We claim that o satisfies (*), and,
indeed, that

vBa = o(T,(ca)) < & < o(M, (Re)).

Suppose n < w and ¢n(x) defines the ordinal ¥ in vPa. Then
] M(#) |[Ba = 1, whence, by construction, || M(#) [IBB = 1. Hence
for some 6 < «, vEa k= AQE(S) A Y < ¥. Thus vBa = o(ﬂ1(Cd)) < .
To prove vBa =% < o(ﬂ1(Rg)) it suffices to note that 50+ is
n1(Rg)—definable in VBa. In fact, it is true in VBa the.t:f Yy > pa+
if and only if there is a regular cardinal X such that A <y ang
exp(k+) sl

L.3. Theorem, IfCon(ZFC + w
~(R2)).

Proof. The proof resembles that of the previous theorem, and

1-MC), then Con(ZFC + w -MC +

some of the details can be omitted. Let us start with a model N1 of
GB + w1-MC + GCH, Let {pa ! a < w1} be an ascending sequence of
measurable cardinals in N,. We shall work in N,. Let {aOl | @ < w,}

1 1 1
be a sequence of infinite almost disjoint subsets of w. Let

{Da a < wi} be an ascending sequence of homogeneous cardinals pre-

serving Boolean algebras such that p_ is singular in VDa if and only

B

if B < a, and exp(wY) > Yosp holds in Vo if and only if

Y=gt 1 where n € 8, and 8 <a. We claim that (R2) fails
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in VDa for some a < m1. Suppose the contrary. Let {wn | n< wl

be a primitive recursive enumeration of all LR-sentences and

{wn | n < w} a similar list of all LI-sentences. By a simple pigeon-
hole argument there are o, 8 and a (description of a) recursive

function f such that a < B < w and the sentence V n (w has a

1
model if and only if wf(n) has) is true both in VDa and in V B.

Let for any n < w, wg(n) be the LR-sentence which says that

exp(ws) > wg holds for some & = v +n + 1, where v 1is an in-

+2
accessible cardinal. To derive finally a contradiction, we prove that

a, c aB So let n € a,- Then ¢ 2(n) has a model in VDa. Therefore,

¢f(g(n)) has a model in VDa. As cardlnals are preserved in our ex-

tensions, wf(g(n)) has a model in V B, whence wg(n) has a model in
V'B. By construction, this implies n € as. This ends the proof of
a, < ag. The arising contradiction shows that (R2) fails in some VDa.

L.4, In fact, the above two constructions can be put together to
yield a model in which ~(R1) and ~(R2) hold simultaneously. A similar,
but, in a sense, reversed argument can be used to prove the consistency
of ~(R3) relative to the consistency of a proper class of measurable
cardinals. We omit the details of this construction. It remains an

open problem whether one can have ~(R1), ~(R2) and ~(R3) simultaneously.
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